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The articles[[16],[[20],[124],17],[18],[10],125],[10],[110],11] [112] [12] [122] [13],[14],[117],114] [15],
[18], [13], and [6] provide the notation and terminology for this paper.

1. SEMILATTICE HOMOMORPHISM AND INHERITANCE

LetS T be semilattices. Let us assume thai§ upper-bounded, thehis upper-bounded. A map
from Sinto T is said to be a semilattice morphism fré@into T if:

(Def. 1) For every finite subset of Sholds it preserves inf ok.

LetS T be semilattices. Observe that every map fi®mto T which is meet-preserving is also
monotone.

Let S be a semilattice and |6t be an upper-bounded semilattice. One can verify that every
semilattice morphism frorginto T is meet-preserving.

Next we state a number of propositions:

(1) For all upper-bounded semilattic8sT and for every semilattice morphismfrom Sinto
T h0|de(Ts) =Tr.

(2) LetS T be semilattices anfl be a map fronsinto T. Supposef is meet-preserving. Let
X be a finite non empty subset 8f Thenf preserves inf oK.

(3) LetS T be upper-bounded semilattices ahtle a meet-preserving map frad&into T. If
f(Ts) = T, thenf is a semilattice morphism fro@into T.

(4) LetS T be semilattices anfl be a map fron8into T. Supposef is meet-preserving and
for every filtered non empty subs¥tof Sholds f preserves inf oK. Let X be a non empty
subset ofS. Thenf preserves inf oK.

(5) LetS T be semilattices anfl be a map fronSinto T. Supposef is infs-preserving. Then
f is a semilattice morphism frol@into T.
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(6) LetSy, T1, S, T2 be non empty relational structures. Suppose that
(i) the relational structure d§ = the relational structure &, and
(i) the relational structure of; = the relational structure d.
Let f; be a map frong; into T, and f, be a map fron& into T, such thatf; = f,. Then
(i) if fyisinfs-preserving, theff, is infs-preserving, and
(iv) if fyis directed-sups-preserving, thénis directed-sups-preserving.

(7) LetSy, T1, S, T2 be non empty relational structures. Suppose that
() the relational structure d§; = the relational structure @&, and
(i)  the relational structure of; = the relational structure d.
Let f; be a map frong; into T; and f; be a map fron& into T, such thatf; = f,. Then
(i) if fqis sups-preserving, thefa is sups-preserving, and
(iv) if fyis filtered-infs-preserving, thefy is filtered-infs-preserving.

(8) LetT be acomplete lattice argbe an infs-inheriting full non empty relational substructure
of T. Theninc(S T) is infs-preserving.

(9) LetT be acomplete lattice argbe a sups-inheriting full non empty relational substructure
of T. Then inc(S T) is sups-preserving.

(10) LetT be an up-complete non empty poset étie a directed-sups-inheriting full hon
empty relational substructure ©f Then inc(S T) is directed-sups-preserving.

(11) LetT be a complete lattice andl be a filtered-infs-inheriting full non empty relational
substructure of . Then inc(S T) is filtered-infs-preserving.

(12) LetTy, T2, Rbe relational structures ai@be a relational substructure ©f. Suppose that
(i) the relational structure of; = the relational structure df, and
(i) the relational structure o6 = the relational structure dR.

ThenRis a relational substructure & and if Sis full, thenRis a full relational substructure
of To.

(13) Every non empty relational structufeis an infs-inheriting sups-inheriting full relational
substructure of .

Let T be a complete lattice. Observe that there exists a continuous subframe&vbich is
complete.
We now state a number of propositions:

(14) LetT be a semilattice an8 be a full non empty relational substructureTf ThenSis
meet-inheriting if and only if for every finite non empty subXedf Sholds[ |+ X € the carrier
of S

(15) LetT be a sup-semilattice ar®be a full non empty relational substructurelafThenSis
join-inheriting if and only if for every finite non empty subsébf Sholds| |1 X € the carrier
of S

(16) LetT be an upper-bounded semilattice &ioe a meet-inheriting full non empty relational
substructure off . Supposel T € the carrier ofSandSis filtered-infs-inheriting. Theisis
infs-inheriting.

(17) LetT be a lower-bounded sup-semilattice @dthe a join-inheriting full non empty re-
lational substructure of. Supposelt € the carrier ofSandSis directed-sups-inheriting.
ThenSis sups-inheriting.
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(18) LetT be a complete lattice aribe a full non empty relational substructureTof If Sis
infs-inheriting, therSis complete.

