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1. POSETRETRACTS

One can prove the following propositions:
(1) For all binary relationg, b holdsa-b=ah.

(2) LetX be a setl. be a non empty relational structuf@be a non empty relational substruc-
ture ofL, f, g be functions fronX into the carrier ofS, and f’, g be functions fromX into
the carrier olL. If f' = f andg’ =gandf < g, thenf’' <¢d'.

(3) LetX be a setL be a non empty relational structur8,be a full non empty relational
substructure ok, f, g be functions fronX into the carrier ofS, andf’, g’ be functions from
X into the carrier ol. If ' = f andg' =gandf’ < ¢, thenf <g.

Let Sbe a non empty relational structure and Tebe a non empty reflexive antisymmetric
relational structure. One can verify that there exists a map fonto T which is directed-sups-
preserving and monotone.

Next we state the proposition

(4) For all functionsf, g such thatf is idempotent and rngC rngf and rngy € domf holds
f-g=g0.

Let Sbe a 1-sorted structure. One can check that there exists a magSfioim S which is
idempotent.
The following four propositions are true:

(5) For every up-complete non empty poseholds every directed-sups-inheriting full non
empty relational substructure bfis up-complete.

(6) LetL be an up-complete non empty poset antde a map fronl into L. Supposef is
idempotent and directed-sups-preserving. Theff Iedirected-sups-inheriting.

(8H Let S T be non empty relational structuresbe a map froni into S, andg be a map
from Sinto T. If f-g=ids, then rngf = the carrier ofS

1This work has been supported by KBN Grant 8 T11C 018 12.
1 The proposition (7) has been removed.
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(9) LetT be a non empty relational structui®@be a non empty relational substructureTlgf
andf be amap fronT into S If f-incl(S,T) =ids, thenf is an idempotent map froffi into
T.

LetS T be non empty posets and lebe a function. We say thdtis a retraction ofl" into Sif
and only if the conditions (Def. 1) are satisfied.

(Def. 1)(i) f is a directed-sups-preserving map franinto S,
(i)  f[the carrier ofS=ids, and
(iii)  Sis adirected-sups-inheriting full relational substructurd of

We say thatf is a UPS retraction of into Sif and only if the conditions (Def. 2) are satisfied.

(Def. 2)(i) f is a directed-sups-preserving map fradninto S, and
(i) there exists a directed-sups-preserving rgdpm Sinto T such thatf - g = ids.

LetS T be non empty posets. We say tlsds a retract ofT if and only if:

(Def. 3) There exists a mapfrom T into Ssuch thatf is a retraction ofl into S,

We say thaSis a UPS retract of if and only if:

(Def. 4) There exists a mapfrom T into Ssuch thatf is a UPS retraction of into S

The following propositions are true:

(10) For all non empty pose& T and for every functiorf such thatf is a retraction off into
Sholdsf -incl(ST) =ids.

(11) LetSbe a non empty poset, be an up-complete non empty poset, dnlde a function.
Supposef is a retraction off into S. Thenf is a UPS retraction of into S.

(12) LetS T be non empty posets arfdbe a function. Iff is a retraction ofT into S, then
rngf = the carrier ofS.

(13) LetS T be non empty posets arfcbe a function. Iff is a UPS retraction of into S then
rngf = the carrier ofS.

(14) LetS T be non empty posets arfdbe a function. Suppostis a retraction ofl into S
Thenf is an idempotent map froffi into T.

(15) LetT, Sbe non empty posets arfdbe a map fronT into T. Supposef is a retraction of
T into S. Then Imf = the relational structure @&.

(16) LetT be an up-complete non empty posghe a non empty poset, arfdbe a map from
T into T. Supposef is a retraction ofT into S. Then f is directed-sups-preserving and
projection.

