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Summary. In this paper the definitions of cartesian products of relations and rela-
tional structures are introduced. Facts about these notions are proved. This work is the con-
tinuation of formalization of [8].
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The articles [9], [7], [12], [13], [15], [14], [5], [10], [6], [1], [11], [2], [3], and [4] provide the
notation and terminology for this paper.

1. PRELIMINARIES

In this article we present several logical schemes. The schemeFraenkelA2deals with a non empty
setA , a binary functorF yielding a set, and two binary predicatesP , Q , and states that:

{F (s, t);sranges over elements ofA , t ranges over elements ofA : P [s, t]} is a subset
of A

provided the following condition is satisfied:
• For every elements of A and for every elementt of A holdsF (s, t) ∈ A .

The schemeExtensionalityRdeals with binary relationsA , B and a binary predicateP , and
states that:

A = B
provided the parameters meet the following conditions:

• For all setsa, b holds〈〈a, b〉〉 ∈ A iff P [a,b], and
• For all setsa, b holds〈〈a, b〉〉 ∈ B iff P [a,b].

Let X be an empty set. Note thatπ1(X) is empty andπ2(X) is empty.
Let X, Y be non empty sets and letD be a non empty subset of[:X, Y :]. Observe thatπ1(D) is

non empty andπ2(D) is non empty.
Let L be a relational structure and letX be an empty subset ofL. One can verify that↓X is

empty and↑X is empty.
Next we state several propositions:

(1) For all setsX, Y and for every subsetD of [:X, Y :] holdsD⊆ [:π1(D), π2(D) :].

(2) LetL be a transitive antisymmetric relational structure with g.l.b.’s anda, b, c, d be elements
of L. If a≤ c andb≤ d, thenaub≤ cud.
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(3) LetL be a transitive antisymmetric relational structure with l.u.b.’s anda, b, c, d be elements
of L. If a≤ c andb≤ d, thenatb≤ ctd.

(4) Let L be a complete reflexive antisymmetric non empty relational structure,D be a subset
of L, andx be an element ofL. If x∈ D, then supDux = x.

(5) Let L be a complete reflexive antisymmetric non empty relational structure,D be a subset
of L, andx be an element ofL. If x∈ D, then infDtx = x.

(6) For every relational structureL and for all subsetsX, Y of L such thatX⊆Y holds↓X ⊆↓Y.

(7) For every relational structureL and for all subsetsX, Y of L such thatX⊆Y holds↑X ⊆↑Y.

(8) Let S, T be posets with g.l.b.’s,f be a map fromS into T, andx, y be elements ofS. Then
f preserves inf of{x,y} if and only if f (xuy) = f (x)u f (y).

(9) Let S, T be posets with l.u.b.’s,f be a map fromS into T, andx, y be elements ofS. Then
f preserves sup of{x,y} if and only if f (xty) = f (x)t f (y).

Now we present four schemes. The schemeInf Uniondeals with a complete antisymmetric non
empty relational structureA and a unary predicateP , and states that:

d−eA{d
−eAX;X ranges over subsets ofA : P [X]} ≥ d−eA

⋃
{X;X ranges over subsets

of A : P [X]}
for all values of the parameters.

The schemeInf of Infsdeals with a complete latticeA and a unary predicateP , and states that:
d−eA{d

−eAX;X ranges over subsets ofA : P [X]} = d−eA
⋃
{X;X ranges over subsets

of A : P [X]}
for all values of the parameters.

The schemeSup Uniondeals with a complete antisymmetric non empty relational structureA
and a unary predicateP , and states that:⊔

A{
⊔

A X;X ranges over subsets ofA : P [X]} ≤
⊔

A
⋃
{X;X ranges over subsets of

A : P [X]}
for all values of the parameters.

The schemeSup of Supsdeals with a complete latticeA and a unary predicateP , and states that:⊔
A{

⊔
A X;X ranges over subsets ofA : P [X]}=

⊔
A

⋃
{X;X ranges over subsets of

A : P [X]}
for all values of the parameters.

2. PROPERTIES OFCARTESIAN PRODUCTS OFRELATIONAL STRUCTURES

Let P, Rbe binary relations. The functorP×Ryields a binary relation and is defined as follows:

(Def. 1) For all setsx, y holds〈〈x, y〉〉 ∈ P×R iff there exist setsp, q, s, t such thatx = 〈〈p, q〉〉 and
y = 〈〈s, t〉〉 and〈〈p, s〉〉 ∈ P and〈〈q, t〉〉 ∈ R.

