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Summary. Inthe paper we present some auxiliary facts concerning posets and maps
between them. Our main purpose, however is to give an account on complete lattices and
lattices of ideals. A sufficient condition that a lattice might be complete, the fixed-point the-
orem and two remarks upon images of complete lattices in monotone maps, introduded in [9,
pp. 8-9], can be found in Section 7. Section 8 deals with lattices of ideals. We examine the
meet and join of two ideals. In order to show that the lattice of ideals is complete, the infinite
intersection of ideals is investigated.
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The articles([15],[8],[17],[118],[[58],17], 118].[2],11], 116], [[14],[[B], [10],[4], [14],[[5], and [12]
provide the notation and terminology for this paper.

1. Basic FACTs

In this paper, X, Y are sets.
The schemérelStrSubsedeals with a non empty relational structuleand a unary predicate
P, and states that:
{x;x ranges over elements &f: P[x]} is a subset of1
for all values of the parameters.
Next we state four propositions:

(1) LetL be a non empty relational structusebe an element of, andX be a subset of.
ThenX C |xifand only if X < x.

(2) LetL be a non empty relational structusebe an element of, andX be a subset of.
ThenX C 1xif and only if x < X.

(3) LetL be an antisymmetric transitive relational structure with L.u.b.'s Zndv be sets.
Suppose sul exists inL and supy exists inL. Then supX UY exists inL and| |, (XUY) =
LI XULLY-

(4) LetL be an antisymmetric transitive relational structure with g.l.b.’s Zndv be sets.
Suppose inK exists inL and infY exists inL. Then infXUY exists inL and[ L (XUY) =

HLX M ﬂLY~
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2. RELATIONAL SUBSTRUCTURES
The following four propositions are true:

(5) For every binary relatioR and for all setX, Y such thaX C Y holdsR[2X C R?Y.

(6) LetL be arelational structure ar®l T be full relational substructures af Suppose the
carrier ofSC the carrier ofT. Then the internal relation & C the internal relation oT .

(7) LetL be a non empty relational structure adtie a non empty relational substructure of
L. Then

(i) if Xisadirected subset & thenX is a directed subset &f and
(i) if Xis afiltered subset &, thenX is a filtered subset df.

(8) LetL be anonempty relational structure eéd be non empty full relational substructures
of L. Suppose the carrier &C the carrier ofT. Let X be a subset db. Then

(i) Xisasubsetol, and

(i) for every subseY of T such thatX =Y holds if X is filtered, therY is filtered and ifX is
directed, thery is directed.

3. MAPS

Now we present three schemes. The scheambdaMDdeals with non empty relational structures
A4, B and a unary functof yielding an element oB, and states that:
There exists a map from 4 into B such that for every elemeriof 4 holds f(x) =
F(x)
for all values of the parameters.
The schem&appaMDdeals with non empty relational structurds B and a unary functofr
yielding a set, and states that:
There exists a map from 4 into B such that for every elemeriof 4 holds f(x) =
F(x)
provided the parameters satisfy the following condition:
e For every elememnt of 4 holds 7 (x) is an element ofs.
The schem@&onUnigExMDdeals with non empty relational structur@s3 and a binary pred-
icateP, and states that:
There exists a mag from 4 into B such that for every element of 4 holds
P[x, f(x)]
provided the parameters satisfy the following condition:
e For every elememnt of 4 there exists an elemeybf B such thatP[x,y].
LetS T be 1-sorted structures and lebe a map fronSinto T. Then rngf is a subset of .
We now state the proposition

(9) LetS T be non empty 1-sorted structures ahdg be maps fronSinto T. If for every
elements of Sholdsf(s) =g(s), thenf =g.

LetJ be a set, let be a relational structure, and letg be functions fromJ into the carrier of
L. The predicatd < gis defined by:

(Def. 1) For every sef such thatj € J there exist elements b of L such thas= f(j) andb=g(j)
anda<h.

We introduceg > f as a synonym of <g.
We now state the proposition

(10) LetL, M be non empty relational structures ahdy be maps froni into M. Thenf <g
if and only if for every element of L holds f (x) < g(x).
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4. THE IMAGE OF A MAP

LetL, M be non empty relational structures and febe a map fronL into M. The functor Imf
yielding a strict full relational substructure bf is defined by:

(Def. 2) Imf =subrngf).
We now state two propositions:

(11) For all non empty relational structures M and for every mapf from L into M holds
rngf = the carrier of Inf.

