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Summary. Part one is a supplement to papers [1], [2], and [3]. It deals with con-
cepts of selector functions, atomic, negative, conjunctive formulas and etc., subformulas, free
variables, satisfiability and models (it is shown that axioms of the predicate and the quantifier
calculus are satisfied in an arbitrary set). In part two there are introduced notions of variables
occurring in a formula and replacing of variables in a formula.

MML Identifier: ZF_LANG1.

WWW: http://mizar.org/JFM/Vol2/zf_lang1.html

The articles [10], [9], [7], [12], [11], [13], [5], [6], [4], [8], [1], and [2] provide the notation and
terminology for this paper.

For simplicity, we adopt the following convention:p, p1, p2, q, r, F , G, G1, G2, H, H1, H2 are
ZF-formulae,x, x1, x2, y, y1, y2, z, z1, z2, s, t are variables,a is a set, andX is a set.

The following propositions are true:

(1) Var1(x=y) = x and Var2(x=y) = y.

(2) Var1(xεy) = x and Var2(xεy) = y.

(3) Arg(¬p) = p.

(4) LeftArg(p∧q) = p and RightArg(p∧q) = q.

(5) LeftArg(p∨q) = p and RightArg(p∨q) = q.

(6) Antecedent(p⇒ q) = p and Consequent(p⇒ q) = q.

(7) LeftSide(p⇔ q) = p and RightSide(p⇔ q) = q.

(8) Bound(∀xp) = x and Scope(∀xp) = p.

(9) Bound(∃xp) = x and Scope(∃xp) = p.

(10) p∨q = ¬p⇒ q.

(11) If ∀x,yp = ∀zq, thenx = z and∀yp = q.

(12) If ∃x,yp = ∃zq, thenx = z and∃yp = q.

(13) ∀x,yp is universal and Bound(∀x,yp) = x and Scope(∀x,yp) = ∀yp.

(14) ∃x,yp is existential and Bound(∃x,yp) = x and Scope(∃x,yp) = ∃yp.

(15) ∀x,y,zp = ∀x∀y∀zp and∀x,y,zp = ∀x,y∀zp.

1 c© Association of Mizar Users
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(16) If ∀x1,y1 p1 = ∀x2,y2 p2, thenx1 = x2 andy1 = y2 andp1 = p2.

(17) If ∀x1,y1,z1 p1 = ∀x2,y2,z2 p2, thenx1 = x2 andy1 = y2 andz1 = z2 andp1 = p2.

(18) If ∀x,y,zp = ∀tq, thenx = t and∀y,zp = q.

(19) If ∀x,y,zp = ∀t,sq, thenx = t andy = s and∀zp = q.

(20) If ∃x1,y1 p1 = ∃x2,y2 p2, thenx1 = x2 andy1 = y2 andp1 = p2.

(21) ∃x,y,zp = ∃x∃y∃zp and∃x,y,zp = ∃x,y∃zp.

(22) If ∃x1,y1,z1 p1 = ∃x2,y2,z2 p2, thenx1 = x2 andy1 = y2 andz1 = z2 andp1 = p2.

(23) If ∃x,y,zp = ∃tq, thenx = t and∃y,zp = q.

(24) If ∃x,y,zp = ∃t,sq, thenx = t andy = s and∃zp = q.

(25) ∀x,y,zp is universal and Bound(∀x,y,zp) = x and Scope(∀x,y,zp) = ∀y,zp.

(26) ∃x,y,zp is existential and Bound(∃x,y,zp) = x and Scope(∃x,y,zp) = ∃y,zp.

(27) If H is disjunctive, then LeftArg(H) = Arg(LeftArg(Arg(H))).

(28) If H is disjunctive, then RightArg(H) = Arg(RightArg(Arg(H))).

(29) If H is conditional, then Antecedent(H) = LeftArg(Arg(H)).

(30) If H is conditional, then Consequent(H) = Arg(RightArg(Arg(H))).

(31) If H is biconditional, then LeftSide(H) = Antecedent(LeftArg(H)) and LeftSide(H) =
Consequent(RightArg(H)).

(32) If H is biconditional, then RightSide(H) = Consequent(LeftArg(H)) and RightSide(H) =
Antecedent(RightArg(H)).

(33) If H is existential, then Bound(H)= Bound(Arg(H)) and Scope(H)= Arg(Scope(Arg(H))).

(34) Arg(F ∨G) = ¬F ∧¬G and Antecedent(F ∨G) = ¬F and Consequent(F ∨G) = G.

(35) Arg(F ⇒G) = F ∧¬G.

(36) LeftArg(F ⇔G) = F ⇒G and RightArg(F ⇔G) = G⇒ F.

