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Summary. Some theorems about well ordering relations are proved. The goal of the
article is to prove that every two well ordering relations are either isomorphic or one of them
is isomorphic to a segment of the other. The following concepts are defined: the segment of a
relation induced by an element, well founded relations, well ordering relations, the restriction
of a relation to a set, and the isomorphism of two relations. A number of simple facts is
presented.
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The articlesl[3],[[2],14],[5], and [1] provide the notation and terminology for this paper.
We adopt the following conventiom, b, ¢, x, X, Y, Z are sets an®, S T are binary relations.
Let us consideR, a. The functorR-Seda) yielding a set is defined as follows:

(Def. 1) xeR-Seda) iff x£aand(x,a) € R
The following proposition is true
2] x e fieldRor R-Sedx) = 0.
Let us consideR. We say thaRis well founded if and only if:

(Def. 2) For everyyY such thaty C fieldR andY # 0 there existsa such thata € Y andR-Seda)
missesy.

Let us consideK. We say thaR is well founded inX if and only if;

(Def. 3) For everyy such thaty C X andY # 0 there exist@ such that € Y andR-Seda) misses
Y.

Next we state the proposition
(5f] Ris well founded iffRis well founded in fieldR.
Let us consideR. We say thaR is well-ordering if and only if:
(Def. 4) Ris reflexive, transitive, antisymmetric, connected, and well founded.
Let us consideK. We say thaR well ordersX if and only if:

(Def. 5) Ris reflexive inX, transitive inX, antisymmetric inX, connected irX, and well founded
in X.

1 The proposition (1) has been removed.
2 The propositions (3) and (4) have been removed.
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One can prove the following propositions:
(Sﬂ R well orders fielRiff Ris well-ordering.

(9) Suppos&well ordersX. Let givenY. Suppos&’ C X andY = 0. Then there exista such
thata € Y and for evenyb such thab € Y holds(a, b) € R.

(10) Suppos®is well-ordering. Let givery. Supposé’ C fieldRandY # 0. Then there exists
asuch thad € Y and for everyb such thab € Y holds(a, b) € R.

(11) For everyR such thaR is well-ordering and fiel® # 0 there exista such that € fieldR
and for evenyb such thab < fieldR holds(a, b) € R.

(12) LetgivenR. Supposeis well-ordering and fiel® £ 0. Let givena. Suppose < fieldR.
Then

(i) for everyb such thab € fieldR holds(b, a) € R, or

(i) there existdb such thab € fieldRand(a, b) € Rand for everyc such that € fieldR and
(a,c) e Rholdsc=aor (b, c) e R

In the sequeF, G denote functions.
Next we state the proposition

(13) R-Seda) C fieldR.
Let us consideR, Y. The functorR|2Y yielding a binary relation is defined as follows:
(Def.68) RI2Y=RN[Y,Y].
One can prove the following propositions:
5] R|ZX CRandR[2X C [X, X].
(16) xeR|?Xiff xe Randx € [ X, X .
(17) R[?X =X|R[X.
(18) R[?X = X[(R[X).
(19) If x e field(R|?X), thenx € fieldRandx € X.
(20) field R|>X) C fieldRand fieldR|2X) C X.
(21) (R[>X)-Seda) C R-Seda).
(22) IfRis reflexive, therR|? X is reflexive.
(23) If Ris connected, theR|?Y is connected.
(24) IfRis transitive, therR|?Y is transitive.
(25) If Ris antisymmetric, theR|2Y is antisymmetric.
(26) R|?X|?Y =R[2(XNY).
(27) RI2X|?Y =RJ]?Y|?X.
(28) RIY2Y =RJ?Y.
(29) IfZCY,thenRPY|?Z=R[?Z.
(30) R|?fieldR=R.

3 The propositions (6) and (7) have been removed.
4 The proposition (14) has been removed.
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(381) IfRis well founded, theiR|? X is well founded.
(32) If Ris well-ordering, therR|?Y is well-ordering.
(33) If Ris well-ordering, therR-Seda) andR-Segb) areC-comparable.

(35E] If Ris well-ordering anda ¢ fieldR andb € R-Seda), then (R|? R-Seda))-Segb) =
R-Sedb).

(36) Suppose is well-ordering and¥ C fieldR. ThenY = fieldR or there existsa such that
ac fieldRandY = R-Seda) if and only if for everya such that € Y and for everyb such
that (b, a) € RholdsbeY.

(37) IfRiswell-ordering and < fieldRandb € fieldR, then(a, b) € Riff R-Seda) C R-Sedb).

