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Summary. Part one is a supplement to papérs [L], [2], ddd [3]. It deals with con-
cepts of selector functions, atomic, negative, conjunctive formulas and etc., subformulas, free
variables, satisfiability and models (it is shown that axioms of the predicate and the quantifier
calculus are satisfied in an arbitrary set). In part two there are introduced notions of variables
occurring in a formula and replacing of variables in a formula.

MML Identifier: zF_LANG1.

WWW: http://mizar.org/JFM/Vol2/zf_langl.html

The articles([10],[19], 7], ([12], [14],[12183],[15], 1161, 4], 18], [[1], and.]2] provide the notation and
terminology for this paper.

For simplicity, we adopt the following conventiop; p1, p2, ., 1, F, G, G1, Gp, H, Hy, H> are
ZF-formulae x, X1, X2, ¥, Y1, ¥2, Z, 21, 22, S, t are variablesa is a set, an is a set.

The following propositions are true:
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Var (x=y) = x and Vap(x=y) = V.

Var; (xey) = x and Vap(xey) = .

Arg(—p) = p.

LeftArg(pA Q) = p and RightArdpA Q) = q.

LeftArg(pV g) = p and RightArdpV q) = q.

Anteceden(p = q) = p and Conseque(p=-q) =q.
LeftSidd p < q) = p and RightSidép < q) = q.

BoundVxp) = x and Scopév/xp) = p.

Bound3xp) = x and Scopé&kp) = p.

pvg=-p=q

If Vxyp = V20, thenx = zandvyp = q.

If 3xyp = 30, thenx = zand3yp=q.

Vxyp is universal and Bour{fyyp) = x and Scop&vxyp) = Vyp.
Jxyp is existential and Bour{d@y yp) = x and Scop&xyp) = Jyp.
Vyy.zP = VxVyVzp andVyyzp = VxyVzp.
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(16) If ¥y, y, P1 = Yoy, P2, thenxy = X andy; =y, andpy = py.

(A7) 1 Vx .2 P1 = Vo0, P2, thenxy = xp andy; =y, andz; = z andpy = pe.
(18) If Vxyzp = V10, thenx =t andVy,p = q.

(19) If Vxyzp =Vt 50, thenx =t andy = sandV,p = q.

(20)  1f 3y, y, P1 = Fxpy, P2, thenxy = xp andys = y» andpy = p,.

(21) 3xyzp= IxIyFp andxyzp = Ixy3p.

(22)  If 3y, 1,21 P1 = Fx.y5,20 P2, thenxy = xo andy; = y» andz; = z andpy = po.
(23) If 3xyzp = Ftq, thenx=t and3y,p=q.

(24) If 3xy,p= T <0, thenx =t andy = sand3d,p=q.

(25) Vyyzpis universal and Bour{tYyy,;p) = x and Scopgvxy,-p) = Vyzp.

(26) Ixy-pis existential and Bour(@yyp) = x and Scop€iyy.zp) = Jy,zp.

(27) If H is disjunctive, then LeftAr(H) = Arg(LeftArg(Arg(H))).

(28) If H is disjunctive, then RightArd) = Arg(RightArg(Arg(H))).

(29) If H is conditional, then Antecedgiit) = LeftArg(Arg(H)).

(30) If H is conditional, then Consequéht) = Arg(RightArg(Arg(H))).

(31) If H is biconditional, then LeftSidél) = AntecedentLeftArg(H)) and LeftSid¢H) =
ConsequeriRightArg(H)).

(32) IfH is biconditional, then RightSidel) = ConsequerfteftArg(H)) and RightSidéH) =
AntecedentRightArg(H)).

(33) IfH is existential, then Bourith) = Bound Arg(H)) and ScopgH ) = Arg(ScopéArg(H))).
(34) Arg(F vG) =-F A—G and Antecedel(F vV G) = —F and Conseque(f v G) = G.