(37) Arg(∃xH) = ∀x¬H.

(38) SupposeH is disjunctive. ThenH is conditional and negative and Arg(H) is conjunctive
and LeftArg(Arg(H)) is negative and RightArg(Arg(H)) is negative.

(39) If H is conditional, thenH is negative and Arg(H) is conjunctive and RightArg(Arg(H))
is negative.

(40) If H is biconditional, thenH is conjunctive and LeftArg(H) is conditional and RightArg(H)
is conditional.

(41) If H is existential, thenH is negative and Arg(H) is universal and Scope(Arg(H)) is nega-
tive.

(42) H is an equality, a membership, negative, conjunctive, universal, a membership, negative,
conjunctive, universal, negative, conjunctive, universal, conjunctive, and universal.

(43) If F is a subformula ofG, then lenF ≤ lenG.
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(44) Suppose that

(i) F is a proper subformula ofG andG is a subformula ofH, or

(ii) F is a subformula ofG andG is a proper subformula ofH, or

(iii) F is a subformula ofG andG is an immediate constituent ofH, or

(iv) F is an immediate constituent ofG andG is a subformula ofH, or

(v) F is a proper subformula ofG andG is an immediate constituent ofH, or

(vi) F is an immediate constituent ofG andG is a proper subformula ofH.

ThenF is a proper subformula ofH.

(46)1 H is not an immediate constituent ofH.

(47) G is not a proper subformula ofH or H is not a subformula ofG.

(48) G is not a proper subformula ofH or H is not a proper subformula ofG.

(49) G is not a subformula ofH or H is not an immediate constituent ofG.

(50) G is not a proper subformula ofH or H is not an immediate constituent ofG.

(51) If ¬F is a subformula ofH, thenF is a proper subformula ofH.

(52) If F ∧G is a subformula ofH, thenF is a proper subformula ofH and G is a proper
subformula ofH.

(53) If ∀xH is a subformula ofF , thenH is a proper subformula ofF .

(54)(i) F ∧¬G is a proper subformula ofF ⇒G,

(ii) F is a proper subformula ofF ⇒G,

(iii) ¬G is a proper subformula ofF ⇒G, and

(iv) G is a proper subformula ofF ⇒G.

(55)(i) ¬F ∧¬G is a proper subformula ofF ∨G,

(ii) ¬F is a proper subformula ofF ∨G,

(iii) ¬G is a proper subformula ofF ∨G,

(iv) F is a proper subformula ofF ∨G, and

(v) G is a proper subformula ofF ∨G.

(56) ∀x¬H is a proper subformula of∃xH and¬H is a proper subformula of∃xH.

(57) G is a subformula ofH iff G∈ SubformulaeH.

(58) If G∈ SubformulaeH, then SubformulaeG⊆ SubformulaeH.

(59) H ∈ SubformulaeH.

(60) Subformulae(F ⇒G) = SubformulaeF ∪SubformulaeG∪{¬G,F ∧¬G,F ⇒G}.

(61) Subformulae(F ∨G) = SubformulaeF ∪SubformulaeG∪{¬G,¬F,¬F ∧¬G,F ∨G}.

(62) Subformulae(F ⇔ G) = SubformulaeF ∪SubformulaeG∪{¬G,F ∧¬G,F ⇒ G,¬F,G∧
¬F,G⇒ F,F ⇔G}.

(63) Freex=y = {x,y}.

(64) Freexεy = {x,y}.

(65) Free¬p = Freep.

1 The proposition (45) has been removed.
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(66) Free(p∧q) = Freep∪Freeq.

(67) Free∀xp = Freep\{x}.

(68) Free(p∨q) = Freep∪Freeq.

(69) Free(p⇒ q) = Freep∪Freeq.

(70) Free(p⇔ q) = Freep∪Freeq.

(71) Free∃xp = Freep\{x}.

(72) Free∀x,yp = Freep\{x,y}.

(73) Free∀x,y,zp = Freep\{x,y,z}.

(74) Free∃x,yp = Freep\{x,y}.

(75) Free∃x,y,zp = Freep\{x,y,z}.

The schemeZF Inductionconcerns a unary predicateP , and states that:
For everyH holdsP [H]

provided the parameters meet the following conditions:
• For allx1, x2 holdsP [x1=x2] andP [x1εx2],
• For everyH such thatP [H] holdsP [¬H],
• For allH1, H2 such thatP [H1] andP [H2] holdsP [H1∧H2], and
• For allH, x such thatP [H] holdsP [∀xH].

