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Summary. The class of continuous lattices can be characterized by infinitary equa-
tions. Therefore, it is closed under the formation of subalgebras and homomorphic images.
Following the terminology of [118] we introduce a continuous lattice subframe to be a sublat-
tice closed under the formation of arbitrary infs and directed sups. This notion corresponds
with a subalgebra of a continuous lattice[in|[16].

The class of completely distributive lattices is also introduced in the paper. Such lattices
are complete and satisfy the most restrictive type of the general distributivity law. Obviously
each completely distributive lattice is a Heyting algebra. It was hard to find the best Mizar
implementation of the complete distributivity equational condition (denoted by CD In [16]).
The powerful and well developed Many Sorted Theory gives the most convenient way of this
formalization. A set double indexed It§;, introduced in the paper, corresponds with a family
{Xjk:Jj€dkeK(j)}. ltis defined to be a suitable many sorted function. Two special
functors: Sups and Infs as counterparts of Sup and Inf respectively, introduced in [33], are
also defined. Originally the equation in Definition 2.4[of|[16, p. 58] looks as follows:

AjeaViek(i)Xik = ViemAjeaXj (i)

whereM is the set of functions defined drwith valuesf (j) € K(j).

MML ldentifier: WAYBEL_ 5.

WWW: http://mizar.orqg/JFM/Vol8/waybel_5.html

The articles[[25],[[12],[131],[132],[[15] [[29],[9], [11], [10] [13]/[1], 13],124]  [30] 14] 12],18],
[26], [2Q], [210], [274], [19], [23], [22], [5], [11], [33], [14], [6], [7], and[[28] provide the notation and
terminology for this paper.

1. THE CONTINUITY OF LATTICES

In this papelx, y are sets andl is an up-complete semilattice.
The following propositions are true:

(1) Liscontinuous if and only if for every elemexof L holds/xis an ideal oL andx < sup|x
and for every ideal of L such thai < supl holds|{x C I.

(2) Lis continuous if and only if for every elemexbf L there exists an idealof L such that
x < supl and for every ideal of L such thai < supJ holds| C J.

(3) For every continuous lower-bounded sup-semilattiteolds SupMaflL) has a lower ad-
joint.
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(4) Forevery up-complete lower-bounded latticeuch that SupMa(h) is upper adjoint holds
L is continuous.

(5) For every complete semilattice such that SupMajh) is infs-preserving and sups-
preserving holds SupMé#b) has a lower adjoint.

Let J, D be sets and leK be a many sorted set indexed by A set of elements oD double
indexed byK is a many sorted function frotd into J — D.

LetJ be a set, leK be a many sorted set indexed byand letSbe a 1-sorted structure. A set of
elements oS double indexed b¥ is a set of elements of the carrier®touble indexed by.

One can prove the following proposition

(6) LetJ, D be setsK be a many sorted set indexed lyF be a set of elements &f double
indexed byK, andj be a set. Ifj € J, thenF () is a function fromK(j) into D.

LetJ, D be non empty sets, l&t be a many sorted set indexed hylet F be a set of elements
of D double indexed b¥K, and letj be an element of. ThenF(j) is a function fromK(j) into D.

LetJ, D be non empty sets, I& be a non-empty many sorted set indexedplet F be a set of
elements oD double indexed b, and letj be an element of. Note that rnd-(j) is non empty.

LetJ be a set, leD be a non empty set, and llétbe a non-empty many sorted set indexed by
Observe that every set of elementdoflouble indexed b¥ is non-empty.

Next we state four propositions:

(7) For every function yielding functiof and for every sef such thatf € domFregéF)
holds f is a function.

(8) Forevery function yielding functioR and for every functiorf such thatf € dom FregéF)
holds domf = domF and donF = dom(FregéF))(f).

(9) LetF be a function yielding function anél be a function. Supposé € dom FregéF).
Leti be a set. Ifi € domF, then f(i) € domF (i) and (Freg&F))(f)(i) = F(i)(f(i)) and
F(i)(f(i)) € rg(FregeF))(f).

