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The articles([5], 2], [8], [10],19], [3], [5], [11], [[7], and1] provide the notation and terminology
for this paper.

1. REEXAMINATION OF POSET CONCEPTS

The schem&elStrExdeals with a non empty set and a binary predicat®, and states that:
There exists a non empty strict relational structurguch that the carrier df = 4
and for all elements, b of L holdsa < biff P[a,b]
for all values of the parameters.
Let A be a non empty relational structure. Let us observeAhatreflexive if and only if:

(Def. 1) For every elementof A holdsx < x.
Let A be a relational structure. Let us observe th transitive if and only if:
(Def. 2) For all elements, y, zof A such thaix < y andy < zholdsx < z
Let us observe thak is antisymmetric if and only if:
(Def. 3) For all elements, y of A such thax <y andy < x holdsx =y.

Let us note that every non empty relational structure which is complete has also l.u.b.'s and
g.l.b’s and every non empty reflexive relational structure which is trivial is also complete, transitive,
and antisymmetric.

Letx be a set and IR be a binary relation ofix}. One can check thd{x},R) is trivial.

Let us observe that there exists a relational structure which is strict, trivial, non empty, and
reflexive.

Next we state a number of propositions:

(1) LetPy, P, be relational structures. Suppose the relational structurRe efthe relational
structure ofP.. Letay, by be elements oP; anday, by be elements oP, such thatay = a
andb; = b,. Then

(i) if a; <bg,thenay < by, and
(iiy if a1 < by, thenay < by.
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(2) LetPy, P, be relational structures. Suppose the relational structule efthe relational
structure ofP,.. Let X be a seta; be an element dP;, anda; be an element o, such that
a; = a2. Then

(i) if X<a,thenX <ap,and
(i) if X>ag,thenX > ay.

(3) LetPy, P, be relational structures. Suppose the relational structure efthe relational
structure ofP, andP; is complete. The®, is complete.

(4) LetL be atransitive relational structure axd/ be elements df. Supposx <y. Let X be
a set. Then

i)y ify<X,thenx<X, and

(i) if x> X, theny > X.

(5) LetL be a non empty relational structupépe a set, and be an element df. Then
(i) x> Xiff x> Xnthe carrier ofL, and
(i) x<Xiff x< XnNthe carrier ofL.

(6) For every relational structuteand for every elemera of L holds® < aand® > a.
(7) LetL be arelational structure aralb be elements of. Then

() a<{b}iffa<b, and

(i) a>{bliff b<a

(8) LetL be arelational structure amb, c be elements df. Then

(i) a<{b,c}iffa<banda<c,and

(i) a>{bc}iff b<aandc<a

(9) LetL be a relational structure angl Y be sets. Suppose C Y. Let x be an element df.
Then

(i) if x<Y,thenx< X, and
@iy if x>Y,thenx> X.

(10) LetL be arelational structure, Y be sets, and be an element df. Then
(i) ifx<Xandx<Y,thenx<XUY,and
(i) if x>Xandx>Y,thenx > XUY.

(11) LetL be a transitive relational structuie be a set, and, y be elements df. If X <xand
x <y, thenX <y.

(12) LetL be a transitive relational structuré be a set, and, y be elements of. If X > xand
x>y, thenX >v.

LetL be a non empty relational structure. Note tfatis non empty.

2. LEAST UPPER AND GREATEST LOWER BOUNDS

LetL be a relational structure. We say thais lower-bounded if and only if:

(Def. 4) There exists an elemenbf L such thak < the carrier ofL.

We say that is upper-bounded if and only if:

(Def. 5) There exists an elemenbf L such thak > the carrier ofL.

LetL be a relational structure. We say thas bounded if and only if:
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(Def. 6) L is lower-bounded and upper-bounded.

Next we state the proposition
(13) LetPy, P> be relational structures such that the relational structut® ef the relational
structure ofP,. Then
(iy if Pyislower-bounded, theR, is lower-bounded, and
(i) if Pyis upper-bounded, the® is upper-bounded.

One can verify the following observations:
x every non empty relational structure which is complete is also bounded,
x every relational structure which is bounded is also lower-bounded and upper-bounded, and
x every relational structure which is lower-bounded and upper-bounded is also bounded.

Let us mention that there exists a non empty poset which is complete.
LetL be a relational structure and Mtbe a set. We say that sipexists inL if and only if the
condition (Def. 7) is satisfied.
(Def. 7) There exists an elemeadf L such that
i X<a
(i) for every elemenb of L such thatX < b holdsb > a, and
(iii)  for every element of L such thaiX < c and for every elemeiitof L such thaiX < b holds
b > choldsc=a.
We say that iniX exists inL if and only if the condition (Def. 8) is satisfied.