For simplicity, we use the following convention:M, E are non empty sets,e is an element ofE,
m, m′ are elements ofM, f is a function from VAR intoE, andv, v′ are functions from VAR intoM.

Let us considerE, f , x, e. The functorf ( x
e) yields a function from VAR intoE and is defined

by:

(Def. 1) f ( x
e)(x) = eand for everyy such thatf ( x

e)(y) 6= f (y) holdsx = y.

Let D, D1, D2 be non empty sets and letf be a function fromD into D1. Let us assume that
D1 ⊆ D2. The functorD2[ f ] yields a function fromD into D2 and is defined as follows:

(Def. 2) D2[ f ] = f .

Next we state several propositions:

(78)2 v( x
m′ )( x

m) = v( x
m) andv( x

v(x) ) = v.

(79) If x 6= y, thenv( x
m)( y

m′ ) = v( y
m′ )( x

m).

(80) M,v |= ∀xH iff for every m holdsM,v( x
m) |= H.

(81) M,v |= ∀xH iff M,v( x
m) |= ∀xH.

(82) M,v |= ∃xH iff there existsmsuch thatM,v( x
m) |= H.

(83) M,v |= ∃xH iff M,v( x
m) |= ∃xH.

(84) For allv, v′ such that for everyx such thatx∈ FreeH holdsv′(x) = v(x) holds ifM,v |= H,
thenM,v′ |= H.

(85) FreeH is finite.

Let us considerH. One can verify that FreeH is finite.
In the sequeli, j denote natural numbers.
The following propositions are true:

2 The propositions (76) and (77) have been removed.
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(86) If xi = x j , theni = j.

(87) There existsi such thatx = xi .

(89)3 M,v |= x=x.

(90) M |= x=x.

(91) M,v 6|= xεx.

(92) M 6|= xεx andM |= ¬xεx.

(93) M |= x=y iff x = y or there existsa such that{a}= M.

(94) M |= ¬xεy iff x = y or for everyX such thatX ∈M holdsX missesM.

(95) If H is an equality, thenM,v |= H iff v(Var1(H)) = v(Var2(H)).

(96) If H is a membership, thenM,v |= H iff v(Var1(H)) ∈ v(Var2(H)).

(97) If H is negative, thenM,v |= H iff M,v 6|= Arg(H).

(98) If H is conjunctive, thenM,v |= H iff M,v |= LeftArg(H) andM,v |= RightArg(H).

(99) If H is universal, thenM,v |= H iff for every mholdsM,v(Bound(H)
m ) |= Scope(H).

(100) If H is disjunctive, thenM,v |= H iff M,v |= LeftArg(H) or M,v |= RightArg(H).

(101) If H is conditional, thenM,v |= H iff if M,v |= Antecedent(H), then M,v |=
Consequent(H).

(102) If H is biconditional, thenM,v |= H iff M,v |= LeftSide(H) iff M,v |= RightSide(H).

(103) If H is existential, thenM,v |= H iff there existsmsuch thatM,v(Bound(H)
m ) |= Scope(H).

(104) M |= ∃xH iff for every v there existsm such thatM,v( x
m) |= H.

(105) If M |= H, thenM |= ∃xH.

(106) M |= H iff M |= ∀x,yH.

(107) If M |= H, thenM |= ∃x,yH.

(108) M |= H iff M |= ∀x,y,zH.

(109) If M |= H, thenM |= ∃x,y,zH.

(110) M,v |= (p⇔ q)⇒ (p⇒ q) andM |= (p⇔ q)⇒ (p⇒ q).

(111) M,v |= (p⇔ q)⇒ (q⇒ p) andM |= (p⇔ q)⇒ (q⇒ p).

(112) M |= (p⇒ q)⇒ ((q⇒ r)⇒ (p⇒ r)).

(113) If M,v |= p⇒ q andM,v |= q⇒ r, thenM,v |= p⇒ r.

(114) If M |= p⇒ q andM |= q⇒ r, thenM |= p⇒ r.

(115) M,v |= (p⇒ q)∧ (q⇒ r)⇒ (p⇒ r) andM |= (p⇒ q)∧ (q⇒ r)⇒ (p⇒ r).

(116) M,v |= p⇒ (q⇒ p) andM |= p⇒ (q⇒ p).

(117) M,v |= (p⇒ (q⇒ r))⇒ ((p⇒ q)⇒ (p⇒ r)) andM |= (p⇒ (q⇒ r))⇒ ((p⇒ q)⇒
(p⇒ r)).

(118) M,v |= p∧q⇒ p andM |= p∧q⇒ p.

3 The proposition (88) has been removed.
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(119) M,v |= p∧q⇒ q andM |= p∧q⇒ q.