The following proposition is true

(10) Let P, R be binary relations andx be a set. Thenx ∈ P×R if and only if the following
conditions are satisfied:

(i) 〈〈(x1)1, (x2)1〉〉 ∈ P,

(ii) 〈〈(x1)2, (x2)2〉〉 ∈ R,

(iii) there exist setsa, b such thatx = 〈〈a, b〉〉,
(iv) there exist setsc, d such thatx1 = 〈〈c, d〉〉, and

(v) there exist setse, f such thatx2 = 〈〈e, f 〉〉.

Let A, B, X, Y be sets, letP be a relation betweenA andB, and letR be a relation betweenX
andY. ThenP×R is a relation between[:A, X :] and[:B, Y :].

Let X, Y be relational structures. The functor[:X, Y :] yields a strict relational structure and is
defined by the conditions (Def. 2).
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(Def. 2)(i) The carrier of[:X, Y :] = [: the carrier ofX, the carrier ofY :], and

(ii) the internal relation of[:X, Y :] = (the internal relation ofX)× (the internal relation ofY).

Let L1, L2 be relational structures and letD be a subset of[:L1, L2 :]. Thenπ1(D) is a subset of
L1. Thenπ2(D) is a subset ofL2.

Let S1, S2 be relational structures, letD1 be a subset ofS1, and letD2 be a subset ofS2. Then
[:D1, D2 :] is a subset of[:S1, S2 :].

Let S1, S2 be non empty relational structures, letx be an element ofS1, and lety be an element
of S2. Then〈〈x, y〉〉 is an element of[:S1, S2 :].

Let L1, L2 be non empty relational structures and letx be an element of[:L1, L2 :]. Thenx1 is an
element ofL1. Thenx2 is an element ofL2.

One can prove the following propositions:

(11) LetS1, S2 be non empty relational structures,a, c be elements ofS1, andb, d be elements
of S2. Thena≤ c andb≤ d if and only if 〈〈a, b〉〉 ≤ 〈〈c, d〉〉.

(12) LetS1, S2 be non empty relational structures andx, y be elements of[:S1, S2 :]. Thenx≤ y
if and only if the following conditions are satisfied:

(i) x1 ≤ y1, and

(ii) x2 ≤ y2.

(13) LetA, B be relational structures,C be a non empty relational structure, andf , g be maps
from [:A, B:] intoC. Suppose that for every elementx of A and for every elementy of B holds
f (〈〈x, y〉〉) = g(〈〈x, y〉〉). Then f = g.

Let X, Y be non empty relational structures. One can verify that[:X, Y :] is non empty.
Let X, Y be reflexive relational structures. Observe that[:X, Y :] is reflexive.
Let X, Y be antisymmetric relational structures. One can verify that[:X, Y :] is antisymmetric.
Let X, Y be transitive relational structures. Observe that[:X, Y :] is transitive.
Let X, Y be relational structures with l.u.b.’s. Observe that[:X, Y :] has l.u.b.’s.
Let X, Y be relational structures with g.l.b.’s. Observe that[:X, Y :] has g.l.b.’s.
We now state several propositions:

(14) For all relational structuresX, Y such that[:X, Y :] is non empty holdsX is non empty and
Y is non empty.

(15) For all non empty relational structuresX,Y such that[:X, Y :] is reflexive holdsX is reflexive
andY is reflexive.

(16) LetX, Y be non empty reflexive relational structures. If[:X, Y :] is antisymmetric, thenX
is antisymmetric andY is antisymmetric.

(17) Let X, Y be non empty reflexive relational structures. If[:X, Y :] is transitive, thenX is
transitive andY is transitive.

(18) For all non empty reflexive relational structuresX, Y such that[:X, Y :] has l.u.b.’s holdsX
has l.u.b.’s andY has l.u.b.’s.

(19) For all non empty reflexive relational structuresX, Y such that[:X, Y :] has g.l.b.’s holdsX
has g.l.b.’s andY has g.l.b.’s.

Let S1, S2 be relational structures, letD1 be a directed subset ofS1, and letD2 be a directed
subset ofS2. Then[:D1, D2 :] is a directed subset of[:S1, S2 :].

The following propositions are true:

(20) LetS1, S2 be non empty relational structures,D1 be a non empty subset ofS1, andD2 be a
non empty subset ofS2. If [:D1, D2 :] is directed, thenD1 is directed andD2 is directed.

(21) For all non empty relational structuresS1, S2 and for every non empty subsetD of [:S1, S2 :]
holdsπ1(D) is non empty andπ2(D) is non empty.
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(22) LetS1, S2 be non empty reflexive relational structures andD be a non empty directed subset
of [:S1, S2 :]. Thenπ1(D) is directed andπ2(D) is directed.

Let S1, S2 be relational structures, letD1 be a filtered subset ofS1, and letD2 be a filtered subset
of S2. Then[:D1, D2 :] is a filtered subset of[:S1, S2 :].