(Def. 8) There exists an elemeadf L such that
) X=>a,
(ii) for every elemenb of L such thaiX > b holdsb < a, and
(i)  for every element of L such thaiX > c and for every elementt of L such thaX > b holds
b <choldsc=a.

Next we state a number of propositions:

(14) LetLs, Lo be relational structures. Suppose the relational structukg ef the relational
structure ofL,. Let X be a set. Then

(i) if sup X exists inLy, then supX exists inLy, and
(i) if inf X exists inL4, then infX exists inLs.

(15) LetL be an antisymmetric relational structure af8e a set. Then suy exists inL if and
only if there exists an elemeatof L such thaiX < a and for every elemerii of L such that
X <bholdsa<hb.

(16) LetL be an antisymmetric relational structure atthe a set. Then inK exists inL if and
only if there exists an elemeatof L such thatX > a and for every elemeri of L such that
X >bholdsa>b.

(17) LetL be a complete non empty antisymmetric relational structureXalpel a set. Then sup
X exists inL and infX exists inL.

(18) LetL be an antisymmetric relational structure andb, ¢ be elements of. Thenc=allb
and sup{a, b} exists inL if and only if c > aandc > b and for every elemert of L such that
d > aandd > b holdsc < d.
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(19) LetL be an antisymmetric relational structure andb, c be elements of. Thenc=anb
and inf{a, b} exists inL if and only if c < aandc < b and for every element of L such that
d <aandd < bholdsc > d.

(20) LetL be an antisymmetric relational structure. THemhas l.u.b.’s if and only if for all
elements, b of L holds sup{a, b} exists inL.

(21) LetL be an antisymmetric relational structure. THemas g.l.b.s if and only if for all
elementsy, b of L holds inf{a, b} exists inL.

(22) LetL be an antisymmetric relational structure with l.u.b.'s andb, c be elements of.
Thenc = aUbif and only if the following conditions are satisfied:
i c=a
(i) c>b,and
(i)  for every element of L such thatd > aandd > b holdsc < d.
(23) LetL be an antisymmetric relational structure with g.l.b.'s @d, c be elements oL.
Thenc = ambif and only if the following conditions are satisfied:
() c<a,
(i) c<b,and
(i)  for every elemend of L such thatd < aandd < b holdsc > d.

(24) LetL be an antisymmetric reflexive relational structure with l.u.b.’sanube elements of
L. Thena=aUbifand only ifa>b.

(25) LetL be an antisymmetric reflexive relational structure with g.l.b.’sanzbe elements of
L. Thena=amnbifand only ifa<h.

Let L be a relational structure and tbe a set. The functdr|, X yielding an element of is
defined as follows:

(Def. 9) X <. X and for every elemeratof L such thaiX < aholds| || X < aif supX exists inL.

The functor[ |_X yields an element df and is defined by:

(Def. 10) X > [.X and for every elemera of L such thaiX > aholdsa < [ ] X if inf X exists inL.

Next we state a number of propositions:

(26) LetL1, Lo be relational structures. Suppose the relational structuke ef the relational
structure ofL. LetX be a set. If suiX exists inLy, then| |, X =[], X.

(27) LetLs, Ly be relational structures. Suppose the relational structutg ef the relational
structure ofL,. LetX be a set. If infX exists inLy, then[ ], X =[], X.

(28) For every complete non empty posetind for every seX holds|J X = | ], )X and
(X =y X

(29) For every complete lattice and for every seX holds| ]| X = | |poseq) X and [ILX =
ﬂPose¢L)X~

(30) LetL be an antisymmetric relational structueehe an element df, andX be a set. Then
a=|], X and supX exists inL if and only if a > X and for every elemerit of L such that
b> X holdsa<h.

(81) LetL be an antisymmetric relational structueehe an element df, andX be a set. Then
a=[].X and infX exists inL if and only if a < X and for every elemertt of L such that
b < X holdsa> b.
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(32) LetL be a complete antisymmetric non empty relational struciee an element of,
andX be a set. Thea = | | X if and only if the following conditions are satisfied:

(i) a>X,and
(i) for every elemenb of L such thab > X holdsa < b.

(833) LetL be a complete antisymmetric non empty relational structulee an element of,
andX be a set. Thea = [ ]_X if and only if the following conditions are satisfied:

(i) a<X,and
(i) for every elemenb of L such thab < X holdsa > b.

(34) LetL be arelational structure anf] Y be sets. Suppos€ C Y and supX exists inL and
supY exists inL. Then| J, X <[] Y.