(19) LetT be a complete lattice arBlbe a full non empty relational substructureTof If Sis
sups-inheriting, the®is complete.

(20) LetTy, T> be non empty relational structure,be a non empty full relational substructure
of T1, andS; be a non empty full relational substructureTef Suppose that
(i) the relational structure df; = the relational structure df, and
(i) the carrier ofS; = the carrier ofS,.
If S is infs-inheriting, thers; is infs-inheriting.
(21) LetTy, T» be non empty relational structurey,be a non empty full relational substructure
of T1, andS; be a non empty full relational substructurelef Suppose that
(i) the relational structure of; = the relational structure df, and
(i) the carrier ofS; = the carrier ofS;.
If S is sups-inheriting, theB; is sups-inheriting.
(22) LetTy, To be non empty relational structurey,be a non empty full relational substructure
of T1, andS; be a non empty full relational substructurelef Suppose that
(i) the relational structure of; = the relational structure df, and
(i) the carrier ofS; = the carrier 0fS;.
If S is directed-sups-inheriting, theé is directed-sups-inheriting.
(23) LetTy, To be non empty relational structurey,be a non empty full relational substructure
of T1, andS; be a non empty full relational substructureTef Suppose that
(i) the relational structure of; = the relational structure df, and
(i) the carrier ofS; = the carrier ofS;.
If S is filtered-infs-inheriting, thei%, is filtered-infs-inheriting.

2. NETS ANDLIMITS
We now state the proposition

(24) LetS T be non empty topological spacéébe a netinS, and f be a map fron8into T.
If fis continuous, theri°LimN C Lim(f-N).

Let T be a non empty relational structure andNebe a non empty net structure over Let us
observe thaN is antitone if and only if:

(Def. 2) For all elements j of N such thai < j holdsN(i) > N(j).

Let T be a non empty reflexive relational structure andxiéte an element of. Note that
({x}°P;id) is transitive, directed, monotone, and antitone.

Let T be a non empty reflexive relational structure. Observe that there exists alhetich is
monotone, antitone, reflexive, and strict.

Let T be a non empty relational structure andfebe a non empty subset @. Observe that
(FOP;id) is antitone.

Let S T be non empty reflexive relational structures, idte a monotone map fro&into T,
and letN be an antitone non empty net structure d8eNote thatf - N is antitone.

One can prove the following propositions:

(25) LetSbe a complete lattice ard be a net inS. Then{[ |s{N(i);i ranges over elements of
N:i> j}: jranges over elements b} is a directed non empty subset®f
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(26) LetSbe a non empty poset ardibe a monotone reflexive net B Then{[ Js{N(i);i
ranges over elements &f i > j} : j ranges over elements df} is a directed non empty
subset ofS

(27) LetSbe a non empty 1-sorted structukebe a non empty net structure ov@randX be a
set. If rng (the mapping dfl) C X, thenN is eventually inX.

(28) For every inf-complete non empty pogeand for every non empty filtered subsebf R
holds liminf(F°P;id) = inf F.

(29) LetS T beinf-complete non empty pose¥spe a non empty filtered subset@fandf be
a monotone map fror8into T. Then liminf(f - (X°P;id)) = inf(f°X).

(30) LetS T be non empty top-posetX, be a hon empty filtered subset&ff be a monotone
map fromSinto T, andY be a non empty filtered subset®f If Y = f°X, thenf - (X°P;id)
is a subnet ofY°P;id).

(31) LetS T be non empty top-posetX, be a non empty filtered subset&ff be a monotone
map fromSinto T, andY be a non empty filtered subsetbf If Y = f°X, then Lim{Y°P;id) C
Lim(f - (X°P;id)).

(32) LetShe a non empty reflexive relational structure &hlde a non empty subset 8f Then
the mapping of NetStD) = idp and the carrier of NetStD) = D and NetStfD) is a full
relational substructure &

(33) LetS T be up-complete non empty posetdye a monotone map frodinto T, andD be
a non empty directed subset@&fThen liminf f - NetSt{D)) = sup(f°D).

(34) LetSbe a non empty reflexive relational structutebe a non empty directed subsetf
andi, j be elements of NetSiD). Theni < j if and only if (NetSt(D))(i) < (NetSt(D))(j).

(35) For every Lawson complete top-lattiteand for every directed non empty subBeof T
holds suf € LimNetStr(D).

Let T be a non empty 1-sorted structure, tbe a net inT, and letM be a non empty net
structure ovefT. Let us assume thadl is a subnet oN. A map fromM into N is said to be an
embedding oM into N if it satisfies the conditions (Def. 3).