(120) M,v |= p∧q⇒ q∧ p andM |= p∧q⇒ q∧ p.

(121) M,v |= p⇒ p∧ p andM |= p⇒ p∧ p.

(122) M,v |= (p⇒ q)⇒ ((p⇒ r)⇒ (p⇒ q∧ r)) andM |= (p⇒ q)⇒ ((p⇒ r)⇒ (p⇒ q∧ r)).

(123) M,v |= p⇒ p∨q andM |= p⇒ p∨q.

(124) M,v |= q⇒ p∨q andM |= q⇒ p∨q.

(125) M,v |= p∨q⇒ q∨ p andM |= p∨q⇒ q∨ p.

(126) M,v |= p⇒ p∨ p andM |= p⇒ p∨ p.

(127) M,v |= (p⇒ r)⇒ ((q⇒ r)⇒ (p∨q⇒ r)) andM |= (p⇒ r)⇒ ((q⇒ r)⇒ (p∨q⇒ r)).

(128) M,v |= (p⇒ r)∧ (q⇒ r)⇒ (p∨q⇒ r) andM |= (p⇒ r)∧ (q⇒ r)⇒ (p∨q⇒ r).

(129) M,v |= (p⇒¬q)⇒ (q⇒¬p) andM |= (p⇒¬q)⇒ (q⇒¬p).

(130) M,v |= ¬p⇒ (p⇒ q) andM |= ¬p⇒ (p⇒ q).

(131) M,v |= (p⇒ q)∧ (p⇒¬q)⇒¬p andM |= (p⇒ q)∧ (p⇒¬q)⇒¬p.

(133)4 If M |= p⇒ q andM |= p, thenM |= q.

(134) M,v |= ¬(p∧q)⇒¬p∨¬q andM |= ¬(p∧q)⇒¬p∨¬q.

(135) M,v |= ¬p∨¬q⇒¬(p∧q) andM |= ¬p∨¬q⇒¬(p∧q).

(136) M,v |= ¬(p∨q)⇒¬p∧¬q andM |= ¬(p∨q)⇒¬p∧¬q.

(137) M,v |= ¬p∧¬q⇒¬(p∨q) andM |= ¬p∧¬q⇒¬(p∨q).

(138) M |= ∀xH ⇒ H.

(139) M |= H ⇒∃xH.

(140) If x /∈ FreeH1, thenM |= ∀x(H1 ⇒ H2)⇒ (H1 ⇒∀xH2).

(141) If x /∈ FreeH1 andM |= H1 ⇒ H2, thenM |= H1 ⇒∀xH2.

(142) If x /∈ FreeH2, thenM |= ∀x(H1 ⇒ H2)⇒ (∃xH1 ⇒ H2).

(143) If x /∈ FreeH2 andM |= H1 ⇒ H2, thenM |= ∃xH1 ⇒ H2.

(144) If M |= H1 ⇒∀xH2, thenM |= H1 ⇒ H2.

(145) If M |= ∃xH1 ⇒ H2, thenM |= H1 ⇒ H2.

(146) WFF⊆ 2[:N,N :].

Let us considerH. The functor VarH yields a set and is defined as follows:

(Def. 3) VarH = rngH \{0,1,2,3,4}.

The following propositions are true:

(148)5 x 6= 0 andx 6= 1 andx 6= 2 andx 6= 3 andx 6= 4.

(149) x /∈ {0,1,2,3,4}.

(150) If a∈ VarH , thena 6= 0 anda 6= 1 anda 6= 2 anda 6= 3 anda 6= 4.

4 The proposition (132) has been removed.
5 The proposition (147) has been removed.
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(151) Varx=y = {x,y}.

(152) Varxεy = {x,y}.

(153) Var¬H = VarH .

(154) VarH1∧H2 = Var(H1)∪Var(H2).

(155) Var∀xH = VarH ∪{x}.

(156) VarH1∨H2 = Var(H1)∪Var(H2).

(157) VarH1⇒H2 = Var(H1)∪Var(H2).

(158) VarH1⇔H2 = Var(H1)∪Var(H2).

(159) Var∃xH = VarH ∪{x}.

(160) Var∀x,yH = VarH ∪{x,y}.

(161) Var∃x,yH = VarH ∪{x,y}.

(162) Var∀x,y,zH = VarH ∪{x,y,z}.

(163) Var∃x,y,zH = VarH ∪{x,y,z}.

(164) FreeH ⊆ VarH .

Let us considerH. Then VarH is a non empty subset of VAR.
Let us considerH, x, y. The functorH( x

y) yields a function and is defined by:

(Def. 4) dom(H( x
y)) = domH and for everya such thata ∈ domH holds if H(a) = x, then

H( x
y)(a) = y and ifH(a) 6= x, thenH( x

y)(a) = H(a).