(35) Arg(F=G)=FA-G.

(36) LeftArg(F & G) = F = G and RightArdF < G) =G =F.

(37) Arg(3xH) = Vx—H.

(38) Supposd is disjunctive. TherH is conditional and negative and Ald) is conjunctive
and LeftArg Arg(H)) is negative and RightAfgi\rg(H)) is negative.

(39) If H is conditional, therH is negative and ArdH) is conjunctive and RightArgArg(H))
is negative.

(40) IfH is biconditional, them is conjunctive and LeftArgH ) is conditional and RightArdH )
is conditional.

(41) If H is existential, thei is negative and ArgH ) is universal and ScopArg(H)) is nega-
tive.

(42) H is an equality, a membership, negative, conjunctive, universal, a membership, negative,
conjunctive, universal, negative, conjunctive, universal, conjunctive, and universal.

(43) If Fis a subformula o6, then leri- < lenG.
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(44) Suppose that
(i) F isaproper subformula @& andG is a subformula oH, or
(i) F is asubformula oG andG is a proper subformula df, or
(i)  F is a subformula 066 andG is an immediate constituent &f, or
(iv) F is animmediate constituent & andG is a subformula oH, or
(v) Fisaproper subformula @d andG is an immediate constituent bf, or
(vi) F is animmediate constituent & andG is a proper subformula df.
ThenF is a proper subformula d.

(46}f] H is not an immediate constituent kif

(47) Gis not a proper subformula ¢f or H is not a subformula o&.

(48) Gis not a proper subformula &f or H is not a proper subformula @.
(49) Gis not a subformula dfl or H is not an immediate constituent Gf

(50) Gis not a proper subformula &f or H is not an immediate constituent Gf
(51) If =F is a subformula of, thenF is a proper subformula df.

(52) If FAG is a subformula oH, thenF is a proper subformula dfl andG is a proper
subformula oH.

(53) If VxH is a subformula of, thenH is a proper subformula d¥.

(54)()) F A-Gis a proper subformula df = G,
(i) F is aproper subformula df = G,

(i)  —-Gis a proper subformula ¢f = G, and
(iv) Gisaproper subformula ¢f = G.

(55)(i) —F A-Gis a proper subformula df v G,
(i) —F is a proper subformula df v G,

(i)  —-Gis a proper subformula df v G,

(iv) F isaproper subformula df v G, and
(v) Gis a proper subformula df v G.

(56) Vx—H is a proper subformula afyH and—H is a proper subformula afxH.

(57) Gisasubformula oH iff G € Subformulaéi.

(58) If G € Subformula¢d, then Subformula®& C Subformulaéi.

(59) H € Subformulaé.

(60) Subformulag- = G) = Subformulad¢ U Subformula&s U {—G,F A —-G,F = G}.
(61) Subformulag v G) = Subformula¢ U Subformula&s U { =G, —-F, —-F A —-G,F v G}.

(62) Subformulag- < G) = Subformula¢ U Subformula&s U {—G,F A —G,F = G,-F,G A
-F,G=FF < G}.

(63) Freeczy={xy}.
(64) Freeey={x,y}.
(65) Free-p=Freep.

1 The proposition (45) has been removed.
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(66) FreépAq)=FreepUFreeq.
(67) Freé/xp= Freep\ {x}.

(68) FreépVq) = FreepUFreeq.
(69) Freép=-q)=FreepUFreeg.
(70) Fredp < q) = FreepUFreeg.
(71) Freelp = Freep\ {x}.

(72) Freelxyp = Freep\ {x,y}.
(73) Freelyy,p=Freep\ {x,y,z}.
(74) Freedyp = Freep\ {x,y}.
(75) Freelyy,p=Freep\ {x,y,z}.

