JOURNAL OF FORMALIZED MATHEMATICS
Volumel, Released 1989,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

The Contraction Lemma

Grzegorz Bancerek
Warsaw University
Biatystok

Summary. The article includes the proof of the contraction lemma which claims that
every class in which the axiom of extensionality is valid is isomorphic with a transitive class.
In this article the isomorphism (wrt membership relation) of two sets is defined. It is based on

6.

MML Identifier: ZF_COLLA.

WWW: http://mizar.org/JFM/Voll/zf colla.html

The articles|[¥], [[8], [[9], [[4], [1], [5], [3], and[[2] provide the notation and terminology for this
paper.

For simplicity, we follow the rulesX, Y, Z are setsy, y are setsE is a non empty se#, B, C
are ordinal numberdg, is a transfinite sequencé,s a function, andl, d;, d’ are elements dE.

Let us consideE, A. The functorE, yields a set and is defined by the condition (Def. 1).

(Def. 1) There exist& such that
() BEa={d:Ag (ded = Vg(BedomL A di € U{L(B)}))},
(i) domL=A and

(iiiy  for everyBsuch thaB € AholdsL(B) ={d;: Aq (ded; = V¢ (CedomL[B) A de
U{(LIB)(C)}))}-

One can prove the following propositions:

(1) Ea={d: /Ay (dhed = Vg(BEAA d1€Eg))}.

(2) Itis nottrue that there exist such thad; € d iff d € Ey.

(3) dNE CEaiff d € Esycea.

(4) 1f ACB, thenEa C Eg.

(5) There exist# such thad € Ea.

(6) If d €dandd € Ea, thend’ € Ea and there existB such thaB € Aandd’ € Eg.
(7) EACE.

(8) There exist#\ such thakE = Ea.

(9) There existd such that donf = E and for everyd holds f (d) = f°d.

Let us considelf, X, Y. We say thatf is an isomorphism betweex andY if and only if the
conditions (Def. 2) are satisfied.
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(Def. 2)()) domf =X,
@iy rngf=Y,
(i) f is one-to-one, and

(iv) forall x, y such thak € X andy € X holds there exist& such thaZ =y andx € Z iff there
existsZ such thatf (y) = Z and f (x) € Z.

Let us considekK, Y. We say thaX andY are isomorphic if and only if:
(Def. 3) There exist$ which is an isomorphism betweéhandy.

Next we state the proposition
(12E] If domf = E and for everyd holds f (d) = f°d, then rngf is transitive.

In the sequels, v, w denote elements &.
Next we state two propositions:

(13) If E = the axiom of extensionalitythen for allu, v such that for everyv holdsw € u iff
w € v holdsu = v.

(14) If E = the axiom of extensionalifythen there existX such thaiX is transitive and and
X are isomorphic.
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1 The propositions (10) and (11) have been removed.
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