(Def. 3)(i) The mapping oM = (the mapping oN) - it, and

(i) for every elemenmmof N there exists an elementof M such that for every elemetof
M such than < p holdsm < it(p).

One can prove the following propositions:

(36) LetT be a non empty 1-sorted structukepe a net inl, M be a non empty subnet bf, e
be an embedding dfl into N, andi be an element df1. ThenM (i) = N(e(i)).

(37) For every complete latticeé and for every neN in T and for every subne¥l of N holds
liminf N < liminf M.

(38) LetT be acomplete latticé\ be a netinr, M be a subnet dfl, andebe an embedding &l
into N. Suppose that for every elemémf N and for every elemerjtof M such thag(j) <i
there exists an elemejftof M such thati’ > j andN(i) > M(j’). Then liminfN = liminf M.

(39) LetT be a non empty relational structud,be a net inT, andM be a non empty full
structure of a subnet dfi. Suppose that for every elemandf N there exists an elemeijt
of N such thatj > i and j € the carrier oM. ThenM is a subnet oN and inc[M,N) is an
embedding oM into N.

(40) LetT be a non empty relational structuié be a net inT, andi be an element dil. Then
NJi is a subnet oN and inc[NJi,N) is an embedding dli into N.
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(41) For every complete latticé and for every neN in T and for every elemeritof N holds
liminf(Ni) = liminf N.

(42) LetT be a non empty relational structutd,be a net inT, andX be a set. Suppod¢ is
eventually inX. Then there exists an elemerdf N such thalN(i) € X and rng (the mapping
of NJi) C X.

(43) LetT be a Lawson complete top-lattice aNdbe an eventually-filtered net ih. Then
rng (the mapping oN) is a filtered non empty subset of

(44) For every Lawson complete top-latti€eand for every eventually-filtered nitin T holds
LimN = {infN}.

3. LAWSON TOPOLOGYREVISITED
The following propositions are true:

(45) LetS T be Lawson complete top-lattices afidbe a meet-preserving map fra&into T.
Thenf is continuous if and only if the following conditions are satisfied:

(i) fis directed-sups-preserving, and
(i) for every non empty subset of Sholdsf preserves inf oK.

(46) LetS T be Lawson complete top-lattices afde a semilattice morphism fro®into T.
Thenf is continuous if and only if is infs-preserving and directed-sups-preserving.

Let S T be non empty relational structures andfdie a map fronBinto T. We say thaff is
liminfs-preserving if and only if:

(Def. 4) For every neN in Sholds f (liminf N) = liminf(f - N).
The following propositions are true:

(47) LetS T be Lawson complete top-lattices afide a semilattice morphism frointo T.
Thenf is continuous if and only iff is liminfs-preserving.

(48) LetT be a Lawson complete continuous top-lattice &lde a meet-inheriting full non
empty relational substructure ®f SupposeTl 1 € the carrier ofSand there exists a subsét
of T such thaiX = the carrier ofSandX is closed. Thei®is infs-inheriting.

(49) LetT be a Lawson complete continuous top-lattice &1ak a full non empty relational
substructure of . Given a subseX of T such tha¥X = the carrier ofSandX is closed. Then
Sis directed-sups-inheriting.

(50) LetT be a Lawson complete continuous top-lattice &loe an infs-inheriting directed-
sups-inheriting full non empty relational substructurd ofThen there exists a subsé¢bf T
such thafX = the carrier ofSandX is closed.

(51) LetT be a Lawson complete continuous top-latti§de an infs-inheriting directed-sups-
inheriting full non empty relational substructure™fandN be a netinT. If N is eventually
in the carrier ofS, then liminfN € the carrier ofS

(52) LetT be a Lawson complete continuous top-lattice &loe a meet-inheriting full non
empty relational substructure ®f Suppose that
(i) Tt €the carrier ofS and

(i) forevery netNin T such that rng (the mapping bff) C the carrier oSholds liminfN € the
carrier ofS.

ThenSis infs-inheriting.
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(53) LetT be a Lawson complete continuous top-lattice &tuk a full non empty relational
substructure of. Suppose that for every nitin T such that rng(the mapping of) C the
carrier ofSholds liminfN € the carrier ofS. ThenSis directed-sups-inheriting.

(54) LetT be a Lawson complete continuous top-lattiSée a meet-inheriting full non empty
relational substructure of, and X be a subset of. SupposeX = the carrier ofS and
Tt € X. ThenX is closed if and only if for every né¥l in T such thatN is eventually inX
holds liminfN € X.
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