The schem&F Inductionconcerns a unary predicate and states that;
For everyH holdsP[H]

provided the parameters meet the following conditions:

e For allxg, xo holdsP[x;=xz] andP[x1€x2],

e For everyH such thatP[H] holds?[-H],

e For allH1, Hz such thatP[H1] andP[H;] holdsP[H1 A Hy], and

e For allH, x such thatP[H] holds P[V H].

For simplicity, we use the following conventioM, E are non empty setg,is an element oE,
m, m are elements d¥1, f is a function from VAR intcE, andv, V' are functions from VAR intdvl.

Let us consideE, f, x, e. The functorf (%) yields a function from VAR intcE and is defined

by:
(Def. 1) f(%)(x) = eand for everyy such thatf (%X)(y) # f(y) holdsx=y.

Let D, D1, D2 be non empty sets and |étbe a function fromD into D;. Let us assume that
D1 C D,. The functorD;[f] yields a function fronD into D, and is defined as follows:

(Def.2) Dy[f] = f.
Next we state several propositions:
(78] V(Z)(E) =W(Z) andv(X;) =v.
(79) Ifx#y, thenv(2) (%) =v(Z)(2).
(80) M,v = VyH iff for every mholdsM,v(X) = H.
(81) M,V = WH iff M,v(2) |= WxH.
(82) M,v|=34H iff there existsm such thaM,v(%) = H.
(83) M,vi=3H iff M,v(2) |= 3H.

(84) For allv, v such that for everx such thak € FreeH holdsV/ (x) = v(x) holds ifM,v = H,
thenM,V' = H.

(85) FredH is finite.

Let us consideH. One can verify that Frde is finite.
In the sequel, j denote natural numbers.
The following propositions are true:

2 The propositions (76) and (77) have been removed.
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If xj = xj, theni = j.

There existssuch thak = x;.

(89F M,v=x=x.

(90) M = x=x.
(91) M, v}~ xex.
(92) M £ xex andM = —xex.
(93) M = x=yiff x=y or there exista such thafa} = M.
(94) M E —xeyiff x=y or for everyX such thaiX € M holdsX missesM.
(95) If His an equality, them,v = H iff v(Vari(H)) = v(Varz(H)).
(96) If H is a membership, theM,v = H iff v(Vari(H)) € v(Varz(H)).
(97) IfH is negative, thei,v = H iff M,v |~ Arg(H).
(98) If H is conjunctive, theM,v = H iff M,v |= LeftArg(H) andM,v = RightArg(H).
(99) IfH is universal, theM,v = H iff for every m hoIdsMM%dH)) = ScopéH).
(100) IfH is disjunctive, theM,v = H iff M,v = LeftArg(H) or M,v = RightArg(H).
(101) If H is conditional, thenM,v = H iff if M,v = AntecedeniH), then M,v |
ConsequertH).
(102) IfH is biconditional, theM,v = H iff M,v |= LeftSidgH) iff M,v = RightSidéH).
(103) IfH is existential, the,v = H iff there existsm such thaM,v(Bo%d(H)) = ScopéH).
(104) M = 3,H iff for every v there existsn such thaM,v(%) = H.
(105) 1M |=H, thenM |= 3,H.
(106) M = H iff M = Wy H.
(107) IfM = H, thenM = 3y H.
(108) M [=H iff M k= VyyH.
(109) IfM = H, thenM |= 3xyH.
(110) M,v[=(p«q)= (p=0g)andM = (p<q) = (p=0).
(111) M (p<a) = (9= p)andM = (p<q) = (9= p).
(112) ME(p=a)=((@=T1)=(p=T)).
(113) IfM,vEp=qandM,viE=q=r,thenM,vEE p=-r.
(114) fMEp=qandMfE=q=rthenMEp=r.
(115) MyvE=(p=gA(Q=r)=(p=r)andM = (p=q)A(g=T1)=(p=T).
(116) M,vi=p= (q=p)andM = p=(q= p).
(117) MyvE(p=(@Q=r))=(p=0q) = (p=r)) andM = (p=(q=T)) = (p=0q) =
(p=T)).
(118) M,vE=pAg= pandM = pAq= p.

