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1. PRELIMINARIES

Let Sbe a non empty set and latb be elements 08. The functora, b, ... yielding a function from
N into Sis defined by the condition (Def. 1).
(Def. 1) Leti be a natural number. Then
(i) if there exists a natural numbkisuch thai = 2-k, then(a,b,...)(i) = a, and
(i) ifitis not true that there exists a natural numikesuch thai = 2-k, then(a,b,...)(i) = b.

One can prove the following three propositions:

(1) LetS T be non empty reflexive relational structuréd)e a map fronginto T, andP be a
lower subset off. If f is monotone, theri —1(P) is lower.

(2) LetS T be non empty reflexive relational structurésye a map fronSinto T, andP be
an upper subset d. If f is monotone, theri—1(P) is upper.

(3) LetS T be reflexive antisymmetric non empty relational structuresfabnd a map frons
into T. If f is directed-sups-preserving, thérs monotone.

Let S T be reflexive antisymmetric non empty relational structures. Note that every map from
Sinto T which is directed-sups-preserving is also monotone.
Next we state the proposition

(4) LetS T be up-complete Scott top-lattices ahtle a map fron8into T. If f is continuous,
thenf is monotone.

LetS T be up-complete Scott top-lattices. One can verify that every map &oo T which
is continuous is also monotone.
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2. PoOsSeET oFCONTINUOUS MAPS

Let Sbe a set and l€f be a reflexive relational structure. One can check $wat> T is reflexive-
yielding.

Let She a non empty set and [Etbe a complete lattice. Observe tAatis complete.

Let S T be up-complete Scott top-lattices. The functor SCM8pB) yielding a strict full
relational substructure of MonMaff5 T) is defined as follows:

(Def. 2) For every mag from Sinto T holds f € the carrier of SCMafd§, T) iff f is continuous.

LetS T be up-complete Scott top-lattices. Observe that SCK&PS is non empty.

3. SOME SPECIAL NETS

Let Sbe a non empty relational structure anddeb be elements of. The functor NetSta, b)
yields a strict non empty net structure o&eind is defined by the conditions (Def. 3).
(Def. 3)(i) The carrier of NetSte,b) = N,
(i) the mapping of NetSftia,b) = a,b, ..., and
(i)  for all elementsi, j of NetSt(a,b) and for all natural numberis, j’ such that =i’ and
j=j holdsi < jiff i’ <j.

Let Sbe a non empty relational structure anddgh be elements ob. Observe that NetSia, b)
is reflexive, transitive, directed, and antisymmetric.
Next we state four propositions:

(5) LetSbe a non empty relational structur@,b be elements 0§, andi be an element of
NetStra,b). Then(NetSt(a,b))(i) = aor (NetSti(a,b))(i) = b.

(6) LetSbe a non empty relational structura, b be elements of i, j be elements of
NetSti(a,b), andi’, j’ be natural numbers such thati andj’ =i’ +1 andj’ = j. Then

(i) if (NetSt(a,b))(i) = a, then(NetSt(a,b))(j) =b, and

(i) if (NetSt(a,b))(i) = b, then(NetStfa,b))(j) = a.

(7) Forevery poseBwith g.l.b.'s and for all elements, b of Sholds liminfNetSt(a, b) = anb.

(8) LetS T be posets with g.l.b.'s3, b be elements of, andf be a map frongSinto T. Then
liminf(f - NetSt(a, b)) = f(a) f(b).

Let Sbe a non empty relational structure andlebe a non empty subset & The functor
NetSti(D) yielding a strict net structure ov&is defined by:

(Def. 4) NetSt(D) = (D, (the internal relation 08) |2 D, idine carrier ors|D).

One can prove the following proposition

(9) LetSbe a non empty reflexive relational structure &te a non empty subset 8f Then
NetStr(D) = NetStI(D, idthe carrier ofst).

Let She a non empty reflexive relational structure andddie a directed non empty subset of
S. Observe that NetStD) is non empty, directed, and reflexive.

Let Sbe a non empty reflexive transitive relational structure an®Ibe a directed non empty
subset ofS. One can verify that NetStD) is transitive.

Let Sbe a non empty reflexive relational structure andddie a directed non empty subset of
S. Observe that NetStD) is monotone.

The following proposition is true

(10) For every up-complete lattice and for every directed non empty sub&etof S holds
liminfNetStr(D) = supD.
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4. MONOTONEMAPS
The following propositions are true:

(11) LetS T be lattices and be a map fron8into T. If for every netN in Sholdsf (liminf N) <
liminf(f-N), thenf is monotone.

(12) LetS T be continuous lower-bounded lattices aihntbe a map fronSinto T. Supposef
is directed-sups-preserving. bebe an element d6. Thenf(x) = | |t{f(w); w ranges over
elements oS w < x}.

