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Summary. In the paper the “way-below” relation, in symbolsx� y, is introduced.
Some authors prefer the term “relatively compact” or “way inside”, since in the poset of open
sets of a topology it is natural to readU �V as “U is relatively compact inV”. A compact
element of a poset (or an element isolated from below) is defined to be way below itself. So,
the compactness in the poset of open sets of a topology is equivalent to the compactness in
that topology.

The article includes definitions, facts and examples 1.1–1.8 presented in [11, pp. 38–42].

MML Identifier: WAYBEL_3.
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The articles [15], [19], [20], [10], [6], [7], [16], [1], [18], [17], [14], [21], [9], [8], [5], [2], [3], [12],
[4], and [13] provide the notation and terminology for this paper.

1. THE “WAY-BELOW” RELATION

Let L be a non empty reflexive relational structure and letx, y be elements ofL. We say thatx is
way belowy if and only if:

(Def. 1) For every non empty directed subsetD of L such thaty≤ supD there exists an elementd
of L such thatd ∈ D andx≤ d.

We introducex� y andy� x as synonyms ofx is way belowy.
Let L be a non empty reflexive relational structure and letx be an element ofL. We say thatx is

compact if and only if:

(Def. 2) x is way belowx.

We introducex is isolated from below as a synonym ofx is compact.
Next we state several propositions:

(1) Let L be a non empty reflexive antisymmetric relational structure andx, y be elements of
L. If x� y, thenx≤ y.

(2) LetL be a non empty reflexive transitive relational structure andu, x, y, zbe elements ofL.
If u≤ x andx� y andy≤ z, thenu� z.

(3) Let L be a non empty poset. SupposeL is inf-complete and has l.u.b.’s. Letx, y, z be
elements ofL. If x� z andy� z, then sup{x,y} exists inL andxty� z.
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(4) Let L be a lower-bounded antisymmetric reflexive non empty relational structure andx be
an element ofL. Then⊥L � x.

(5) For every non empty posetL and for all elementsx, y, z of L such thatx� y andy� z
holdsx� z.

(6) Let L be a non empty reflexive antisymmetric relational structure andx, y be elements of
L. If x� y andx� y, thenx = y.

Let L be a non empty reflexive relational structure and letx be an element ofL. The functor↓↓x
yields a subset ofL and is defined by:

(Def. 3) ↓↓x = {y;y ranges over elements ofL: y� x}.
The functor↑↑x yielding a subset ofL is defined as follows:

(Def. 4) ↑↑x = {y;y ranges over elements ofL: y� x}.
Next we state several propositions:

(7) For every non empty reflexive relational structureL and for all elementsx, y of L holds
x∈ ↓↓y iff x� y.

(8) For every non empty reflexive relational structureL and for all elementsx, y of L holds
x∈ ↑↑y iff x� y.

(9) For every non empty reflexive antisymmetric relational structureL and for every elementx
of L holdsx≥ ↓↓x.

(10) For every non empty reflexive antisymmetric relational structureL and for every elementx
of L holdsx≤ ↑↑x.

(11) LetL be a non empty reflexive antisymmetric relational structure andx be an element ofL.
Then↓↓x⊆ ↓x and↑↑x⊆ ↑x.

(12) LetL be a non empty reflexive transitive relational structure andx, y be elements ofL. If
x≤ y, then↓↓x⊆ ↓↓y and↑↑y⊆ ↑↑x.

Let L be a lower-bounded non empty reflexive antisymmetric relational structure and letx be an
element ofL. One can check that↓↓x is non empty.

Let L be a non empty reflexive transitive relational structure and letx be an element ofL. Note
that↓↓x is lower and↑↑x is upper.

Let L be a sup-semilattice and letx be an element ofL. Note that↓↓x is directed.
Let L be an inf-complete non empty poset and letx be an element ofL. Observe that↓↓x is

directed.
Let L be a connected non empty relational structure. Note that every subset ofL is directed and

filtered.
Let us note that every non empty chain which is up-complete and lower-bounded is also com-

plete.
Let us note that there exists a non empty chain which is complete.
The following propositions are true:

(13) For every up-complete non empty chainL and for all elementsx, y of L such thatx < y
holdsx� y.

(14) LetL be a non empty reflexive antisymmetric relational structure andx, y be elements of
L. If x is not compact andx� y, thenx < y.

(15) For every non empty lower-bounded reflexive antisymmetric relational structureL holds
⊥L is compact.

(16) For every up-complete non empty posetL and for every non empty finite directed subsetD
of L holds supD ∈ D.