3 The proposition (88) has been removed.
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(119) M,vE=pAg=gandM E pAQq=Qq.
(120) M,v=pAg=gApandM =pAg=gAp.
(121) M,vEp=pApandME p= pAp.
(122) Mvi=(p=0)=((p=T1)= (p=gAr))andM = (p=-q) = ((p=Tr) = (p=-qATr)).
(123) M,vE=p= pvgandM [ p= pVa.
(124) M,v=q=pvgandMEqg= pVvaq.
(125) M,v=pvqgq=qVvpandM=pvqgq=qVp.
(126) M,vl=p=pVvpandMEp=pVvp.
(127) MV (p=1)= ((@=1)= (pva=T1))andM = (p=1)= ((q=1)= (pVa=T1)).
(128) M,vl=(p=r)A(q=r)=(pvg=r)andM = (p=r)A(q=r)= (pvg=-r).
(129) M,vE (p= —q) = (q=—p) andM = (p= —q) = (4= —p).
(130) M,vl=-p=(p=0q)andM = -p=(p= Q).
(131) Mvi=(p=qA(p=—q)=-pandM = (p=q)A(p= —q) = —p.
(133f] If M= p=gandM E p, thenM = q.
(134) M,vE=-(pAQ) = —-pVv—-qandM E -(pAQ) = —pV 0.
(135) M,v[=—-pV-q= —=(pAg)andM = —pV-q= ~(pAQ).
(136) M,vi==(pvq) = -pA—-qandM = -(pV Q) = -pA-0q.
(137) M,v=—=pA-q=~(pvq)andM = -pA-gq=—~(pVa).
(138) M EViH = H.
(139) M EH = 3H.
(140) Ifx ¢ FreeHy, thenM | Vx(H1 = Hy) = (H1 = ViHy).
(141) Ifx ¢ FreeH; andM = Hy = Ha, thenM = Hi = V¢H,.
(142) Ifx ¢ FreeHz, thenM = Vx(H1 = H2) = (3xH1 = Ha).
(143) Ifx ¢ FreeH; andM |= Hy = Hy, thenM = 34H; = Ho.
(144) 1M |= Hy = VyHa, thenM |= Hy = Ha.
(145) IfM = 34H; = Hy, thenM |= Hy = Hy.
(146) WFFC 2:N.NT,
Let us consideH. The functor Vay yields a set and is defined as follows:
(Def. 3) Vai =rngH\ {0,1,2,3,4}.
The following propositions are true:
(148E] X # 0 andx # 1 andx # 2 andx # 3 andx # 4.
(149) x¢ {0,1,2,3,4}.
(150) Ifae€ Vary, thena# 0 anda # 1 anda # 2 anda # 3 anda # 4.

4 The proposition (132) has been removed.
5 The proposition (147) has been removed.
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(151) Vagsy = {xy}.

(152) Vakey = {X,Y}.

(153) Vary =\Vary.

(154)  Vagyp\n, = Vary,) uVarg,).
(155) Vag,n = Vary U{x}.

(156) Vamy,yh, = Vary,) UVvargy,).
(157) Vagy,—n, = Vary,) UVary,).
(158) Vamg,oh, = Vary,) UVary,).
(159) Vagpy = Vary U{x}.

(160) Vaw, 1 = Vary U{xy}.
(161) Vag, n = Vary U{xy}.
(162) Vax

i = Vary U{X,y,z}.

(163) Var,,1 = Vary U{x.y,z}.

(164) Freed C Vary.

Let us consideH. Then Vay is a non empty subset of VAR.
Let us consideH, x, y. The functorH (’—y‘) yields a function and is defined by:

(Def. 4) don{H(’—y‘)) = domH and for everya such thata € domH holds if H(a) = x, then
H({)(a) =yandifH(a) # x, thenH({)(a) = H(a).

