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The articles([12],[[15],[16],128],/ 117171/ 18], 110],[In],[[2],[[6],[14],[113],114]13],14],.120].19],
[5], and [19] provide the notation and terminology for this paper.

Let L be a relational structure. We introduc® as a synonym of .

We now state several propositions:

1)
@)
@
(ii)
®)
(4)
(®)
(6)
()

For every relational structuteand for all elementg, y of L° holdsx < y iff . ~x > .

LetL be a relational structure,be an element df, andy be an element df°?. Then
x < Ayiff x7 >y and
x> Ayiff X7 <y.

For every relational structuteholdsL is empty iff L°P is empty.

For every relational structuteholdsL is reflexive iff L°P is reflexive.

For every relational structuteholdsL is antisymmetric iffL°P is antisymmetric.
For every relational structuteholdsL is transitive iffL°P is transitive.

For every non empty relational structuréoldsL is connected ifL.°P is connected.

Let L be a reflexive relational structure. Observe itfitis reflexive.

Let L be a transitive relational structure. One can verify ttP&tis transitive.

Let L be an antisymmetric relational structure. One can checd fffas antisymmetric.
Let L be a connected non empty relational structure. One can chedk’fhiatconnected.
One can prove the following propositions:

(8)
@)
(ii)
9)
@
(ii)

LetL be a relational structurg,be an element df, andX be a set. Then
x < Xiff x> X, and

x> X iff x~ < X.

LetL be a relational structure,be an element df°?, andX be a set. Then
x < X iff mx> X, and

x> X iff ~Ax<X.
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(10) LetL be a relational structure aribe a set. Then sul exists inL if and only if inf X
exists inL°P,

(11) LetL be arelational structure antibe a set. Then su) exists inL°P if and only if inf X
exists inL.

(12) LetL be a non empty relational structure aXdbe a set. If suX exists inL or inf X exists
in LOp, then|_||_X = H(Lop)x.

(13) LetL be a non empty relational structure aXdbe a set. If infX exists inL or supX exists
in LOp, then HLX = I_I(LOP) X.

(14) LetLs, Ly be relational structures such that the relational structute ef the relational
structure ofL, andL; has g.l.b.s. Thelh, has g.l.b.’s.

(15) LetLs, L, be relational structures such that the relational structute ef the relational
structure oL, andL; has l.u.b.s. Theh, has l.u.b.'s.

(16) For every relational structuteholdsL has g.l.b.’s iffL°? has l.u.b.’s.

(17) For every non empty relational structlréoldsL is complete iffL°P is complete.

Let L be a relational structure with g.l.b.'s. Observe th#thas l.u.b.'s.

LetL be arelational structure with l.u.b.’s. Note th&f has g.l.b.'s.

Let L be a complete non empty relational structure. One can checkthat complete.
One can prove the following propositions:

(18) LetL be a non empty relational structudé be a subset df, andY be a subset df°P. If
X =Y, then fininfgX) = finsupgY) and finsup&X) = fininfs(Y).

(19) LetL be arelational structure be a subset df, andY be a subset df°P. If X =Y, then
IX=1Yand1X =Y.

(20) LetL be a non empty relational structusehe an element df, andy be an element df°P.
If x=y,then|x=Tyand{x=ly.

(21) For every posdt with g.l.b.’s and for all elements, y of L holdsxmy = x~ Ly~
(22) For every posdt with g.l.b.'s and for all elements y of L°P holds.~xM.~y = xLy.
(23) For every posdt with l.u.b.’s and for all elements, y of L holdsxLy = x~ My~
(24) For every posdt with l.u.b.'s and for all elements y of L°P holds.~xLl.~y = xy.

(25) For every latticd holdsL is distributive iff L°P is distributive.

LetL be a distributive lattice. Observe tH#f is distributive.
The following propositions are true:

(26) LetL be arelational structure amxbe a set. Ther is a directed subset afif and only if
xis a filtered subset df°P.

(27) LetL be arelational structure antbe a set. Theris a directed subset &P if and only
if xis a filtered subset df.

(28) LetL be a relational structure antbe a set. Ther is a lower subset df if and only if x
is an upper subset &P,

(29) LetL be a relational structure ambe a set. Ther is a lower subset df°P if and only if
X is an upper subset &f.

(30) For every relational structuteholdsL is lower-bounded ifL.°P is upper-bounded.
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(31) For every relational structuteholdsL®P is lower-bounded ifL is upper-bounded.
(32) For every relational structuteholdsL is bounded iffL°" is bounded.