(35) LetL be a relational structure an€l Y be sets. Suppos¢ C Y and infX exists inL and
inf Y exists inL. Then[ |LX > [LY.

(36) LetL be an antisymmetric transitive relational structure xnd be sets. Suppose sXp
exists inL and supY exists inL and supX UY exists inL. Then | (XUY) = [ XUL[]_ Y.

(37) LetL be an antisymmetric transitive relational structure Xn&f be sets. Suppose i
exists inL and infY exists inL and infX UY exists inL. Then[ L (XUY) = [ XT1[ LY.

Let L be a relational structure and ¥tbe a subset df. We introduce suK as a synonym of
LI X. We introduce inK as a synonym of ] X.
The following propositions are true:

(38) LetL be a non empty reflexive antisymmetric relational structuresdmelan element df.
Then sup{a} exists inL and inf{a} exists inL.

(39) LetL be a non empty reflexive antisymmetric relational structuresdmel an element df.
Then suga} =aandinffa} =a.

(40) For every posdt with g.l.b.’s and for all elements, b of L holds infa,b} =amb.
(41) For every posdt with l.u.b.'s and for all elements, b of L holds suga,b} = aub.

(42) LetL be a lower-bounded antisymmetric non empty relational structure. Thebexipts
in L and inf the carrier of exists inL.

(43) LetL be an upper-bounded antisymmetric non empty relational structure. Th@mrsdts
in L and sup the carrier df exists inL.

LetL be a relational structure. The functor yielding an element of is defined as follows:
(Def.11) 1, =] 0.
The functorT | yielding an element of is defined as follows:
(Def.12) T =[.0.
Next we state a number of propositions:

(44) For every lower-bounded antisymmetric non empty relational struttumed for every
elementx of L holds_L| <x.

(45) For every upper-bounded antisymmetric non empty relational structared for every
elementx of L holdsx < T.

(46) LetL be a non empty relational structure axdyY be sets. Suppose that for every element
x of L holdsx > X iff x > Y. If sup X exists inL, then supy exists inL.
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(47) LetL be a non empty relational structure adY be sets. Suppose sipexists inL and
for every elemenx of L holdsx > X iff x>Y. Then| |, X =[], Y.

(48) LetL be a non empty relational structure axdy be sets. Suppose that for every element
x of L holdsx < X iff x<Y. If inf X exists inL, then infY exists inL.

(49) LetL be a non empty relational structure addY be sets. Suppose i exists inL and
for every element of L holdsx < X iff x<Y. Then[].X = [LY.

(50) LetL be a non empty relational structure aXidbe a set. Then
(i) supX existsinL iff sup X Nthe carrier oL exists inL, and
(i) inf X exists inL iff inf X Nthe carrier oL exists inL.

(51) LetL be a non empty relational structure aXde a set. Suppose sXpexists inL or sup
XnNthe carrier ofL exists inL. Then| || X = |, (X Nthe carrier o).

(52) LetL be a non empty relational structure axde a set. Suppose ixf exists inL or inf
X Nthe carrier ofL exists inL. Then[ ] X = [|.(XNthe carrier ofL).

(53) LetL be a non empty relational structure. If for every subéetf L holds supX exists in
L, thenL is complete.

(54) LetL be a non empty poset. Thénhas l.u.b.s if and only if for every finite non empty
subseiX of L holds supX exists inL.

(55) LetL be a non empty poset. Thénhas g.l.b.'s if and only if for every finite non empty
subseX of L holds infX exists inL.

3. RELATIONAL SUBSTRUCTURES
We now state the proposition
(56) For every seX and for every binary relatioR on X holdsR= R|?>X.

Let L be a relational structure. A relational structure is said to be a relational substructure of
if:

(Def. 13) The carrier of it the carrier oL and the internal relation of {T the internal relation of..

Let L be a relational structure and I8be a relational substructure bf We say thaSis full if
and only if:

(Def. 14) The internal relation &= (the internal relation ok ) |2 (the carrier ofS).

Let L be a relational structure. Observe that there exists a relational substructuvenath is
strict and full.

LetL be a non empty relational structure. One can verify that there exists a relational substruc-
ture ofL which is non empty, full, and strict.

Next we state two propositions:

(57) LetL be a relational structure arXi be a subset of. Then (X, (the internal relation of
L) |2X) is a full relational substructure &f

(58) LetL be a relational structure ar®, S, be full relational substructures af Suppose the
carrier ofS; = the carrier ofS;. Then the relational structure 8f = the relational structure
of S.

LetL be a relational structure and Métbe a subset df. The functor sutX) yields a full strict
relational substructure &f and is defined by:

(Def. 15) The carrier of sulX) = X.
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The following propositions are true:

(59) LetL be a non empty relational structure aithe a non empty relational substructure of
L. Then every element &is an element ok.

