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1. PRELIMINARIES

Let T be a topological structure and IBtbe a subset of . Let us observe tha is closed if and
only if:

(Def. 1) PF€is open.

Let T be a topological structure and letbe a family of subsets df. We say thafF is dense if
and only if:

(Def. 2) For every subset of T such thaiX € F holdsX is dense.

Let us mention that there exists a 1-sorted structure which is empty.

Let Sbe an empty 1-sorted structure. One can check that the cari$ds @mpty.

Let She an empty 1-sorted structure. Note that every subseisoémpty.

Let us note that every set which is finite is also countable.

Let us mention that there exists a set which is empty.

Let She a 1-sorted structure. One can verify that there exists a subSetloth is empty.

Let us note that there exists a set which is non empty and finite.

LetL be a non empty relational structure. Note that there exists a suldsetoth is non empty
and finite.

Let us observe tha¥ is infinite.

One can verify that there exists a set which is infinite and countable.

Let Sbhe a 1-sorted structure. One can verify that there exists a family of subsetstoth is
empty.

One can prove the following propositions:

(2E| For all setsX, Y such thatX < Y andY is countable holdX is countable.
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1 The proposition (1) has been removed.
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(3) For every infinite countable sAtholdsN = A.

(4) For every non empty countable gethere exists a functior from N into A such that
rngf =A.

(5) For every 1-sorted structuBand for all subsetX, Y of Sholds(XUY)¢ = X¢NY¢C.
(6) For every 1-sorted structuand for all subsetX, Y of Sholds(XNY)¢ = X UY¢C.

(7) LetL be a non empty transitive relational structure @@ be subsets df. If A is finer
thanB, then|AC |B.

(8) LetL be a non empty transitive relational structure an& be subsets df. If Ais coarser
thanB, thenTAC 1B.

(9) LetL be a non empty poset amlbe a non empty finite filtered subsetlofif inf D exists
in L, theninfD € D.

(10) LetL be a lower-bounded antisymmetric non empty relational structureXabe a non
empty lower subset df. Then 1 € X.

(11) LetL be a lower-bounded antisymmetric non empty relational structureXabe a non
empty subset of. Thenl € | X.

(12) LetL be an upper-bounded antisymmetric non empty relational structur& deda non
empty upper subset &f ThenT € X.

(13) LetL be an upper-bounded antisymmetric non empty relational structurX deda non
empty subset of. ThenT_ € TX.

(14) LetL be a lower-bounded antisymmetric relational structure with g.l.b.’9@hd a subset
of L. ThenX{L } C{L.}.

(15) LetL be a lower-bounded antisymmetric relational structure with g.l.b.'sXabe a non
empty subset of. ThenX{L } ={L.}.

(16) LetL be an upper-bounded antisymmetric relational structure with .u.b."Xdeda subset
of L. ThenXU{T } C{T.}.

(17) LetL be an upper-bounded antisymmetric relational structure with l.u.b.'s<amela non
empty subset of. ThenXu{T_} ={T.}.

(18) For every upper-bounded semilatticand for every subset of L holds{T } X = X.

(19) For every lower-bounded posetvith l.u.b.’s and for every substof L holds{ L }LIX =
X.

(20) LetL be a non empty reflexive relational structure @@ be subsets df. If AC B, then
Ais finer thanB and coarser thaB.

(21) LetL be an antisymmetric transitive relational structure with g.l.8’dfe a subset of,
andx, y be elements of. If x <y, then{y} MV is coarser thagx} nV.

(22) LetL be an antisymmetric transitive relational structure with l.u.§'qe a subset of,
andx, y be elements of. If x <y, then{x} LV is finer than{y} LIV.

(23) LetL be a non empty relational structure andS, T be subsets df. If Sis coarser thait
andV is upper and™ CV, thenSC V.

(24) LetL be a non empty relational structure avdS, T be subsets df. If Sis finer thanT
andV is lower andT CV, thenSCV.

(25) For every semilatticke and for every upper filtered subgebf L holdsF nF = F.



ON THE BAIRE CATEGORY THEOREM 3

(26) For every sup-semilattideand for every lower directed subdedf L holdsl Ul = 1.

(27) For every upper-bounded semilatticand for every subsét of L holds{x; x ranges over
elements of.: VM {x} CV} is non empty.

(28) LetL be an antisymmetric transitive relational structure with g.l.b.’s\drzk a subset of
L. Then{x;x ranges over elements bf V 1M {x} CV} is a filtered subset df.

(29) LetL be an antisymmetric transitive relational structure with g.l.b.’s ¥nlgle an upper
subset oL.. Then{x;x ranges over elements bf V 1 {x} CV} is an upper subset &f.

(30) For every posdt with g.l.b.’s and for every subsét of L such thatX is open and lower
holdsX is filtered.

Let L be a poset with g.l.b.’s. Observe that every subsét which is open and lower is also

filtered.
Let L be a continuous antisymmetric non empty reflexive relational structure. Note that every

subset oL which is lower is also open.
LetL be a continuous semilattice and Jgve an element df. Note that(|x)¢ is open.