(17) LetS T be non empty reflexive transitive relational structures &g a map fronSinto
T. Thenf is isomorphic if and only if the following conditions are satisfied:
(i) fis monotone, and
(i) there exists a monotone magdrom T into Ssuch thatf -g=idr andg- f =ids.
(18) LetS T be non empty posets. Th&uandT are isomorphic if and only if there exists a

monotone magd from Sinto T and there exists a monotone mgfrom T into S such that
f-g=idr andg- f =ids.

(19) LetS T be up-complete non empty posets. Supp®aedT are isomorphic. TheBis a
UPS retract off andT is a UPS retract o®.
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(20) LetT, Sbe non empty posetd, be a monotone map froff into S, andg be a monotone
map fromSinto T. Supposef - g = ids. Then there exists a projection mafgrom T into T
such thah = g- f andh|the carrier of Inh = id;,,, andSand Imh are isomorphic.

(21) LetT be an up-complete non empty posehe a non empty poset, arfdbe a function.
Supposef is a UPS retraction ofl into S Then there exists a directed-sups-preserving
projection magh from T into T such thath is a retraction ofl into Imh andSand Imh are
isomorphic.

(22) For every up-complete non empty pokeind for every non empty pos8isuch thaSSis a
retract ofL holdsSis up-complete.

(23) For every complete non empty poseand for every non empty pos8tsuch thatSis a
retract ofL holdsSis complete.

(24) LetL be a continuous complete lattice aBdthe a non empty poset. 8is a retract ol
thenSis continuous.

(25) LetL be an up-complete non empty poset &tik a non empty poset. §is a UPS retract
of L, thenSis up-complete.

(26) LetL be a complete non empty poset @&te a non empty poset. 8is a UPS retract of
L, thenSis complete.

(27) LetL be a continuous complete lattice aBtde a non empty poset. §is a UPS retract of
L, thenSis continuous.

(28) LetL be arelational structur&be a full relational substructure bf andR be a relational
substructure o8 ThenRis full if and only if Ris a full relational substructure af

(29) LetL be a non empty transitive relational structure &be a directed-sups-inheriting
non empty full relational substructure bf Then every directed-sups-inheriting non empty
relational substructure @is a directed-sups-inheriting relational substructurk.of

(30) LetL be an up-complete non empty poset &dS, be directed-sups-inheriting full non
empty relational substructures lof Supposes, is a relational substructure &. ThenS, is
a directed-sups-inheriting full relational substructur&of

2. ProbucTs

Let Rbe a binary relation. We say thRtis poset-yielding if and only if:
(Def. 5) For every set such thai € rngR holdsx is a poset.

Let us mention that every binary relation which is poset-yielding is also relational structure
yielding and reflexive-yielding.

Let X be a non empty set, létbe a non empty relational structure, iléte an element o, and
letY be a subset dfX. ThenTgY is a subset of..

Let X be a set and IeB be a poset. One can check tixat— Sis poset-yielding.

Let| be a set. Observe that there exists a many sorted set indexeatbgh is poset-yielding
and nonempty.

Let| be a non empty set and l@tbe a poset-yielding nonempty many sorted set indexeld by
Note that[]J is transitive and antisymmetric.

Let| be a non empty set, Idtbe a poset-yielding nonempty many sorted set indexeld agd
leti be an element df. ThenJ(i) is a non empty poset.

Next we state a number of propositions:

(31) Letl be a non empty sef, be a poset-yielding nonempty many sorted set indexeld by
be an element off] J, andX be a subset df]J. Thenf > X if and only if for every elemeni
of I holdsf (i) > mX.
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(32) Letl be a non empty sef, be a poset-yielding nonempty many sorted set indexeld by
be an element off] J, andX be a subset df]J. Thenf < X if and only if for every elemeni
of | holdsf (i) <tgX.

(83) Letl be a non empty sel,be a poset-yielding nonempty many sorted set indexdd dyd
X be a subset df]J. Then supX exists in[]J if and only if for every elemenitof | holds sup
15X exists inJ(i).