(60) LetL be a relational structureé§ be a relational substructure bf a, b be elements ok,
andx, y be elements 08 If x=aandy=bandx <y, thena<b.

(61) LetL be a relational structur&be a full relational substructure &f a, b be elements of
L, andx, y be elements 06 Supposex= a andy = b anda < b andx € the carrier ofSand
y € the carrier ofS. Thenx <y.

(62) LetL be a non empty relational structui@be a non empty full relational substructure of
L, X be a seta be an element df, andx be an element dssuch thax = a. Then

(i) ifa<X, thenx<X,and
(i) if a> X, thenx> X.

(63) LetL be a non empty relational structut®be a non empty relational substructure_oiX
be a subset df, a be an element df, andx be an element db such thaik = a. Then

(i) ifx<X,thena<X,and
(i) if x> X, thena> X.

Let L be a reflexive relational structure. Note that every full relational substructukei®f
reflexive.

LetL be a transitive relational structure. One can check that every full relational substructure of
L is transitive.

LetL be an antisymmetric relational structure. Observe that every full relational substructure of
L is antisymmetric.

Let L be a non empty relational structure and3éte a relational substructure of We say that
Sis meet-inheriting if and only if the condition (Def. 16) is satisfied.

(Def. 16) Letx, y be elements df. Suppose € the carrier ofSandy € the carrier ofSand inf{x,y}
exists inL. Then inf{x,y} € the carrier ofS

We say thaSis join-inheriting if and only if the condition (Def. 17) is satisfied.

(Def. 17) Letx, y be elements of. Suppose € the carrier ofSandy € the carrier ofSand sup
{x,y} exists inL. Then sugx,y} € the carrier ofS.

Let L be a non empty relational structure and3dte a relational substructure bf We say that
Sis infs-inheriting if and only if:

(Def. 18) For every subseét of Ssuch that infX exists inL holds[ |_X € the carrier ofS.
We say thaSis sups-inheriting if and only if:
(Def. 19) For every subsét of Ssuch that suiX exists inL holds| || X € the carrier ofS

Let L be a non empty relational structure. Observe that every relational substructure of
which is infs-inheriting is also meet-inheriting and every relational substructurewiich is sups-
inheriting is also join-inheriting.

LetL be a non empty relational structure. One can verify that there exists a relational substruc-
ture ofL which is infs-inheriting, sups-inheriting, non empty, full, and strict.

One can prove the following four propositions:

(64) LetL be a non empty transitive relational structughhe a non empty full relational sub-
structure ofL, andX be a subset o Suppose inK exists inL and[|_X € the carrier ofS.
Then infX exists inSand[ JsX = [ |LX.
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(65) LetL be a non empty transitive relational structusdye a non empty full relational sub-
structure ofL, andX be a subset db. Suppose sui exists inL and| |, X € the carrier ofS.
Then supX exists inSand| |sX = ||| X.

(66) LetL be a non empty transitive relational structudhe a non empty full relational sub-
structure ofL, andx, y be elements 0§ Suppose infx,y} exists inL and [ ]|.{x,y} € the
carrier ofS. Then inf{x,y} exists inSand[ |s{x,y} = [ |L{x,y}-

(67) LetL be a non empty transitive relational structusdye a non empty full relational sub-
structure ofL, andx, y be elements o8 Suppose sugx,y} exists inL and| |, {x,y} € the
carrier ofS. Then sup{x,y} exists inSand| |s{x,y} = LI, {X Yy}

Let L be an antisymmetric transitive relational structure with g.l.b.'s. Observe that every non
empty meet-inheriting full relational substructurelofias g.l.b.’s.

LetL be an antisymmetric transitive relational structure with l.u.b.’s. Note that every non empty
join-inheriting full relational substructure afhas l.u.b.’s.

The following propositions are true:

(68) LetL be a complete non empty pos&tbe a non empty full relational substructurelof
andX be a subset d&. If [ ]_X € the carrier ofS, then[ ]sX = [ LX.

(69) LetL be a complete non empty pos&tbe a non empty full relational substructurelof
andX be a subset d&. If | || X € the carrier ofS then| s X =, X.

(70) LetL be a poset with g.l.b.'sS be a meet-inheriting non empty full relational substructure
of L, X, y be elements of, anda, b be elements of. If a=xandb =y, thenxmy=anh.

(71) LetL be a poset with l.u.b.'s5 be a join-inheriting non empty full relational substructure
of L, X, y be elements of, anda, b be elements of. If a=xandb =y, thenxLy=aub.
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