One can prove the following two propositions:

(31) LetL be a semilattice an@ be a non empty subset bf Suppose that for all elementsy
of L such thatx € C andy € C holdsx <y ory < x. LetY be a non empty finite subset Gf

Then[ LY €Y.

(32) LetL be a sup-semilattice ariglbe a non empty subset bf Suppose that for all elements
X, y of L such thai € C andy € C holdsx < yory < x. LetY be a non empty finite subset of
C. Thenl | Y €Y.

LetL be a semilattice and I& be a filter ofL. A subset oL is called a generator set Bfif:

(Def. 3) F = 1fininfs(it).

Let L be a semilattice and I€t be a filter ofL. Observe that there exists a generator sét of
which is non empty.
We now state four propositions:

(33) LetL be a semilatticel be a subset df, andB be a non empty subset bf If Ais coarser
thanB, then fininfgA) is coarser than finin{8).

(34) LetL be a semilatticelr be a filter ofL, G be a generator set &f, andA be a non empty
subset oL.. Supposés is coarser thaw andA is coarser thak. ThenAis a generator set of

F.

(35) LetL be a semilatticeA be a subset df, andf, g be functions fronN into the carrier of
L. Suppose rn§ = A and for every element of N holdsg(n) = [ ]_{f(m);mranges over
natural numbersm < n}. ThenA is coarser than rng

(36) LetL be a semilatticei- be a filter ofL, G be a generator set &, and f, g be functions
from N into the carrier olL. Suppose rn§ = G and for every element of N holdsg(n) =
[L{f(m);mranges over natural numbers:< n}. Then rngy is a generator set ¢f.

2. ON THE BAIRE CATEGORY THEOREM

We now state four propositions:

(37) LetL be a lower-bounded continuous lattisépe an open upper subsetlgfF be a filter
of L, andv be an element df. Suppos&/ MF CV andv € V and there exists a non empty
generator set df which is countable. Then there exists an open fll@f L such thaD CV

andve OandF C O.
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(38) LetL be a lower-bounded continuous lattisepbe an open upper subsetlgfN be a non
empty countable subset bf andv be an element df. Suppos& MN CV andv e V. Then
there exists an open filt&@ of L such thafv} TN C OandO C V andv € O.

(39) LetL be a lower-bounded continuous lattisepe an open upper subsetlgfN be a non
empty countable subset bf andx, y be elements of. Suppos&/ N CV andy €V and
x ¢ V. Then there exists an irreducible elemertf L such thaik < pandp ¢ 7({y} 1 N).

(40) LetL be a lower-bounded continuous lattisehye an element df, andN be a non empty
countable subset &f. Suppose that for all elementsy of L such thaty £ xandn € N holds

ynn £ x. Letybe an element df. Suppose £ x. Then there exists an irreducible element
p of L such thak < pandp ¢ T({y}1N).

LetL be a non empty relational structure andddte an element df. We say thati is dense if
and only if:

(Def. 4) For every elementof L such thav# 1| holdsuriv## 1.

LetL be an upper-bounded semilattice. Observe Thais dense.

LetL be an upper-bounded semilattice. Note that there exists an elenentoth is dense.
The following proposition is true

(41) For every non trivial bounded semilatticand for every elementof L such thak is dense
holdsx # 1, .

Let L be a non empty relational structure andebe a subset df. We say thaD is dense if
and only if:

(Def. 5) For every elemert of L such thad € D holdsd is dense.

The following proposition is true
(42) For every upper-bounded semilatticholds{ T} is dense.

Let L be an upper-bounded semilattice. Observe that there exists a sulisethoch is non
empty, finite, countable, and dense.

Next we state several propositions:

(43) LetL be a lower-bounded continuous latti@ pe a non empty countable dense subset of

L, andu be an element df. Supposel# 1. Then there exists an irreducible elemerdf L
suchthatp# T andp ¢ 1({u}ND).

(44) LetT be a non empty topological spadebe an element ofthe topology ofT, C), andB
be a subset of. If A= B andB¢ is irreducible, therA is irreducible.

(45) LetT be a non empty topological spadebe an element ofthe topology ofT, C), and

B be a subset of . SupposeéA = B andA # T e topology ofT, c)- ThenAs irreducible if and
only if B is irreducible.

(46) LetT be a non empty topological spagebe an element ofthe topology ofT, C), andB
be a subset of . If A= B, thenA s dense iffB is everywhere dense.

(47) LetT be a non empty topological space. Supp®sse locally-compact. LeD be a count-
able family of subsets of. Supposé® is non empty, dense, and open. Gebe a non empty

subset ofT. SupposeD is open. Then there exists an irreducible subdsef T such that for
every subse¥ of T if V € D, thenAn O meetsv.

Let T be a non empty topological space. Let us observe Tha Baire if and only if the
condition (Def. 6) is satisfied.
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(Def. 6) LetF be a family of subsets of . SupposeF is countable and for every subsgtof

T such thatS € F holdsSis open and dense. Then there exists a subsétlT such that
| = IntersectF) andl is dense.

Next we state the proposition

(48) For every non empty topological spacesuch thafl is sober and locally-compact holdls
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is Baire.
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