(10) Letd, D be setsK be a many sorted set indexed by be a set of elements @f double
indexed byK, and f be a function. Iff € domFregéF), then(FregdF))(f) is a function
from Jinto D.

Let f be a non-empty function. Observe that doi(k) is non-empty.

LetJ, D be sets, leK be a many sorted set indexed byand letF be a set of elements @
double indexed bi. Then FregéF) is a set of elements & double indexed by](dom¢F (k)) —

J.

Let J, D be non empty sets, lé€ be a non-empty many sorted set indexedJbyet F be a
set of elements oD double indexed by, let G be a set of elements @ double indexed by
[1(dom¢F(K)) — J, and letf be an element of](dom F(K)). ThenG(f) is a function fromJ
into D.

LetL be a non empty relational structure andRetbe a function yielding function. The functor
UF yielding a function from dorf into the carrier oL is defined as follows:

(Def. 1)  For every such thak € domF holds(l, F)(x) = LI F(X).
The functorﬁL F yielding a function from dorf into the carrier oL is defined by:

(Def. 2) For every such tha € domF holds([ ], F)(x) = [ LF (x).

LetJ be a set, leK be a many sorted set indexed hylet L be a non empty relational structure,
and letF be a set of elements &f double indexed bK. We introduce Sug§) as a synonym of
LI, F.- We introduce Inf¢F) as a synonym of |LF.

Letl, J be sets, let. be a non empty relational structure, andRebe a set of elements &f
double indexed by — J. We introduce Suf&) as a synonym of |, F. We introduce Inf¢F) as
a synonym of |, F.

We now state four propositions:
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(11) LetL be a non empty relational structure aRd G be function yielding functions. If
domF = domG and for every such thai € domF holds| J, F(x) =[] G(x), then| ], F =

U G

(12) LetL be a non empty relational structure aRd G be function yielding functions. If
domF = domG and for every such thai € domF holds[ |.F (x) = [ ].G(x), then[ | F =

6.

(13) LetL be a non empty relational structure andbe a function yielding function. Then
@iy ye gLl F iff there existsx such tha € domF andy = | |, F(x), and

(i) yerng[ | F iff there existsx such thak € domF andy = [ |LF (x).

(14) LetL be a non empty relational structurkbe a non empty sek be a many sorted set
indexed byd, andF be a set of elements dfdouble indexed bK. Then

(i) xerngSupsF) iff there exists an elemerjtof J such that = Supg(F(j)), and
(i) xernginfs(F) iff there exists an elemetjtof J such thak = Inf(F(j)).

LetJ be a non empty set, |& be a many sorted set indexedhyletL be a non empty relational
structure, and leff be a set of elements &fdouble indexed bK. One can verify that rng Sufis)
is non empty and rngInt§ ) is non empty.

For simplicity, we adopt the following rules: is a complete latticeg, b, c are elements df, J
is a non empty set, arid is a non-empty many sorted set indexedlby

One can prove the following propositions:

(15) LetF be a function yielding function. If for every functiohsuch thatf € domFregéF)
holds[ ], (FregéF))(f) < a, then Sug[ | FregéF)) <a.

(16) For every setF of elements ofL double indexed byK holds InfSupsgF)) >
Sup(Infs(FregéF))).

(17) If Lis continuous and for everysuch that <« a holdsc < b, thena < b.

(18) Suppose that for every non empty $etuch thatl € the universe of the carrier af and
for every non-empty many sorted $€indexed byJ such that for every elemeitof J holds
K(j) € the universe of the carrier &f and for every seF of elements oL double indexed
by K such that for every elemerjtof J holds rng~(j) is directed holds ISupsF)) =
Sup(Infs(Freg€F))). ThenL is continuous.

(19) Liscontinuous if and only if for all, K and for every sdt of elements of. double indexed
by K such that for every elemerjtof J holds rng~(j) is directed holds ISupsF)) =
SupInfs(FregdF))).