The following two propositions are true:

(23) LetS1, S2 be non empty relational structures,D1 be a non empty subset ofS1, andD2 be a
non empty subset ofS2. If [:D1, D2 :] is filtered, thenD1 is filtered andD2 is filtered.

(24) LetS1, S2 be non empty reflexive relational structures andD be a non empty filtered subset
of [:S1, S2 :]. Thenπ1(D) is filtered andπ2(D) is filtered.

Let S1, S2 be relational structures, letD1 be an upper subset ofS1, and letD2 be an upper subset
of S2. Then[:D1, D2 :] is an upper subset of[:S1, S2 :].

Next we state two propositions:

(25) LetS1, S2 be non empty reflexive relational structures,D1 be a non empty subset ofS1, and
D2 be a non empty subset ofS2. If [:D1, D2 :] is upper, thenD1 is upper andD2 is upper.

(26) LetS1, S2 be non empty reflexive relational structures andD be a non empty upper subset
of [:S1, S2 :]. Thenπ1(D) is upper andπ2(D) is upper.

Let S1, S2 be relational structures, letD1 be a lower subset ofS1, and letD2 be a lower subset of
S2. Then[:D1, D2 :] is a lower subset of[:S1, S2 :].

One can prove the following two propositions:

(27) LetS1, S2 be non empty reflexive relational structures,D1 be a non empty subset ofS1, and
D2 be a non empty subset ofS2. If [:D1, D2 :] is lower, thenD1 is lower andD2 is lower.

(28) LetS1, S2 be non empty reflexive relational structures andD be a non empty lower subset
of [:S1, S2 :]. Thenπ1(D) is lower andπ2(D) is lower.

Let Rbe a relational structure. We say thatR is void if and only if:

(Def. 3) The internal relation ofR is empty.

Let us mention that every relational structure which is empty is also void.
Let us mention that there exists a poset which is non void, non empty, and strict.
Let us mention that every relational structure which is non void is also non empty.
One can verify that every relational structure which is non empty and reflexive is also non void.
Let Rbe a non void relational structure. Note that the internal relation ofR is non empty.
Next we state a number of propositions:

(29) LetS1, S2 be non empty relational structures,D1 be a non empty subset ofS1, D2 be a non
empty subset ofS2, x be an element ofS1, andy be an element ofS2. If 〈〈x, y〉〉 ≥ [:D1, D2 :],
thenx≥ D1 andy≥ D2.

(30) LetS1, S2 be non empty relational structures,D1 be a subset ofS1, D2 be a subset ofS2,
x be an element ofS1, andy be an element ofS2. If x≥ D1 andy≥ D2, then〈〈x, y〉〉 ≥ [:D1,
D2 :].

(31) LetS1, S2 be non empty relational structures,D be a subset of[:S1, S2 :], x be an element of
S1, andy be an element ofS2. Then〈〈x, y〉〉 ≥ D if and only if x≥ π1(D) andy≥ π2(D).

(32) LetS1, S2 be non empty relational structures,D1 be a non empty subset ofS1, D2 be a non
empty subset ofS2, x be an element ofS1, andy be an element ofS2. If 〈〈x, y〉〉 ≤ [:D1, D2 :],
thenx≤ D1 andy≤ D2.

(33) LetS1, S2 be non empty relational structures,D1 be a subset ofS1, D2 be a subset ofS2,
x be an element ofS1, andy be an element ofS2. If x≤ D1 andy≤ D2, then〈〈x, y〉〉 ≤ [:D1,
D2 :].
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(34) LetS1, S2 be non empty relational structures,D be a subset of[:S1, S2 :], x be an element of
S1, andy be an element ofS2. Then〈〈x, y〉〉 ≤ D if and only if x≤ π1(D) andy≤ π2(D).

(35) LetS1, S2 be antisymmetric non empty relational structures,D1 be a subset ofS1, D2 be a
subset ofS2, x be an element ofS1, andy be an element ofS2. Suppose supD1 exists inS1

and supD2 exists inS2 and for every elementb of [:S1, S2 :] such thatb≥ [:D1, D2 :] holds〈〈x,
y〉〉 ≤ b. Then for every elementc of S1 such thatc≥ D1 holdsx≤ c and for every elementd
of S2 such thatd≥ D2 holdsy≤ d.

(36) LetS1, S2 be antisymmetric non empty relational structures,D1 be a subset ofS1, D2 be a
subset ofS2, x be an element ofS1, andy be an element ofS2. Suppose infD1 exists inS1

and infD2 exists inS2 and for every elementb of [:S1, S2 :] such thatb≤ [:D1, D2 :] holds〈〈x,
y〉〉 ≥ b. Then for every elementc of S1 such thatc≤ D1 holdsx≥ c and for every elementd
of S2 such thatd≤ D2 holdsy≥ d.

