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Summary. This work contains useful facts about the product of relational structures.
It continues the formalization of [7].
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The articles([1B],15],[[14],[[16],[1],12],[[31,16], 18], @], T210], 4], [11],[12], and [15] provide the
notation and terminology for this paper.

1. ON THE ELEMENTS OFPRODUCT OFRELATIONAL STRUCTURES

LetS T be non empty upper-bounded relational structures. Observe$hat] is upper-bounded.
Let S T be non empty lower-bounded relational structures. Observe[tBaf | is lower-
bounded.
One can prove the following propositions:

(1) LetS T be non empty relational structures.[:I8, T ] is upper-bounded, theBis upper-
bounded and" is upper-bounded.

(2) LetS T be non empty relational structures.[I§ T ] is lower-bounded, theB8is lower-
bounded and is lower-bounded.

(3) For all upper-bounded antisymmetric non empty relational struc&iresolds Tis 1 =
(Ts, T1).

(4) For all lower-bounded antisymmetric non empty relational structBr&sholds Lis 1 =
(Ls, J_T).

(5) LetS T be lower-bounded antisymmetric non empty relational structure®dmela sub-
set of [S T]. If [S T]is complete or sup exists in[;S T ], then su = (supm (D),
supre(D)).

(6) LetS T be upper-bounded antisymmetric non empty relational structureld aedh subset
of [S TI. If [S T]is complete orinD exists in} S, T ], theninfD = (infy (D), inf (D).

(7) LetS T be non empty relational structures ang be elements of S, T ]. Thenx < {y}
if and only if the following conditions are satisfied:

() x<{w},and

(i)  x2<{y2}.
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(8) LetS T be non empty relational structures axdy, z be elements of S T]. Thenx <
{y,z} if and only if the following conditions are satisfied:

(I) X1 < {y]_,Zl}, and
(i) x <{y2z}.

(9) LetS T be non empty relational structures ang be elements of S, T ]. Thenx > {y}
if and only if the following conditions are satisfied:

(I) X1 > {y]_}, and
(i) % >{y2}.

(10) LetS T be non empty relational structures axdy, z be elements of S T]. Thenx >
{y,z} if and only if the following conditions are satisfied:

() x1>{y1,z1}, and
(i) % >{y22z}
(11) LetS T be non empty antisymmetric relational structures mndbe elements of S T 1.

Then inf{x,y} exists in[:S, T ] if and only if inf {x1,y1 } exists inSand inf{xy,y»} exists in
T.

(12) LetS T be non empty antisymmetric relational structures andbe elements of S, T J.
Then sup{x,y} exists in[: S, T ] if and only if sup{xs,y1} exists inSand sup{xy,y-} exists
inT.

(13) LetS T be antisymmetric relational structures with g.l.b.'s angbe elements of S T 1.
Then(xMy); = x1 My and(XMy)2 = X2 Mys.

(14) LetS T be antisymmetric relational structures with l.u.b.'s angbe elements of S, T J.
Then(xLly); =X Uy and(XUY)2 = X U yo.

(15) LetS T be antisymmetric relational structures with g.l1.b¢g,y1 be elements o8, andxy,
y2 be elements of . Then(xq My, X2 MYy2) = (X1, X2) M {y1, y2).

(16) LetS T be antisymmetric relational structures with l.u.b¢g,y; be elements of, andxy,
y2 be elements of . Then(xi Uyi, xaLly2) = (X1, X2) U{y1, ¥2).

Let Sbe an antisymmetric relational structure with l.u.b.’s and g.l.b.'s arnd iebe elements of
S Let us note that the predicagés a complement of is symmetric.
Next we state several propositions:

(17) LetS T be bounded antisymmetric relational structures with l.u.b.'s and g.l.b.’s,anloke
elements of: S T ]. Thenx is a complement of if and only if x; is a complement of; and
X2 IS a complement of».

(18) LetS T be antisymmetric up-complete non empty reflexive relational structaresbe
elements of5, andb, d be elements of . If {(a, b) < (c, d), thena< candb < d.

(19) LetS T be up-complete non empty posedsc be elements of, andb, d be elements of
T. Then(a, b) <« (c, d) ifand only ifa< candb < d.

(20) LetS T be antisymmetric up-complete non empty reflexive relational structureg,and
be elements of S, T ]. If X<y, thenx; < y; andxp < ys.

(21) LetS T be up-complete non empty posets ang be elements of S T]. Thenx <« y if
and only if the following conditions are satisfied:
(i) x1<yp,and
(i) X <Vyo.