(33) For every lower-bounded antisymmetric non empty relational strutttwads (L)~ =
Trop and (T o) = L.

(34) For every upper-bounded antisymmetric non empty relational structhoéds (T)~ =
Lo @and\(Lpop) =Ty

(35) LetL be a bounded lattice andy be elements of. Theny is a complement ox if and
only if y~ is a complement of~.

(36) For every bounded lattideholdsL is complemented ifi.°P is complemented.

Let L be a lower-bounded relational structure. ObserveltFais upper-bounded.
Let L be an upper-bounded relational structure. Observe fiRds lower-bounded.
LetL be a complemented bounded lattice. Note ttf8tis complemented.

The following proposition is true

(37) For every Boolean lattide and for every elementof L holds—(x~) = —-x.

Let L be a non empty relational structure. The functeryielding a map fromL into LP is
defined as follows:

(Def. 1) For every elementof L holds— (x) = —x.

LetL be a Boolean lattice. One can verify that is one-to-one.
LetL be a Boolean lattice. One can check thatis isomorphic.
One can prove the following propositions:

(38) For every Boolean lattide holdsL andL°P are isomorphic.

(39) LetS T be non empty relational structures ahtie a set. Then
(i) fisamapfronSintoT iff f isamap fromSPinto T,
(i) fisamapfronSinto T iff f is a map fronSinto T°P, and
(i)  fisamap fronSinto T iff fis a map fromS°P into T°F.
(40) LetS T be non empty relational structureisbe a map fronginto T, andg be a map from
Sinto T°P such thatf = g. Then
(i) f is monotone iffg is antitone, and
(i)  fis antitone iffg is monotone.
(41) LetS T be non empty relational structurespe a map fronSinto T°P, andg be a map
from P into T such thatf = g. Then
(i) fis monotone iffg is monotone, and
(i)  fis antitone iffg is antitone.
(42) LetS T be non empty relational structuresbe a map fronginto T, andg be a map from
SPPinto T°P such thatf = g. Then
(i) f is monotone iffg is monotone, and
(i)  f is antitone iffg is antitone.
(43) LetS T be non empty relational structures ahtie a set. Then
(i) fisaconnection betweebandT iff f is a connection betweed andT,
(i)  fis aconnection betweedandT iff f is a connection betweedandT ™, and
(i)  f is a connection betweedandT iff f is a connection betweesr andT ™.
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(44) LetS T be non empty poset$; be a map fronSinto T, g1 be a map fronT into S f, be
a map fromS~ into T, andg, be a map fronT ~ into S™. If f; = f, andg; = g, then(fy,
01) is Galois iff (g, f2) is Galois.

(45) LetJ be a setD be a non empty seK be a many sorted set indexed hyandF be a set
of elements oD double indexed b¥X. Then domF (k) = K.

LetJ, D be non empty sets, I& be a non-empty many sorted set indexed et F be a set of
elements oD double indexed b¥, let j be an element af, and letk be an element dk(j). Then
F(j)(k) is an element ob.

We now state several propositions:

(46) LetL be a non empty relational structuebe a setK be a many sorted set indexed lby
andx be a set. TheRris a set of elements &f double indexed b¥ if and only if X is a set of
elements of °P double indexed b¥.

(47) LetL be a complete lattice] be a non empty seK be a non-empty many sorted set
indexed byJ, andF be a set of elements &f double indexed bK. Then Suglnfs(F)) <

Inf(SupgFreg€F))).

(48) LetL be a complete lattice. Thdnis completely-distributive if and only if for every non
empty set] and for every non-empty many sorted Keindexed byJ and for every sef of
elements ot double indexed b¥ holds Suginfs(F)) = Inf(SupgFreg€F))).

(49) LetL be a complete antisymmetric non empty relational structureFahe a function.
Then|_||_ F= ﬂ(LOp)F and ﬂLF = |_|(L°P) F.

(50) LetL be a complete antisymmetric non empty relational structureFame a function

yielding function. Then |, F = [T op F and[ ], F = Uiion F:

Let us observe that every non empty relational structure which is completely-distributive is also
complete.

One can check that there exists a non empty poset which is completely-distributive, trivial, and
strict.

The following proposition is true

(51) For every non empty poseét holds L is completely-distributive iffL°P is completely-
distributive.
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