(34) Letl be a non empty sed,be a poset-yielding nonempty many sorted set indexdd &yd
X be a subset of]J. Then infX exists in[]J if and only if for every elemenitof | holds inf
X exists inJ(i).

(35) Letl be a non empty sed,be a poset-yielding nhonempty many sorted set indexdd &yd
X be a subset gf]J. If sup X exists in[]J, then for every elemeritof | holds (supX)(i) =
suprgX.

(386) Letl be a non empty sel,be a poset-yielding nonempty many sorted set indexdd dyd
X be a subset of]J. If inf X exists in[]J, then for every elemeritof | holds (infX)(i) =
inf 5 X.

(37) Letl be a non empty sed be a relational structure yielding nonempty reflexive-yielding
many sorted set indexed by X be a directed subset ¢fJ, andi be an element df. Then
;X is directed.

(38) Letl be a non empty set antj K be relational structure yielding nonempty many sorted
sets indexed by. Suppose that for every elemeéntf | holdsK(i) is a relational substructure
of J(i). Then[]K is a relational substructure @fJ.

(39) Letl be anonempty setarddK be relational structure yielding nonempty many sorted sets
indexed byl. Suppose that for every elemerdf | holdsK(i) is a full relational substructure
of J(i). Then[]K is a full relational substructure ¢fJ.

(40) LetL be a non empty relational structuf@pe a non empty relational substructurelof
andX be a set. TheS8® is a relational substructure bf.

(41) LetL be a non empty relational structu@be a full non empty relational substructure of
L, andX be a set. TheS* is a full relational substructure af.

3. INHERITANCE

LetS T be non empty relational structures andXelbe a set. We say th&inherits sup oX from
T if and only if:

(Def. 6) If supX exists inT, then| |1 X € the carrier ofS
We say thaSinherits inf of X from T if and only if:
(Def. 7) Ifinf X exists inT, then[ |t X € the carrier ofS

The following propositions are true:

(42) LetT be a non empty transitive relational structuse a full non empty relational sub-
structure ofT, andX be a subset db. ThenSinherits sup oX from T if and only if if supX
exists inT, then supX exists inSand suX = | |1 X.

(43) LetT be a non empty transitive relational structusde a full non empty relational sub-
structure ofT, andX be a subset 0. ThenSinherits inf of X from T if and only if if inf X
exists inT, then infX exists inSand infX = [ |t X.
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In this article we present several logical schemes. The sch@oductSupsinheritingleals
with a non empty se#d, poset-yielding nonempty many sorted sé&sC indexed byA4, and a
binary predicate?, and states that:

For every subseX of [ C such thatP[X, [ C] holds[] C inherits sup o from []3
provided the parameters satisfy the following conditions:
e For every subseX of [ C such thatP[X, [ ] and for every elemeritof 4 holds
P[mX, (i),

e For every elemenitof 4 holds (i) is a full relational substructure (i), and

e For every elemenitof 4 and for every subset of C(i) such that?[X, C(i)] holds
C(i) inherits sup oX from B(i).

The scheméowerSupsinheritingleals with a non empty set, a non empty poseB, a hon
empty full relational substructur€ of B, and a binary predicat@, and states that:

For every subseX of ¢ such thatP[X, ¢?] holds ¢ inherits sup ofX from B2
provided the parameters meet the following conditions:

e For every subseX of ¢ such that?[X, %] and for every elemeritof 4 holds

P X, C], and

e For every subseX of C such thatP[X, C] holdsC inherits sup oiX from B.

The schem®roductinfsinheritingleals with a non empty s&t, poset-yielding nonempty many
sorted set$, C indexed by4, and a binary predicat®, and states that:

For every subseX of [ € such thatP[X, ] ] holds[] C inherits inf of X from [ B
provided the following conditions are met:
e For every subseX of [ C such thatP[X, 1] and for every elemeritof 4 holds
P[mX, C(i)],

o For every elemernitof 4 holds (i) is a full relational substructure (i), and

e For every elemenitof 4 and for every subset of C(i) such that?[X, C(i)] holds
C(i) inherits inf of X from B(i).