(22) LetS T be antisymmetric up-complete non empty reflexive relational structurex bed
an element of S T . If xis compact, ther; is compact ana is compact.
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(23) LetS T be up-complete non empty posets artak an element dfS T . If x; is compact
andxy is compact, them is compact.

2. ON THE SUBSETS OFPRODUCT OFRELATIONAL STRUCTURES

Next we state a number of propositions:

(24) LetS T be antisymmetric relational structures with g.l.b.'s ahdY be subsets dfS T 1.
Thenm(XNY) =m((X)Nm(Y) andm(XNY) = m(X) Nm((Y).

(25) LetS T be antisymmetric relational structures with l.u.b.'s & be subsets dfS T 1.
Thenm (XUY) =mu(X)Umm(Y) andme(XUY) =m(X) Ute(Y).

(26) For all relational structureS T and for every subseX of [S T ] holds | X C [ [y (X),
1me(X) .

(27) For all relational structureS T and for every subseX of Sand for every subset of T
holds[: [ X, [Y]=[[X,Y].

(28) For all relational structure§ T and for every subset of S T ] holdsmy (| X) C | (X)
andrp(|X) C |o(X).

(29) LetShe arelational structurd, be a reflexive relational structure, aKide a subset dfS,
T]. Thenm (I X) = | (X).

(30) LetShe areflexive relational structurg be a relational structure, andbe a subset dfS,
T . Thentp(IX) = |TR(X).

(31) For all relational structureS T and for every subseX of [:S T holds X C [: Tty (X),
1R(X) .

(32) For all relational structureS T and for every subseX of Sand for every subset of T
holds[: TX, Y] =1[X, Y.

(33) For all relational structure§ T and for every subset of 1S, T ] holdsy (1X) C 1 (X)
andm(1X) C 1m(X).

(34) LetShe arelational structurd, be a reflexive relational structure, aKide a subset dfS
T . Thenmy (1X) = Tm(X).

(35) LetShe areflexive relational structur€ be a relational structure, axtdbe a subset dfS,
T1]. Thentp(1X) = Tr(X).

(36) LetS T be non empty relational structuresshe an element db, andt be an element of .
Then[ |s, [t]= [(st).

(37) For all non empty relational structur& T and for every elemernt of S T holds
T (]X) C [(x1) andmi(]x) C [(x2).

(38) LetSbe a non empty relational structure,be a non empty reflexive relational structure,
andx be an element ofS, T ]. Thent([x) = | (X1).

(39) LetShe a non empty reflexive relational structufebe a non empty relational structure,
andx be an element ofS, T ]. Thenti([x) = | (X2).

(40) LetS T be non empty relational structurehe an element d§, andt be an element of .
Then[: s, Tt] =1(s,t).

(41) For all non empty relational structur& T and for every element of S T holds
T (TX) C T(x1) andme(7x) C T(X2).

(42) LetSbe a non empty relational structure,be a non empty reflexive relational structure,
andx be an element gfS, T]. Thenty (1X) = 1(Xg).-
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(43) LetSbe a non empty reflexive relational structufebe a non empty relational structure,
andx be an element gfS, T ). Thent(1X) = 1(X2).

(44) For all up-complete non empty pos&sT and for every elemerg of S and for every
element of T holds[ |s, [t] = [{s t).

(45) LetS T be antisymmetric up-complete non empty reflexive relational structures bad
an element of S T ). Thenty(Ix) C [(x1) andti({x) C {(x2).

(46) LetSbe an up-complete non empty posethe an up-complete lower-bounded non empty
poset, and be an element dfS, T J]. Thenty ({x) = L(x).

(47) LetSbe an up-complete lower-bounded non empty posék an up-complete non empty
poset, and be an element dfS, T J]. Thenti(Ix) = L(x2).

(48) For all up-complete non empty pos&sT and for every elemerd of S and for every
element of T holds[. {s, t] = 1(s, t).

(49) LetS T be antisymmetric up-complete non empty reflexive relational structurex bad
an element of S T ]. Thenty(fx) C §(x1) andti(1x) C $(x2).

(50) For all up-complete non empty pos&sT and for every elemerg of S and for every
element of T holds]: compactbeloys), compactbelowt) ] = compactbelo(s, t})).

(51) Let S T be antisymmetric up-complete non empty reflexive relational structures
and x be an element of S T]. Then m(compactbelox)) C compactbelowx;) and
T (compactbeloyx)) C compactbeloyix,).

(52) LetSbe an up-complete non empty posetye an up-complete lower-bounded non empty
poset, anc be an element dfS, T ]. Thenty (compactbelovix)) = compactbelovix; ).