LetJ, K, D be non empty sets and [Etbe a function fron: J, K] into D. Then curry is a set
of elements oD double indexed by — K.

We use the following conventionl, K, D are non empty setg,is an element of, andk is an
element oK.

Next we state four propositions:

(20) For every functiofr from [:J, K into D holds domcurrfF = J and dongcurryF)(j) = K
andF ((j, k)) = (curryF)(j)(K).

(21) Lis continuous if and only if for all non empty setsK and for every functiorr from [ J,
K] into the carrier olL such that for every elementof J holds rndcurryF)(j) is directed
holds InfSupgcurryF)) = Sup(Infs(FregécurryF))).

(22) Let F be a function from[:J, K] into the carrier ofL and X be a subset oL.
SupposeX = {a;a ranges over elements df. \/f: non-empty many sorted set indexed.lby(f €

(FinK)J A VG:set of elements of double indexed byf (/\j.x (X € f(]) = G(])(X) = F((j, X))) A
a=Inf(SupgG))))}. Then InfSupgcurryF)) > supX.
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(23) L is continuous if and only if for allJ, K and for every functionF from
[J,K] into the carrier of L and for every subsetX of L such that X
{a;a ranges over elements df: Vf:non—empty.many sorted set indexed.lby(f. € (FinK)J
\/G:setofelementso[doubleindexed byf (/\j,x (X € f(J) = G(J)(X) = F((va))) Aa
Inf(SupgG))))} holds InfSupgcurryF)) = supX.

>

2. COMPLETELY-DISTRIBUTIVE LATTICES

LetL be a non empty relational structure. We say that completely-distributive if and only if the
conditions (Def. 3) are satisfied.

(Def. 3)()) L is complete, and
(i) for every non empty set and for every non-empty many sorted Kehdexed byJ and for
every seF of elements of. double indexed biX holds InfSupgF)) = Sup(Infs(FregéF))).

In the sequel is a non empty set aridl is a non-empty many sorted set indexedlby
Let us mention that every non empty poset which is trivial is also completely-distributive.
Let us observe that there exists a lattice which is completely-distributive.

Next we state the proposition
(24) Every completely-distributive lattice is continuous.

Let us mention that every lattice which is completely-distributive is also complete and continu-

ous.
We now state two propositions:

(25) LetL be a non empty antisymmetric transitive relational structure with g.lokse an
element ofL, andX, Y be subsets df. Suppose su exists inL and supY exists inL and
Y = {xMy;yranges over elements bf y € X}. ThenxmsupX > supy.

(26) LetL be a completely-distributive lattic&l be a subset of, andx be an element of.
ThenxMsupX = ||, {xMy;yranges over elements bf y € X}.

Let us note that every lattice which is completely-distributive is also Heyting.

3. SUB-FRAMES OFCONTINUOUSLATTICES

LetL be a non empty relational structure. A continuous subfranhd®an infs-inheriting directed-
sups-inheriting non empty full relational substructure.of
We now state three propositions:

(27) LetF be a set of elements &f double indexed b¥K. If for every elementj of J holds
rngF () is directed, then rngIn{&regeéF)) is directed.

(28) If L is continuous, then every continuous subframé of a continuous lattice.

(29) For every non empty pos&such that there exists a map frdminto S which is infs-
preserving and onto holdis a complete lattice.

LetJ be a set and letbe a set. We introducé=-y as a synonym od — .
LetJ be a set and let be a set. Thed — yis a many sorted set indexed ByWe introduce

J=yasasynonymod—y.
Let A, B, J be sets and let be a function fromA into B. ThenJ = f is a many sorted function

fromJ— AintoJ+— B.
We now state four propositions:

(30) LetA, B be sets,f be a function fromA into B, andg be a function fronB into A. If
g-f=ida, then(J=0)o(J= f) =ids_A.
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(31) LetJd, Abe non empty set® be a setK be a many sorted set indexed by be a set of

elements oA double indexed by, andf be a function fromAinto B. Then(J=- f)oF isa
set of elements dB double indexed b¥K.

