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The articles [12], [15], [16], [18], [17], [7], [8], [10], [1], [2], [6], [11], [13], [14], [3], [4], [20], [9],
[5], and [19] provide the notation and terminology for this paper.

Let L be a relational structure. We introduceLop as a synonym ofL`.
We now state several propositions:

(1) For every relational structureL and for all elementsx, y of Lop holdsx≤ y iff xx≥xy.

(2) LetL be a relational structure,x be an element ofL, andy be an element ofLop. Then

(i) x≤xy iff x` ≥ y, and

(ii) x≥xy iff x` ≤ y.

(3) For every relational structureL holdsL is empty iffLop is empty.

(4) For every relational structureL holdsL is reflexive iffLop is reflexive.

(5) For every relational structureL holdsL is antisymmetric iffLop is antisymmetric.

(6) For every relational structureL holdsL is transitive iffLop is transitive.

(7) For every non empty relational structureL holdsL is connected iffLop is connected.

Let L be a reflexive relational structure. Observe thatLop is reflexive.
Let L be a transitive relational structure. One can verify thatLop is transitive.
Let L be an antisymmetric relational structure. One can check thatLop is antisymmetric.
Let L be a connected non empty relational structure. One can check thatLop is connected.
One can prove the following propositions:

(8) LetL be a relational structure,x be an element ofL, andX be a set. Then

(i) x≤ X iff x` ≥ X, and

(ii) x≥ X iff x` ≤ X.

(9) LetL be a relational structure,x be an element ofLop, andX be a set. Then

(i) x≤ X iff xx≥ X, and

(ii) x≥ X iff xx≤ X.
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(10) LetL be a relational structure andX be a set. Then supX exists inL if and only if inf X
exists inLop.

(11) LetL be a relational structure andX be a set. Then supX exists inLop if and only if inf X
exists inL.

(12) LetL be a non empty relational structure andX be a set. If supX exists inL or inf X exists
in Lop, then

⊔
L X = d−e(Lop)X.

(13) LetL be a non empty relational structure andX be a set. If infX exists inL or supX exists
in Lop, thend−eLX =

⊔
(Lop) X.

(14) Let L1, L2 be relational structures such that the relational structure ofL1 = the relational
structure ofL2 andL1 has g.l.b.’s. ThenL2 has g.l.b.’s.

(15) Let L1, L2 be relational structures such that the relational structure ofL1 = the relational
structure ofL2 andL1 has l.u.b.’s. ThenL2 has l.u.b.’s.

(16) For every relational structureL holdsL has g.l.b.’s iffLop has l.u.b.’s.

(17) For every non empty relational structureL holdsL is complete iffLop is complete.

Let L be a relational structure with g.l.b.’s. Observe thatLop has l.u.b.’s.
Let L be a relational structure with l.u.b.’s. Note thatLop has g.l.b.’s.
Let L be a complete non empty relational structure. One can check thatLop is complete.
One can prove the following propositions:

(18) LetL be a non empty relational structure,X be a subset ofL, andY be a subset ofLop. If
X = Y, then fininfs(X) = finsups(Y) and finsups(X) = fininfs(Y).

(19) LetL be a relational structure,X be a subset ofL, andY be a subset ofLop. If X = Y, then
↓X = ↑Y and↑X = ↓Y.

(20) LetL be a non empty relational structure,x be an element ofL, andy be an element ofLop.
If x = y, then↓x = ↑y and↑x = ↓y.

(21) For every posetL with g.l.b.’s and for all elementsx, y of L holdsxuy = x`ty`.

(22) For every posetL with g.l.b.’s and for all elementsx, y of Lop holdsxxuxy = xty.

(23) For every posetL with l.u.b.’s and for all elementsx, y of L holdsxty = x`uy`.

(24) For every posetL with l.u.b.’s and for all elementsx, y of Lop holdsxxtxy = xuy.

(25) For every latticeL holdsL is distributive iffLop is distributive.

Let L be a distributive lattice. Observe thatLop is distributive.
The following propositions are true:

(26) LetL be a relational structure andx be a set. Thenx is a directed subset ofL if and only if
x is a filtered subset ofLop.

(27) LetL be a relational structure andx be a set. Thenx is a directed subset ofLop if and only
if x is a filtered subset ofL.

(28) LetL be a relational structure andx be a set. Thenx is a lower subset ofL if and only if x
is an upper subset ofLop.

(29) LetL be a relational structure andx be a set. Thenx is a lower subset ofLop if and only if
x is an upper subset ofL.

(30) For every relational structureL holdsL is lower-bounded iffLop is upper-bounded.
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(31) For every relational structureL holdsLop is lower-bounded iffL is upper-bounded.