(38) If Ris well-ordering andh € fieldR andb € fieldR, thenR-Seda) C R-Sedb) iff a=bor
ac R-Sedb).

(39) IfRis well-ordering anX C fieldR, then fieldR|2X) = X.
(40) If Ris well-ordering, then fiel(R|?R-Seda)) = R-Seda).

(41) If Ris well-ordering, then for every such that for everya such thata € fieldR and
R-Seda) C Z holdsa € Z holds fieldR C Z.

(42) If Ris well-ordering and € fieldR andb € fieldR and for everyc such that € R-Seda)
holds{c, b) € Randc # b, then(a, b) € R.

(43) Suppose is well-ordering and doR = fieldR and rng~ C fieldR and for alla, b such
that(a, b) € Randa# b holds{F (a), F (b)) € RandF (a) # F(b). Let givena. If a < fieldR,
then(a, F(a)) e R

Let us consideR, S F. We say thaF is an isomorphism betweddhandSif and only if:

(Def. 7) don¥ = fieldRand rng- = fieldSandF is one-to-one and for a#, b holds(a, b) € Riff
ac fieldRandb € fieldRand(F (a), F(b)) € S

The following proposition is true

(45E] If F is an isomorphism betwedRands, then for alla, b such that(a, b) € Randa# b
holds(F (a), F (b))} € SandF (a) # F(b).

Let us consideR, S. We say thaR andSare isomorphic if and only if:
(Def. 8) There exist& which is an isomorphism betwe&handS.

The following propositions are true:

(47)] idsieldr is an isomorphism betwedRandR.

(48) RandRare isomorphic.

(49) If F is an isomorphism betwedRands, thenF 1 is an isomorphism betweeandR.
(50) If RandSare isomorphic, theBandR are isomorphic.

(51) Supposé is an isomorphism betwedhandSandG is an isomorphism betweedandT.
ThenG-F is an isomorphism betweddandT.

(52) If RandSare isomorphic an&andT are isomorphic, theRandT are isomorphic.

5 The proposition (34) has been removed.
6 The proposition (44) has been removed.
7 The proposition (46) has been removed.
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(53) Supposé is an isomorphism betweddandS. Then
(i) if Risreflexive, therSis reflexive,

(i) if Ristransitive, thersis transitive,

(i) if Ris connected, theSis connected,

(iv) if Ris antisymmetric, the®is antisymmetric, and
(v) if Ris well founded, thersis well founded.

(54) If Ris well-ordering and- is an isomorphism betweddandsS, thenSis well-ordering.

(55) Suppos®is well-ordering. Let giveri, G. Supposéd- is an isomorphism betweddand
SandG is an isomorphism betweddandS. ThenF = G.

Let us consideR, S. Let us assume th& is well-ordering andR and S are isomorphic. The

canonical isomorphism betwe&uandSyielding a function is defined by:

(Def. 9) The canonical isomorphism betwaggandSis an isomorphism betweddandS.

L

2

3

[4

We now state several propositions:

(57 If Ris well-ordering, then for everg such that € fieldR holdsR andR |2 R-Seda) are
not isomorphic.

(58) If Ris well-ordering anda € fieldR and b € fieldR anda # b, thenR|?> R-Sega) and
R|2R-Segb) are not isomorphic.

(59) Suppos®is well-ordering and C fieldRandF is an isomorphism betweddandS. Then
F|Z is an isomorphism betwedR|?Z andS|? F°Z andR|?Z andS|? F°Z are isomorphic.

(60) Suppose is well-ordering and- is an isomorphism betwedR andS. Let givena. If
ac fieldR, then there existb such thab < fieldSandF°R-Seda) = S-Sedb).

(61) Suppose is well-ordering and- is an isomorphism betwedR andS. Let givena. If
a ¢ fieldR, then there existb such thato < fieldS andR|2R-Sega) and S|?> SSedb) are
isomorphic.

(62) Suppose tha is well-ordering ands is well-ordering and € fieldR andb € fieldS and
c ¢ fieldS andR and S|? S-Segb) are isomorphic andR|?> R-Seda) and S|? S-Sedc) are
isomorphic. Thers-Sedc) C SSedb) and{c,b) € S

(63) Suppos®is well-ordering andsis well-ordering. Then

() RandSare isomorphic, or
(i) there existsa such thai ¢ fieldR andR |> R-Sega) andSare isomorphic, or
(i) there existsa such that € fieldSandR andS|? S-Sega) are isomorphic.

(64) Suppose C fieldR andR is well-ordering. TherR andR|?Y are isomorphic or there
existsa such that < fieldR andR|?> R-Sega) andR|?Y are isomorphic.
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