(17) For every up-complete non empty posetL such thatL is finite holds every element ofL is
isolated from below.
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2. THE WAY-BELOW RELATION IN OTHER TERMS

The schemeSSubsetExdeals with a non empty relational structureA and a unary predicateP , and
states that:

There exists a subsetX of A such that for every elementx of A holdsx∈ X iff P [x]
for all values of the parameters.

Next we state several propositions:

(18) LetL be a complete lattice andx, y be elements ofL. Supposex� y. Let X be a subset of
L. If y≤ supX, then there exists a finite subsetA of L such thatA⊆ X andx≤ supA.

(19) LetL be a complete lattice andx, y be elements ofL. Suppose that for every subsetX of
L such thaty≤ supX there exists a finite subsetA of L such thatA⊆ X andx≤ supA. Then
x� y.

(20) LetL be a non empty reflexive transitive relational structure andx, y be elements ofL. If
x� y, then for every idealI of L such thaty≤ supI holdsx∈ I .

(21) LetL be an up-complete non empty poset andx, y be elements ofL. If for every idealI of
L such thaty≤ supI holdsx∈ I , thenx� y.

(22) LetL be a lower-bounded lattice. SupposeL is meet-continuous. Letx, y be elements ofL.
Thenx� y if and only if for every idealI of L such thaty = supI holdsx∈ I .

(23) Let L be a complete lattice. Then every element ofL is compact if and only if for every
non empty subsetX of L there exists an elementx of L such thatx∈ X and for every element
y of L such thaty∈ X holdsx 6< y.

3. CONTINUOUS LATTICES

Let L be a non empty reflexive relational structure. We say thatL satisfies axiom of approximation
if and only if:

(Def. 5) For every elementx of L holdsx = sup↓↓x.

Let us mention that every non empty reflexive relational structure which is trivial satisfies also
axiom of approximation.

Let L be a non empty reflexive relational structure. We say thatL is continuous if and only if:

(Def. 6) For every elementx of L holds↓↓x is non empty and directed andL is up-complete and
satisfies axiom of approximation.

Let us mention that every non empty reflexive relational structure which is continuous is also
up-complete and satisfies axiom of approximation and every lower-bounded sup-semilattice which
is up-complete satisfies axiom of approximation is also continuous.

Let us note that there exists a lattice which is continuous, complete, and strict.
Let L be a continuous non empty reflexive relational structure and letx be an element ofL. Note

that↓↓x is non empty and directed.
We now state two propositions:

(24) LetL be an up-complete semilattice. Suppose that for every elementx of L holds↓↓x is non
empty and directed. ThenL satisfies axiom of approximation if and only if for all elementsx,
y of L such thatx 6≤ y there exists an elementu of L such thatu� x andu 6≤ y.

(25) For every continuous latticeL and for all elementsx, y of L holdsx≤ y iff ↓↓x⊆ ↓↓y.

Let us note that every non empty chain which is complete satisfies also axiom of approximation.
The following proposition is true

(26) For every complete latticeL such that every element ofL is compact holdsL satisfies axiom
of approximation.
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4. THE WAY-BELOW RELATION IN DIRECT POWERS

Let f be a binary relation. We say thatf is nonempty if and only if:

(Def. 7) For every 1-sorted structureSsuch thatS∈ rng f holdsS is non empty.

We say thatf is reflexive-yielding if and only if:

(Def. 8) For every relational structureSsuch thatS∈ rng f holdsS is reflexive.

Let I be a set. Note that there exists a many sorted set indexed byI which is relational structure
yielding, nonempty, and reflexive-yielding.

Let I be a set and letJ be a relational structure yielding nonempty many sorted set indexed byI .
Observe that∏J is non empty.

Let I be a non empty set, letJ be a relational structure yielding nonempty many sorted set
indexed byI , and leti be an element ofI . ThenJ(i) is a non empty relational structure.

Let I be a set and letJ be a relational structure yielding nonempty many sorted set indexed byI .
Note that every element of∏J is function-like and relation-like.

Let I be a non empty set, letJ be a relational structure yielding nonempty many sorted set
indexed byI , let x be an element of∏J, and leti be an element ofI . Thenx(i) is an element ofJ(i).

Let I be a non empty set, letJ be a relational structure yielding nonempty many sorted set
indexed byI , let i be an element ofI , and letX be a subset of∏J. ThenπiX is a subset ofJ(i).

Next we state two propositions:

(27) Let I be a non empty set,J be a relational structure yielding nonempty many sorted set
indexed byI , andx be a function. Thenx is an element of∏J if and only if domx = I and for
every elementi of I holdsx(i) is an element ofJ(i).