(32) LetJ, A, Bbe non empty set& be a many sorted set indexed hyF be a set of elements

of Adouble indexed b¥, andf be a function fromAinto B. Then dom((J = f)oF)(k) =
domy F(K).

(33) Supposé is continuous. LeSbe a non empty poset. Suppose there exists a maplfrom

into Swhich is infs-preserving, directed-sups-preserving, and onto. Hisra continuous
lattice.

ACKNOWLEDGMENTS

The author is greatly indebted to Grzegorz Bancerek for his inspiring influence during the prepara-
tion of this paper. Thanks are also due to the whole Mizar team in Biatystok for collaboration.

(1

(2]
(3]

(4]
5]

(6]

[7]

8l

[0

[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]

REFERENCES

Grzegorz Bancerek. Curried and uncurried functiodsurnal of Formalized Mathematicg, 1990./http://mizar.org/JFM/Vol2/
funct_5.html.

Grzegorz Bancerek. #nig's theoremJournal of Formalized Mathematicg, 1990 http://mizar.org/JFM/Vol2/card_3.html.

Grzegorz Bancerek. Cartesian product of functiodeurnal of Formalized Mathematic8, 1991. http://mizar.org/JFM/Vol3/
funct_6.html}

Grzegorz Bancerek. Complete latticdsurnal of Formalized Mathematic4, 1992 http://mizar.org/JFM/Vold/lattice3.htmll

Grzegorz Bancerek. Bounds in posets and relational substructimesal of Formalized Mathematic8, 1996.http://mizar.org/
JFM/Vol8/yellow_0.htmll

Grzegorz Bancerek. Directed sets, nets, ideals, filters, and ndapsnal of Formalized Mathematic8, 1996.http://mizar.org/
JFM/Vol8/waybel 0.html}

Grzegorz Bancerek. The “way-below” relatiodournal of Formalized Mathematic8, 1996 /http://mizar.org/JFM/Vol8/waybel |
J.htmll

Jozef Biatas. Group and field definitiongournal of Formalized Mathematic4, 1989.http://mizar.org/JFM/Voll/realsetl.
htmll

Czestaw Bylihski. Functions and their basic propertidsurnal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/
funct_1.html.

Czestaw Bylhski. Functions from a set to a séburnal of Formalized Mathematics, 1989/http://mizar.org/JFM/Voll/funct_|
2.htmll

Czestaw Bylhski. Partial functionsJournal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/partfunl.html}

Czestaw Bylnski. Some basic properties of setdournal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
zfmisc_1.html,

Czestaw Bylhski. The modification of a function by a function and the iteration of the composition of a funddamal of Formalized
Mathematics2, 1990.http://mizar.orqg/JFM/Vol2/funct_4.htmll

Czestaw Bylhski. Galois connectionglournal of Formalized Mathematic8, 1996 http://mizar.org/JFM/Vol8/waybel 1.html}
Agata Darmochwat. Finite setdournal of Formalized Mathematic$, 1989http://mizar.org/JFM/Voll/finset_1.htmll

G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, and D.S. SadtEompendium of Continuous Lattic&pringer-Verlag,
Berlin, Heidelberg, New York, 1980.

Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and products of relational strdcumesl. of
Formalized Mathemati¢$8, 1996.http://mizar.org/JFM/Vol8/yellow_1.htmll

Peter T. Johnston&tone SpaceCambridge University Press, Cambridge, London, New York, 1982.