We now state several propositions:

(166@ xlzxz(%) = z1=2, if and only if one of the following conditions is satisfied:
() xg#y1andxy #y; andzy = x; andz = Xp, or
(i) xy=y1andxy #y1 andzy =y, andz = x, or
(i)  x1# Yy andxe =y andz; = x; andz, = y», or

(iv) x1 =y andx; =y andz; =y, andz =ys,.

(167) There existy, z; such thalxlzxz(y—;) =Z71=2.

(168) xlsxz(%) = 71€7, if and only if one of the following conditions is satisfied:
() xg#y1andxy #Yy; andzy = x; andz = Xp, or
(i) xg =y andxe #y; andz; =y, andz, = xp, or
(i)  x1#y1andx, =y andz; = x; andz, = y», or
(iv) x1 =Yy andx; =y andz; =y, andz =y,.
(169) There existy, 2o such thalxlaxz(%) = 71€2.
(A70) —-F = (ﬁH)(g) iff F = H(Y);)'
(A71) H(g) € WFF.

Let us consideH, x, y. ThenH (§) is a ZF-formula.
One can prove the following propositions:

6 The proposition (165) has been removed.



REPLACING OF VARIABLES IN FORMULAS OF ZF... 8

(172) GiAGy = (HiAHy)(%) iff G = Hi(%) andGy = Ha().
(173) Ifz#X thenV,G = (VH)() iff G=H(]).

(174) WG = (%H)() iff G=H(]).

(175) GV Gz = (H1VH2)({) iff Gy =Ha(]) andGz = Ha(3).
(176) Gy = Gz = (H1 = H2)({) iff Gy =Ha () andGz = Ha(J).
(177) G1 Gy = (H1 4 Hy)(%) iff Gy =Hi(%) andGy = Ha(%).
(178) Ifz#x, thenEzG:(EzH)(}%) iff G:H()—f).

(179) 3G = (3H)(3)iff G=H(%).
(180) H is an equality iffH (3) is an equality.

(181) H is a membership ifH (%,) is a membership.
(182) H is negative iffH()%) is negative.

(183) H is conjunctive iffH ()5,) is conjunctive.
(184) H is universal iffH({) is universal.

(185) IfH is negative, then Ar@-l(g)) = Arg(H)(%).

(186) If H is conjunctive, then LeftArgH(§)) = LeftArg(H)(§) and RightArgH(])) =
RightArg(H)(%).

(187) If H is universal, then Sco(;lel(%)) = ScopéH)(%) and if BoundH) = x, then
Bounc(H(}%)) =yand if BoundH) # x, then BoundH(}%)) = BoundH).

(188) H is disjunctive iﬁH(%) is disjunctive.

(189) H is conditional iffH(%,) is conditional.

(190) IfH is biconditional, themH ()5,) is biconditional.
(191) H is existential iffH (§) is existential.

(192) If H is disjunctive, then LeftArgH(])) = LeftArg(H)({) and RightArgH(])) =
RightArg(H)(ly‘).

(193) IfH is conditional, then Antecedsit(§)) = AntecedentH ) () and Conseque(itl (§)) =
Consequertt)(§).

(194) If H is biconditional, then LeftSideéd ()) = LeftSideH)(§) and RightSideH (7)) =
RightSideH)(5).

(195) |If H is existential, then Scopbl(}%)) = ScopéH)(
BoundH({)) =yand if BoundH) # X, then BoundH (§)

(196) Ifx¢ Vary, thenH(2) =H.

(197) H(¥)=H.

X

(198) Ifx#y, thenx ¢ VarH<§).

) and if BoundH) = x, then
= BoundH).

~— <X

X
y

(199) Ifxe Vary, theny e VarH(@.

(200) Ifx#y, thenH(%)(%) = H(%).

(201) Vagyx) € (Varm \ {x}) U{y}.
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