(28) Let I be a non empty set,J be a relational structure yielding nonempty many sorted set
indexed byI , andx, y be elements of∏J. Thenx≤ y if and only if for every elementi of I
holdsx(i)≤ y(i).

Let I be a non empty set and letJ be a relational structure yielding nonempty reflexive-yielding
many sorted set indexed byI . Observe that∏J is reflexive. Leti be an element ofI . ThenJ(i) is a
non empty reflexive relational structure.

Let I be a non empty set, letJ be a relational structure yielding nonempty reflexive-yielding
many sorted set indexed byI , let x be an element of∏J, and leti be an element ofI . Thenx(i) is
an element ofJ(i).

The following propositions are true:

(29) LetI be a non empty set andJ be a relational structure yielding nonempty many sorted set
indexed byI . If for every elementi of I holdsJ(i) is transitive, then∏J is transitive.

(30) LetI be a non empty set andJ be a relational structure yielding nonempty many sorted set
indexed byI . Suppose that for every elementi of I holdsJ(i) is antisymmetric. Then∏J is
antisymmetric.

(31) LetI be a non empty set andJ be a relational structure yielding nonempty reflexive-yielding
many sorted set indexed byI . Suppose that for every elementi of I holdsJ(i) is a complete
lattice. Then∏J is a complete lattice.

(32) LetI be a non empty set andJ be a relational structure yielding nonempty reflexive-yielding
many sorted set indexed byI . Suppose that for every elementi of I holdsJ(i) is a complete
lattice. LetX be a subset of∏J andi be an element ofI . Then(supX)(i) = supπiX.

(33) LetI be a non empty set andJ be a relational structure yielding nonempty reflexive-yielding
many sorted set indexed byI . Suppose that for every elementi of I holdsJ(i) is a complete
lattice. Letx, y be elements of∏J. Thenx� y if and only if the following conditions are
satisfied:

(i) for every elementi of I holdsx(i)� y(i), and

(ii) there exists a finite subsetK of I such that for every elementi of I such thati /∈ K holds
x(i) =⊥J(i).
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5. THE WAY-BELOW RELATION IN TOPOLOGICAL SPACES

We now state four propositions:

(34) Let T be a non empty topological space andx, y be elements of〈the topology ofT, ⊆〉.
Supposex is way belowy. Let F be a family of subsets ofT. If F is open andy⊆

⋃
F, then

there exists a finite subsetG of F such thatx⊆
⋃

G.

(35) Let T be a non empty topological space andx, y be elements of〈the topology ofT, ⊆〉.
Suppose that for every familyF of subsets ofT such thatF is open andy⊆

⋃
F there exists

a finite subsetG of F such thatx⊆
⋃

G. Thenx is way belowy.

(36) LetT be a non empty topological space,x be an element of〈the topology ofT,⊆〉, andX
be a subset ofT. If x = X, thenx is compact iffX is compact.

(37) Let T be a non empty topological space andx be an element of〈the topology ofT, ⊆〉.
Supposex = the carrier ofT. Thenx is compact if and only ifT is compact.

Let T be a non empty topological space. We say thatT is locally-compact if and only if the
condition (Def. 9) is satisfied.

(Def. 9) Letx be a point ofT andX be a subset ofT. Supposex ∈ X andX is open. Then there
exists a subsetY of T such thatx∈ IntY andY ⊆ X andY is compact.

Let us observe that every non empty topological space which is compact andT2 is alsoT3, T4,
and locally-compact.

One can prove the following proposition

(38) For every setx holds{{x}}top is T2.

Let us observe that there exists a non empty topological space which is compact andT2.
Next we state several propositions:

(39) LetT be a non empty topological space andx, y be elements of〈the topology ofT, ⊆〉. If
there exists a subsetZ of T such thatx⊆ Z andZ⊆ y andZ is compact, thenx� y.

(40) LetT be a non empty topological space. SupposeT is locally-compact. Letx, ybe elements
of 〈the topology ofT,⊆〉. If x� y, then there exists a subsetZ of T such thatx⊆ Z andZ⊆ y
andZ is compact.

(41) LetT be a non empty topological space. SupposeT is locally-compact and aT2 space. Let
x, y be elements of〈the topology ofT, ⊆〉. If x� y, then there exists a subsetZ of T such
thatZ = x andZ⊆ y andZ is compact.

(42) LetX be a non empty topological space. SupposeX is aT3 space and〈the topology ofX,
⊆〉 is continuous. ThenX is locally-compact.

(43) For every non empty topological spaceT such thatT is locally-compact holds〈the topology
of T,⊆〉 is continuous.
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