(13) LetSbe alattice,T be an up-complete lower-bounded lattice, dnloke a map fronSinto

T. Suppose that for every elementf Sholds f (x) = |+ { f(w); w ranges over elements of
S w<« x}. Thenf is monotone.

(14) LetSbe an up-complete lower-bounded latti¥ebe a continuous lower-bounded lattice,
andf be amap fronSinto T. Suppose that for every elemertf Sholdsf (x) = |+ { f (w);w
ranges over elements 8f w < x}. Let x be an element ddandy be an element of. Then
y < f(x) if and only if there exists an elemewntof Ssuch thatv < x andy <« f(w).

(15) LetS T be non empty relational structurds pe a subset db, andf be a map fronsinto
T. Suppose that
(i) supD exists inSand supf°D exists inT, or
(i)  Sis complete and antisymmetric afids complete and antisymmetric.
If fis monotone, then syp°D) < f(supD).
(16) LetS T be non empty reflexive antisymmetric relational structuBese a directed non

empty subset db, andf be a map fronSinto T. Suppose sup exists inSand supf°D exists
in T or Sis up-complete and is up-complete. Iff is monotone, then s@p°D) < f(supD).

(17) LetS T be non empty relational structurd> pe a subset o, andf be a map fron8into
T. Suppose that
(i) inf D exists inSand inf f°D exists inT, or
(i) Sis complete and antisymmetric afids complete and antisymmetric.
If fis monotone, therf(infD) <inf(f°D).

(18) LetS T be up-complete latticed, be a map fronSinto T, andN be a monotone non
empty net structure ovés If f is monotone, therfi - N is monotone.

LetS T be up-complete lattices, Iétbe a monotone map frointo T, and letN be a monotone
non empty net structure ov&r Note thatf - N is monotone.
One can prove the following two propositions:

(19) LetS T be up-complete lattices arfdbe a map fronSinto T. Suppose that for every net
N in Sholds f (liminf N) < liminf(f -N). Let D be a directed non empty subset®fThen
sup(f°D) = f(supD).

(20) LetS T be complete latticed, be a map fron8into T, N be a netir5, j be an element of
N, andj’ be an element of - N. Supposg’ = j. Suppose is monotone. The ([ |s{N(k); k
ranges over elements bf k> j}) < [+ {(f-N)(I);l ranges over elements 6fN: | > j'}.

5. NECESSARY ANDSUFFICIENT CONDITIONS OF SCOTT-CONTINUITY

One can prove the following propositions:

(21) LetS T be complete Scott top-lattices afidbe a map fronSinto T. Thenf is continuous
if and only if for every nefN in Sholds f (liminf N) < liminf(f-N).
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(22) LetS T be complete Scott top-lattices andbe a map fronSinto T. Thenf is continuous
if and only if f is directed-sups-preserving.

LetS T be complete Scott top-lattices. Observe that every map oo T which is continu-
ous is also directed-sups-preserving and every map 8ono T which is directed-sups-preserving
is also continuous.

The following propositions are true:

(23) LetS T be continuous complete Scott top-lattices driwk a map fronSinto T. Thenf is
continuous if and only if for every elemerbf Sand for every elementof T holdsy « f(x)
iff there exists an elememt of Ssuch thatv < x andy <« f(w).

(24) LetS T be continuous complete Scott top-lattices drloke a map fronSinto T. Thenf
is continuous if and only if for every elementof Sholds f (x) = | ]t { f(w); w ranges over
elements oS w < x}.

(25) LetSbe a lattice,T be a complete lattice, anfibe a map fronSinto T. Suppose that
for every elemenk of Sholds f(x) = | |+ {f(w); w ranges over elements 8f w <x A wis
compact. Thenf is monotone.

(26) LetS T be complete Scott top-lattices ahthe a map fronSinto T. Suppose that for every
elementx of Sholds f (x) = | |1 { f (w);w ranges over elements 8f w < x A wis compac}.
Letx be an element db. Thenf(x) = | {f(w); wranges over elements 8f w < x}.

(27) LetS T be complete Scott top-lattices ahdhe a map fronSinto T. Supposé&is algebraic
andT is algebraic. Therf is continuous if and only if for every elemexof Sand for every
elementk of T such thak € the carrier of CompactSubléit) holdsk < f(x) iff there exists
an elemenj of Ssuch thatj € the carrier of CompactSublé8) andj < xandk < f(j).

(28) LetS, T be complete Scott top-lattices arfdbe a map fromSinto T. SupposeS is
algebraic andr is algebraic. Therf is continuous if and only if for every elemenrtof S
holds f (x) = | |+ { f (w); w ranges over elements 8f w < x A wis compac}.

(29) LetS T be up-complete Scott non empty reflexive transitive antisymmetric topological
space-like FR-structures ariche a map fronsinto T. If f is directed-sups-preserving, then
f is continuous.
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