(12) LetL, M be non empty relational structureshe a map fronk into M, andy be an element
of Im f. Then there exists an elemendf L such thatf (x) =y.

Let L be a non empty relational structure andXebe a non empty subset bf Observe that
sul(X) is non empty.

LetL, M be non empty relational structures andfigbe a map fronl into M. One can check
that Imf is non empty.

5. MONOTONEMAPS
Next we state several propositions:

(13) For every non empty relational structlréolds id is monotone.

(14) LetL, M, N be non empty relational structurefsbe a map froni into M, andg be a map
from M into N. If f is monotone and is monotone, theg- f is monotone.

(15) LetL, M be non empty relational structurefshe a map froni into M, X be a subset df,
andx be an element df. If f is monotone and < X, thenf(x) < f°X.

(16) LetL, M be non empty relational structurefshe a map froni into M, X be a subset df,
andx be an element df. If f is monotone an& < x, thenf°X < f(x).

(17) LetS T be non empty relational structureflsbe a map fronSinto T, andX be a directed
subset ofS. If f is monotone, theri°X is directed.

(18) LetL be a poset with l.u.b.'s anflbe a map fronk into L. If f is directed-sups-preserving,
thenf is monotone.

(19) LetL be a poset with g.l.b.’s anfibe a map froni into L. If f is filtered-infs-preserving,
thenf is monotone.

6. IDEMPOTENTMAPS
Next we state four propositions:

(20) LetSbe a non empty 1-sorted structure antle a map fronSinto S If f is idempotent,
then for every elementof Sholdsf(f(x)) = f(x).

(21) LetSbe a non empty 1-sorted structure aindle a map fronSinto S If f is idempotent,
then rngf = {x;x ranges over elements 8f x = f(x)}.

(22) LetSbe a non empty 1-sorted structure ahbde a map fron8into S. If f is idempotent,
then ifX C rngf, thenf°X = X.

(23) For every non empty relational structlrdolds id is idempotent.
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7. COMPLETELATTICES

In the sequel denotes a complete lattice aadienotes an element bf
One can prove the following propositions:

(24) IfaeX,thena<|| Xand[| X <a

(25) LetL be a non empty relational structure. Then for evérigolds supX exists inL if and
only if for everyY holds infY exists inL.

(26) For every non empty relational structuresuch that for everyX holds supX exists inL
holdsL is complete.

(27) For every non empty relational structuresuch that for ever) holds inf X exists inL
holdsL is complete.

(28) LetL be a non empty relational structure. Suppose that for every satufdt holds infA
exists inL. Let givenX. Then infX exists inL and[ | X = [ |.(X Nthe carrier ofL).

(29) LetL be a non empty relational structure. Suppose that for every sfuget holds supA
exists inL. Let givenX. Then supX exists inL and| || X = ], (X Nthe carrier o).

(30) LetL be a non empty relational structure. If for every sul#sef L holds infA exists inL,
thenL is complete.

Let us note that every non empty poset which is up-complete, inf-complete, and upper-bounded
is also complete.
We now state several propositions:

(31) Letf beamap front intoL. Suppose is monotone. LeM be a subset df. If M = {x;x
ranges over elements bf x = f(x)}, then sufM) is a complete lattice.

(32) Every infs-inheriting non empty full relational substructurd-a$ a complete lattice.
(33) Every sups-inheriting non empty full relational substructurke isfa complete lattice.

(34) LetM be a non empty relational structure ahde a map fronL into M. If f is sups-
preserving, then Infi is sups-inheriting.

(35) LetM be a non empty relational structure ahde a map froni into M. If f is infs-
preserving, then Inf is infs-inheriting.

(36) LetL, M be complete lattices andbe a map fronk into M. Supposd is sups-preserving
and infs-preserving. Then Ifnis a complete lattice.

(87) Letf beamap fronk intoL. Supposd is idempotent and directed-sups-preserving. Then
Im f is directed-sups-inheriting and Ifris a complete lattice.

8. LATTICES OFIDEALS
We now state several propositions:

(38) LetL be a relational structure arfél be a subset oft9® camier ol - gypnose that for every
subseiX of L such thaiX € F holdsX is lower. ThemF is a lower subset df.

(39) LetL be a relational structure arfel be a subset of % carier ol gynnose that for every
subseX of L such thaX € F holdsX is upper. Theif\F is an upper subset af.