(53) LetSbe an up-complete lower-bounded non empty pdsée an up-complete non empty
poset, anc be an element dfS T ;]. Thent(compactbelovx)) = compactbelowixs).

Let Sbe a non empty reflexive relational structure. Note that every sub&avbfch is empty
is also open.
One can prove the following propositions:

(54) LetS T be antisymmetric up-complete non empty reflexive relational structureX ded
asubset of S T . If X is open, thery (X) is open andn(X) is open.

(55) LetS T be up-complete non empty posexsbe a subset db, andY be a subset of . If X
is open and is open, theri X, Y] is open.

(56) LetS T be antisymmetric up-complete non empty reflexive relational structureX doed
asubset of S, T J. If X is inaccessible, them (X) is inaccessible anth(X) is inaccessible.

(57) LetS T be antisymmetric up-complete non empty reflexive relational structdrés, an
upper subset 0B, andY be an upper subset @f. If X is inaccessible and is inaccessible,
then[: X, Y ] is inaccessible.

(58) LetS T be antisymmetric up-complete non empty reflexive relational structdrés a
subset ofS, andY be a subset of such thaf: X, Y ] is directly closed. Then
(i) if Y#£0,thenX s directly closed, and
(i) if X #£ 0, thenY is directly closed.
(59) LetS T be antisymmetric up-complete non empty reflexive relational structdré® a

subset ofS, andY be a subset of . SupposeX is directly closed an¥ is directly closed.
Then[: X, Y ] is directly closed.
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(60) LetS T be antisymmetric up-complete non empty reflexive relational structureX doed
a subset of: S T . If X has the property (S), them (X) has the property (S) anmgh(X) has
the property (S).

(61) LetS T be up-complete non empty posexsbe a subset db, andY be a subset of . If X
has the property (S) andhas the property (S), thdrX, Y ] has the property (S).

3. ON THE PRODUCTS OFRELATIONAL STRUCTURES
We now state the proposition

(62) LetS T be non empty reflexive relational structures. Suppose the relational structure of
S=the relational structure &f andSis inf-complete. ThefT is inf-complete.

Let Sbe an inf-complete non empty reflexive relational structure. Observe that the relational
structure ofSis inf-complete.

LetS T be inf-complete non empty reflexive relational structures. Observd $at] is inf-
complete.

The following proposition is true

(63) LetS T be non empty reflexive relational structures/: 8 T ] is inf-complete, theiSis
inf-complete andr is inf-complete.

LetS, T be complemented bounded antisymmetric non empty relational structures with g.l.b.'s
and l.u.b.’s. One can verify tha§ T ] is complemented.
We now state the proposition

(64) LetS T be bounded antisymmetric relational structures with g.l.b.’s and l.u.b[sS I ]
is complemented, theBis complemented and is complemented.

Let S T be distributive antisymmetric non empty relational structures with g.l.bs and l.u.b.’s.
Note that: S T ] is distributive.
The following propositions are true:

(65) LetSbe an antisymmetric relational structure with g.l.b.'s and l.u.b.'sae a reflexive
antisymmetric relational structure with g.l.b.’'s and l.u.b.’s} & T ] is distributive, therSis
distributive.

(66) LetSbe a reflexive antisymmetric relational structure with g.l.b.’s and |.u.b.'sTahd an
antisymmetric relational structure with g.l.b.’s and l.u.b.’s} & T ] is distributive, therT is
distributive.

LetS, T be meet-continuous semilattices. Note th&tT ;] satisfies MC.
Next we state the proposition

(67) For all semilattices, T such that: S T ] is meet-continuous holdSis meet-continuous
andT is meet-continuous.

Let S, T be up-complete inf-complete non empty posets satisfying axiom of approximation.
Note that[: S T ] satisfies axiom of approximation.

LetS T be continuous inf-complete non empty posets. Observe: Bat | is continuous.

One can prove the following proposition

(68) LetS T be up-complete lower-bounded non empty posetsSIfT | is continuous, thes
is continuous and is continuous.

Let S T be up-complete lower-bounded sup-semilattices satisfying axiom K. One can verify
that[: S T ] satisfies axiom K.

LetS T be complete algebraic lower-bounded sup-semilattices. Not¢ $at] is algebraic.

The following proposition is true
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(69) For all lower-bounded non empty pos&sT such thatS T ] is algebraic holdsS is
algebraic and is algebraic.

LetS T be arithmetic lower-bounded lattices. One can check[tBal ] is arithmetic.
One can prove the following proposition

(70) For all lower-bounded lattice T such thaf: S T ] is arithmetic holdsSis arithmetic and
T is arithmetic.
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