The schemdowerlnfsinheritingdeals with a non empty set, a non empty poseB, a non
empty full relational substructur€ of B, and a binary predicat@, and states that:

For every subseX of ¢ such thatP[X, ¢?] holds C? inherits inf of X from B4
provided the parameters have the following properties:

e For every subseX of ¢ such that?[X, %] and for every elemeritof 4 holds

P X, C], and

e For every subseX of C such thatP[X, ] holdsC inherits inf of X from 3.

Let | be a set, let. be a non empty relational structure, ¥ebe a non empty subset bf, and
leti be a set. One can verify thgtX is non empty.

We now state the proposition

(44) LetL be a non empty posegbe a directed-sups-inheriting non empty full relational sub-
structure ofL, andX be a non empty set. The® is a directed-sups-inheriting relational
substructure ofX.

Let | be a non empty set, let be a relational structure yielding nonempty many sorted set
indexed byl, let X be a non empty subset pfJ, and leti be a set. One can check tiaX is non
empty.

Next we state the proposition

(45) For every non empty sét and for every up-complete non empty pokétoldsLX is up-
complete.

Let L be an up-complete non empty poset andXdbe a non empty set. Observe that is
up-complete.

4, TOPOLOGICALRETRACTS

Let T be a topological space. One can check that the topolog@yiehon empty.
One can prove the following propositions:
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(46) LetT be a non empty topological spac&bhe a non empty subspaceDfandf be a map
fromT into S. If f is a retraction, then rnfy= the carrier ofS

(47) LetT be a non empty topological spacebe a non empty subspace ©f and f be a
continuous map front into S If f is a retraction, ther is idempotent.

(48) LetT be a non empty topological space antde an open subset & ThenXy e carier oft
is a continuous map fror into the Sierphski space.

(49) LetT be a non empty topological space ang be elements of . Suppose that for every
open subsal/ of T such thay € W holdsx € W. Then[0— Yy, 1+ X] is a continuous map
from the Sierphski space intd .

(50) LetT be a non empty topological spacey be elements of , andV be an open subset of
T. Suppos& € V andy §é V. ThenXV,the carrier of T * [0 Y, l— X] = idthe Sierphski space

(51) LetT be a non empty 1-sorted structuré, W be subsets off, S be a topological
augmentation of g and f, g be maps fromTl into S Supposef = Xv.the carier ofr and
g = XW_’[he carrier ofT - TheﬂV g W |f and Only |f f S g.

(52) LetL be a non empty relational structudépe a non empty set, ariRlbe a full non empty
relational substructure &f¢. Suppose that for every setoldsa is an element oR iff there
exists an elementof L such that = X — x. ThenL andR are isomorphic.

(53) LetS T be non empty topological spaces. THeandT are homeomorphic if and only if
there exists a continuous mdpfrom Sinto T and there exists a continuous mgyrom T
into Ssuch thatf -g=idt andg- f =ids.

(54) LetT, S Rbe non empty topological spacesbe a map froni into S, g be a map from
Sinto T, andh be a map fromSinto R. If f.-g=ids andh is a homeomorphism, then
h-f-(g-h 1) =idr.

(55) LetT, S Rbe non empty topological spaces. Supp8&ea topological retract of andS
andR are homeomorphic. TheRis a topological retract of .

(56) For every non empty topological spatend for every non empty subspasef T holds
incl(S,T) is continuous.

(57) LetT be a non empty topological spacgbe a non empty subspace ©f and f be a
continuous map fror into S. If f is a retraction, theffi - incl(ST) =ids.

(58) LetT be a non empty topological space aéathe a non empty subspace of If Sis a
retract ofT, thenSis a topological retract of .

(59) LetR, T be non empty topological spaces. THeis a topological retract of if and only
if there exists a non empty subspa8®f T such thatSis a retract ofT andS andR are
homeomorphic.
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