(40) LetL be an antisymmetric relational structure with l.u.b.'s &nae a subset ofte carier ofl.
Suppose that for every subséebf L such thaiX € F holdsX is lower and directed. Thgf F
is a directed subset of
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(41) LetL be an antisymmetric relational structure with g.l.b.'s &nake a subset of!?® camer ol
Suppose that for every subsebf L such thaiX € F holdsX is upper and filtered. Then F
is a filtered subset df.

(42) For every posdt with g.l.b.’s and for all ideal$, J of L holdsl nJ is an ideal ofL_.

Let L be a non empty reflexive transitive relational structure. Note thét)ds non empty.
The following three propositions are true:

(43) LetL be a non empty reflexive transitive relational structure. Theés an element of
(Ids(L),C) if and only if x is an ideal ofL.

(44) LetL be a non empty reflexive transitive relational structure arlte an element of
(Ids(L),C). If x € |, thenx is an element oF.

(45) For every posdt with g.l.b.'s and for all elements, y of (Ids(L), C) holdsxMy = xnNy.

LetL be a poset with g.l.b.’s. Note thdds(L),C) has g.l.b.'s.
Next we state the proposition

(46) LetL be a poset with l.u.b.'s and y be elements oflds(L), C). Then there exists a subset
Z of L such that

() Z={zzrangesoverelementsbf zE XV ZEY V Vap-elementof. (REXADEY A Z2=

auib)},
(i) sup{x,y} existsin({lds(L),C), and
(i) xuy=]Z.

Let L be a poset with l.u.b.'s. One can check tfids(L), C) has l.u.b.’s.
The following four propositions are true:

(47) For every lower-bounded sup-semilatticeand for every non empty subsk¥tof Ids(L)
holds X is an ideal ofL_.

(48) LetL be alower-bounded sup-semilattice ae a non empty subset @fis(L), C). Then
inf A exists in{lds(L),C) and infA=A.

(49) For every poset with I.u.b.’s holds inf@ exists in(lds(L), €) and[ | as),c))0 = QL.

(50) For every lower-bounded sup-semilattickolds(lds(L),C) is complete

LetL be a lower-bounded sup-semilattice. Note tfids(L), C) is complete.

9. SPECIAL MAPS

Let L be a non empty poset. The functor SupNlapyields a map fromlds(L),C) into L and is
defined by:

(Def. 3) For every idedl of L holds(SupMagL))(l) = supl.

Next we state three propositions:

(51) For every non empty posktholds dom SupMafh) = Ids(L) and rng SupMafl ) is a sub-
set ofL.

(52) For every non empty posktholdsx € dom SupMaglL) iff x is an ideal of_.
(53) For every up-complete non empty pokétolds SupMafl) is monotone.

LetL be an up-complete non empty poset. Note that SugMgig monotone.
LetL be a non empty poset. The functor IdsMipyields a map froni into (Ids(L), C) and is
defined by:
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(Def. 4) For every elementof L holds(ldsMapL))(x) = | x.

The following proposition is true
(54) For every non empty posktholds IdsMayL ) is monotone.

LetL be a non empty poset. Observe that Idsklgps monotone.

10. THE FAMILY OF ELEMENTS IN A LATTICE

Let L be a non empty relational structure andHebe a binary relation. The functpl, F yields an
element ofL and is defined by:

(Def.5) | F=L]_rngF.
The functor[ |_F yielding an element of is defined by:
(Def. 6) [LF = []LrngF.

LetJ be a set, let. be a non empty relational structure, andHebe a function froml into the
carrier ofL. We introduce SufF) as a synonym of |, F. We introduce InfF) as a synonym of
[LF.

LetJ be a non empty set, I&be a non empty 1-sorted structure,febe a function fromJ into
the carrier ofS and letj be an element of. ThenF () is an element o&.

Let J be a set, leBbe a non empty 1-sorted structure, andAdbe a function fromJ into the
carrier ofS. Then rngd- is a subset o§.

In the sequel denotes a non empty set apdenotes an element df

The following propositions are true:

(55) For every functiof from J into the carrier oL holdsF(j) < SugF) and InfF) < F(j).

(56) For every functioir from J into the carrier oL such that for every holdsF(j) < a holds
SupF) <a.

(57) For every functioir from J into the carrier oL such that for every holdsa < F(j) holds
a<Inf(F).
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