(37) LetS1, S2 be antisymmetric non empty relational structures,D1 be a non empty subset of
S1, D2 be a non empty subset ofS2, x be an element ofS1, andy be an element ofS2. Suppose
for every elementc of S1 such thatc≥D1 holdsx≤ c and for every elementd of S2 such that
d≥ D2 holdsy≤ d. Let b be an element of[:S1, S2 :]. If b≥ [:D1, D2 :], then〈〈x, y〉〉 ≤ b.

(38) LetS1, S2 be antisymmetric non empty relational structures,D1 be a non empty subset of
S1, D2 be a non empty subset ofS2, x be an element ofS1, andy be an element ofS2. Suppose
for every elementc of S1 such thatc≥D1 holdsx≥ c and for every elementd of S2 such that
d≥ D2 holdsy≥ d. Let b be an element of[:S1, S2 :]. If b≥ [:D1, D2 :], then〈〈x, y〉〉 ≥ b.

(39) LetS1, S2 be antisymmetric non empty relational structures,D1 be a non empty subset of
S1, andD2 be a non empty subset ofS2. Then supD1 exists inS1 and supD2 exists inS2 if
and only if sup[:D1, D2 :] exists in[:S1, S2 :].

(40) LetS1, S2 be antisymmetric non empty relational structures,D1 be a non empty subset of
S1, andD2 be a non empty subset ofS2. Then infD1 exists inS1 and infD2 exists inS2 if and
only if inf [:D1, D2 :] exists in[:S1, S2 :].

(41) LetS1, S2 be antisymmetric non empty relational structures andD be a subset of[:S1, S2 :].
Then supπ1(D) exists inS1 and supπ2(D) exists inS2 if and only if supD exists in[:S1, S2 :].

(42) LetS1, S2 be antisymmetric non empty relational structures andD be a subset of[:S1, S2 :].
Then infπ1(D) exists inS1 and infπ2(D) exists inS2 if and only if inf D exists in[:S1, S2 :].

(43) LetS1, S2 be antisymmetric non empty relational structures,D1 be a non empty subset of
S1, andD2 be a non empty subset ofS2. If sup D1 exists inS1 and supD2 exists inS2, then
sup[:D1, D2 :] = 〈〈supD1, supD2〉〉.

(44) LetS1, S2 be antisymmetric non empty relational structures,D1 be a non empty subset of
S1, andD2 be a non empty subset ofS2. If inf D1 exists inS1 and infD2 exists inS2, then
inf[:D1, D2 :] = 〈〈 inf D1, inf D2〉〉.

Let X, Y be complete antisymmetric non empty relational structures. Observe that[:X, Y :] is
complete.

We now state several propositions:

(45) Let X, Y be non empty lower-bounded antisymmetric relational structures. If[:X, Y :] is
complete, thenX is complete andY is complete.

(46) LetL1, L2 be antisymmetric non empty relational structures andD be a non empty subset
of [:L1, L2 :]. If [:L1, L2 :] is complete or supD exists in[:L1, L2 :], then supD = 〈〈supπ1(D),
supπ2(D)〉〉.

(47) LetL1, L2 be antisymmetric non empty relational structures andD be a non empty subset
of [:L1, L2 :]. If [:L1, L2 :] is complete or infD exists in[:L1, L2 :], then infD = 〈〈 inf π1(D),
inf π2(D)〉〉.
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(48) For all non empty reflexive relational structuresS1, S2 and for every non empty directed
subsetD of [:S1, S2 :] holds[:π1(D), π2(D) :]⊆ ↓D.

(49) For all non empty reflexive relational structuresS1, S2 and for every non empty filtered
subsetD of [:S1, S2 :] holds[:π1(D), π2(D) :]⊆ ↑D.

The schemeKappa2DSdeals with non empty relational structuresA , B, C and a binary functor
F yielding a set, and states that:

There exists a mapf from [:A , B :] into C such that for every elementx of A and for
every elementy of B holds f (〈〈x, y〉〉) = F (x,y)

provided the following requirement is met:
• For every elementx of A and for every elementy of B holdsF (x,y) is an element

of C .

REFERENCES

[1] Grzegorz Bancerek. Curried and uncurried functions.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/Vol2/
funct_5.html.

[2] Grzegorz Bancerek. Complete lattices.Journal of Formalized Mathematics, 4, 1992.http://mizar.org/JFM/Vol4/lattice3.html.

[3] Grzegorz Bancerek. Bounds in posets and relational substructures.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/
JFM/Vol8/yellow_0.html.

[4] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/
JFM/Vol8/waybel_0.html.
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