We now state several propositions:

(166)6 x1=x2(
y1
y2

) = z1=z2 if and only if one of the following conditions is satisfied:

(i) x1 6= y1 andx2 6= y1 andz1 = x1 andz2 = x2, or

(ii) x1 = y1 andx2 6= y1 andz1 = y2 andz2 = x2, or

(iii) x1 6= y1 andx2 = y1 andz1 = x1 andz2 = y2, or

(iv) x1 = y1 andx2 = y1 andz1 = y2 andz2 = y2.

(167) There existz1, z2 such thatx1=x2(
y1
y2

) = z1=z2.

(168) x1εx2(
y1
y2

) = z1εz2 if and only if one of the following conditions is satisfied:

(i) x1 6= y1 andx2 6= y1 andz1 = x1 andz2 = x2, or

(ii) x1 = y1 andx2 6= y1 andz1 = y2 andz2 = x2, or

(iii) x1 6= y1 andx2 = y1 andz1 = x1 andz2 = y2, or

(iv) x1 = y1 andx2 = y1 andz1 = y2 andz2 = y2.

(169) There existz1, z2 such thatx1εx2(
y1
y2

) = z1εz2.

(170) ¬F = (¬H)( x
y) iff F = H( x

y).

(171) H( x
y) ∈WFF.

Let us considerH, x, y. ThenH( x
y) is a ZF-formula.

One can prove the following propositions:

6 The proposition (165) has been removed.
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(172) G1∧G2 = (H1∧H2)( x
y) iff G1 = H1( x

y) andG2 = H2( x
y).

(173) If z 6= x, then∀zG = (∀zH)( x
y) iff G = H( x

y).

(174) ∀yG = (∀xH)( x
y) iff G = H( x

y).

(175) G1∨G2 = (H1∨H2)( x
y) iff G1 = H1( x

y) andG2 = H2( x
y).

(176) G1 ⇒G2 = (H1 ⇒ H2)( x
y) iff G1 = H1( x

y) andG2 = H2( x
y).

(177) G1 ⇔G2 = (H1 ⇔ H2)( x
y) iff G1 = H1( x

y) andG2 = H2( x
y).

(178) If z 6= x, then∃zG = (∃zH)( x
y) iff G = H( x

y).

(179) ∃yG = (∃xH)( x
y) iff G = H( x

y).

(180) H is an equality iffH( x
y) is an equality.

(181) H is a membership iffH( x
y) is a membership.

(182) H is negative iffH( x
y) is negative.

(183) H is conjunctive iffH( x
y) is conjunctive.

(184) H is universal iffH( x
y) is universal.

(185) If H is negative, then Arg(H( x
y)) = Arg(H)( x

y).

(186) If H is conjunctive, then LeftArg(H( x
y)) = LeftArg(H)( x

y) and RightArg(H( x
y)) =

RightArg(H)( x
y).

(187) If H is universal, then Scope(H( x
y)) = Scope(H)( x

y) and if Bound(H) = x, then
Bound(H( x

y)) = y and if Bound(H) 6= x, then Bound(H( x
y)) = Bound(H).

(188) H is disjunctive iffH( x
y) is disjunctive.

(189) H is conditional iffH( x
y) is conditional.

(190) If H is biconditional, thenH( x
y) is biconditional.

(191) H is existential iffH( x
y) is existential.

(192) If H is disjunctive, then LeftArg(H( x
y)) = LeftArg(H)( x

y) and RightArg(H( x
y)) =

RightArg(H)( x
y).

(193) If H is conditional, then Antecedent(H( x
y)) = Antecedent(H)( x

y) and Consequent(H( x
y)) =

Consequent(H)( x
y).

(194) If H is biconditional, then LeftSide(H( x
y)) = LeftSide(H)( x

y) and RightSide(H( x
y)) =

RightSide(H)( x
y).

(195) If H is existential, then Scope(H( x
y)) = Scope(H)( x

y) and if Bound(H) = x, then
Bound(H( x

y)) = y and if Bound(H) 6= x, then Bound(H( x
y)) = Bound(H).

(196) If x /∈ VarH , thenH( x
y) = H.

(197) H( x
x) = H.

(198) If x 6= y, thenx /∈ VarH( x
y ).

(199) If x∈ VarH , theny∈ VarH( x
y ).

(200) If x 6= y, thenH( x
y)(

x
z) = H( x

y).

(201) VarH( x
y ) ⊆ (VarH \{x})∪{y}.
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