Matgorzata Korolkiewicz. Homomorphisms of many sorted algebdasirnal of Formalized Mathematic§, 1994.http://mizar.
org/JFM/Vol6/msualg_3.htmll

Beata Madras. Product of family of universal algebrdmurnal of Formalized Mathematic§, 1993/http://mizar.org/JFM/Vol5/
pralg_l.html,

Beata Madras. Products of many sorted algekl@stnal of Formalized Mathematic6, 1994 http://mizar.org/JFM/Vol6/pralg
2. htmll


http://mizar.org/JFM/Vol2/funct_5.html
http://mizar.org/JFM/Vol2/funct_5.html
http://mizar.org/JFM/Vol2/card_3.html
http://mizar.org/JFM/Vol3/funct_6.html
http://mizar.org/JFM/Vol3/funct_6.html
http://mizar.org/JFM/Vol4/lattice3.html
http://mizar.org/JFM/Vol8/yellow_0.html
http://mizar.org/JFM/Vol8/yellow_0.html
http://mizar.org/JFM/Vol8/waybel_0.html
http://mizar.org/JFM/Vol8/waybel_0.html
http://mizar.org/JFM/Vol8/waybel_3.html
http://mizar.org/JFM/Vol8/waybel_3.html
http://mizar.org/JFM/Vol1/realset1.html
http://mizar.org/JFM/Vol1/realset1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/partfun1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol2/funct_4.html
http://mizar.org/JFM/Vol8/waybel_1.html
http://mizar.org/JFM/Vol1/finset_1.html
http://mizar.org/JFM/Vol8/yellow_1.html
http://mizar.org/JFM/Vol6/msualg_3.html
http://mizar.org/JFM/Vol6/msualg_3.html
http://mizar.org/JFM/Vol5/pralg_1.html
http://mizar.org/JFM/Vol5/pralg_1.html
http://mizar.org/JFM/Vol6/pralg_2.html
http://mizar.org/JFM/Vol6/pralg_2.html

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

THE EQUATIONAL CHARACTERIZATION OF. .. 6

Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. Preliminaries to circdisymal of Formalized
Mathematics6, 1994/http://mizar.orqg/JFM/Vol6/pre_circ.html.

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous funliongl of Formalized Mathematic, 1989.
http://mizar.org/JFM/Voll/pre_topc.html,

Andrzej Trybulec. Binary operations applied to functiorgurnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/
Voll/funcop_1.html,

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.html.

Andrzej Trybulec. Many-sorted setdournal of Formalized Mathematic§, 1993/http://mizar.org/JEM/Vol5/pboole.html}

Andrzej Trybulec. Many sorted algebra3ournal of Formalized Mathematic§, 1994.http://mizar.org/JFM/Vol6/msualg_1.
htmll

Andrzej Trybulec. Moore-Smith convergenciaurnal of Formalized Mathematic8, 1996 /http://mizar.org/JFM/Vol8/yellow_|
6. htmll

Andrzej Trybulec and Agata Darmochwat. Boolean domailmsirnal of Formalized Mathematics, 1989 /http://mizar.org/JFM/
Voll/finsub_l.html}

Wojciech A. Trybulec. Partially ordered setdournal of Formalized Mathematic4, 1989./http://mizar.org/JFM/Voll/orders_|
T htmll

Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/subset_1.htmll

Edmund Woronowicz. Relations and their basic propertisirnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/
Voll/relat_1.html}

MariuszZynel and Czestaw Byfiski. Properties of relational structures, posets, lattices and rdapmal of Formalized Mathematics
8,1996.http://mizar.org/JFM/Vol8/yellow_2.html}

Received October 25, 1996

Published January 2, 2004


http://mizar.org/JFM/Vol6/pre_circ.html
http://mizar.org/JFM/Vol1/pre_topc.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol5/pboole.html
http://mizar.org/JFM/Vol6/msualg_1.html
http://mizar.org/JFM/Vol6/msualg_1.html
http://mizar.org/JFM/Vol8/yellow_6.html
http://mizar.org/JFM/Vol8/yellow_6.html
http://mizar.org/JFM/Vol1/finsub_1.html
http://mizar.org/JFM/Vol1/finsub_1.html
http://mizar.org/JFM/Vol1/orders_1.html
http://mizar.org/JFM/Vol1/orders_1.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol8/yellow_2.html

	the equational characterization of … By mariusz zynel