(32) For every relational structureL holdsL is bounded iffLop is bounded.

(33) For every lower-bounded antisymmetric non empty relational structureL holds(⊥L)` =
>Lop andx(>Lop) =⊥L.

(34) For every upper-bounded antisymmetric non empty relational structureL holds(>L)` =
⊥Lop andx(⊥Lop) =>L.

(35) LetL be a bounded lattice andx, y be elements ofL. Theny is a complement ofx if and
only if y` is a complement ofx`.

(36) For every bounded latticeL holdsL is complemented iffLop is complemented.

Let L be a lower-bounded relational structure. Observe thatLop is upper-bounded.
Let L be an upper-bounded relational structure. Observe thatLop is lower-bounded.
Let L be a complemented bounded lattice. Note thatLop is complemented.
The following proposition is true

(37) For every Boolean latticeL and for every elementx of L holds¬(x`) = ¬x.

Let L be a non empty relational structure. The functor¬L yielding a map fromL into Lop is
defined as follows:

(Def. 1) For every elementx of L holds¬L(x) = ¬x.

Let L be a Boolean lattice. One can verify that¬L is one-to-one.
Let L be a Boolean lattice. One can check that¬L is isomorphic.
One can prove the following propositions:

(38) For every Boolean latticeL holdsL andLop are isomorphic.

(39) LetS, T be non empty relational structures andf be a set. Then

(i) f is a map fromS into T iff f is a map fromSop into T,

(ii) f is a map fromS into T iff f is a map fromS into Top, and

(iii) f is a map fromS into T iff f is a map fromSop into Top.

(40) LetS, T be non empty relational structures,f be a map fromS into T, andg be a map from
S into Top such thatf = g. Then

(i) f is monotone iffg is antitone, and

(ii) f is antitone iffg is monotone.

(41) LetS, T be non empty relational structures,f be a map fromS into Top, andg be a map
from Sop into T such thatf = g. Then

(i) f is monotone iffg is monotone, and

(ii) f is antitone iffg is antitone.

(42) LetS, T be non empty relational structures,f be a map fromS into T, andg be a map from
Sop into Top such thatf = g. Then

(i) f is monotone iffg is monotone, and

(ii) f is antitone iffg is antitone.

(43) LetS, T be non empty relational structures andf be a set. Then

(i) f is a connection betweenSandT iff f is a connection betweenS̀ andT,

(ii) f is a connection betweenSandT iff f is a connection betweenSandT`, and

(iii) f is a connection betweenSandT iff f is a connection betweenS̀ andT`.
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(44) LetS, T be non empty posets,f1 be a map fromS into T, g1 be a map fromT into S, f2 be
a map fromS̀ into T`, andg2 be a map fromT` into S̀ . If f1 = f2 andg1 = g2, then〈〈 f1,
g1〉〉 is Galois iff 〈〈g2, f2〉〉 is Galois.

(45) LetJ be a set,D be a non empty set,K be a many sorted set indexed byJ, andF be a set
of elements ofD double indexed byK. Then domκ F(κ) = K.

Let J, D be non empty sets, letK be a non-empty many sorted set indexed byJ, let F be a set of
elements ofD double indexed byK, let j be an element ofJ, and letk be an element ofK( j). Then
F( j)(k) is an element ofD.

We now state several propositions:

(46) LetL be a non empty relational structure,J be a set,K be a many sorted set indexed byJ,
andx be a set. Thenx is a set of elements ofL double indexed byK if and only if x is a set of
elements ofLop double indexed byK.

(47) Let L be a complete lattice,J be a non empty set,K be a non-empty many sorted set
indexed byJ, andF be a set of elements ofL double indexed byK. Then Sup(Infs(F)) ≤
Inf(Sups(Frege(F))).

(48) LetL be a complete lattice. ThenL is completely-distributive if and only if for every non
empty setJ and for every non-empty many sorted setK indexed byJ and for every setF of
elements ofL double indexed byK holds Sup(Infs(F)) = Inf(Sups(Frege(F))).

(49) Let L be a complete antisymmetric non empty relational structure andF be a function.
Then

⊔
L F = d−e(Lop)F andd−eLF =

⊔
(Lop) F.

(50) Let L be a complete antisymmetric non empty relational structure andF be a function
yielding function. Then

⊔
L

F = d−e(Lop) F andd−eL F =
⊔

(Lop) F.

Let us observe that every non empty relational structure which is completely-distributive is also
complete.

One can check that there exists a non empty poset which is completely-distributive, trivial, and
strict.

The following proposition is true

(51) For every non empty posetL holds L is completely-distributive iffLop is completely-
distributive.
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