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The articles([10],[[5],115],06],19], T11L], 0171, [21], ([2B], L], [[14],[116],12],14],[18],[[1R], and ]8]
provide the notation and terminology for this paper.

In this papefF is a field andv; is a strict vector space over.

Let us consideF, V1. The functorly,) yields a strict bounded lattice and is defined as follows:

(Def. 1) Ly, = (Subspaceé;, SubJoirvy, SubMeev;).
Let us consideF, V;. Family of subspaces &f is defined by:
(Def. 2) For every set such thak € it holdsx is a subspace aof;.

Let us consideF, V1. Note that there exists a family of subspace¥pivhich is non empty.

Let us consideF, V1. Then Subspac&s is a non empty family of subspaces\gf Let X be a
non empty family of subspacesd¢f. We see that the element Xfis a subspace &f;.

Let us consideF, V; and letx be an element of Subspad&gs The functorX yields a subset of
V, and is defined as follows:

(Def. 3) There exists a subspaXeof V1 such thaix = X andx = the carrier ofX.

Let us consideF, V;. The functoV; yielding a function from Subspacésinto 2he carier oy
is defined by:

(Def. 4) For every elemeritof Subspaceg, and for every subspad¢ of V; such thah = H holds
Vi(h) = the carrier oH.

The following propositions are true:

(1) For every strict vector spatg overF and for every non empty subddtof Subspaceg
holdsVi H is non empty.

(2) For every strict vector spatg overF and for every strict subspa¢eof V; holds Qy,) €
Vi(H).

Let us consideF, V; and letG be a non empty subset of Subspaged he functomn G yielding
a strict subspace &# is defined as follows:

(Def. 5) The carrier oNG =N (V' G).

We now state several propositions:
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(3) Subspaceg = the carrier ofly,).
(4) The meet operation df,) = SubMeeV;.
(5) The join operation of.(,) = SubJoin/.

(6) LetVi be a strict vector space over, p, q be elements oi.,), andHi, Hp be strict
subspaces of;. Supposep = Hi andq = Hy. Then p C q if and only if the carrier of
H; C the carrier ofHo.

(7) LetVi be a strict vector space ovEr p, g be elements of.(,), andHi, Hz be subspaces
of V1. If p=Hj andq=H;, thenpLig=H;+ Ha.

(8) LetVs be a strict vector space ovEr p, g be elements of.(,), andH1, Hz be subspaces
of Vi. If p=Hj andq=Hy, thenpriqg=H;NHa.

Let L be a non empty lattice structure. Let us observe tha complete if and only if the
condition (Def. 6) is satisfied.

(Def. 6) LetX be a subset df. Then there exists an elemembf L such thata C X and for every
elementb of L such thab C X holdsb C a.

Next we state two propositions:

(9) Foreveryv; holdsLy,) is complete.

(10) Letx be a sety; be a strict vector space ovEr andSbe a subset of;. If Sis non empty
and linearly closed, then ¥ € Lin(S), thenxe S

Let F be afield, letA, B be strict vector spaces over and letf be a function from the carrier
of Alinto the carrier oB. The functor FuncLatff ) yields a function from the carrier d@fa into the
carrier ofLg and is defined as follows:

(Def. 7) For every strict subspa&of A and for every subsd, of B such thaBy = f°(the carrier
of §) holds(FuncLatf f))(S) = Lin(Bo).

LetL,, L, be lattices. A function from the carrier bf into the carrier of., is said to be a lower
homomorphism betwedn andL if:

(Def. 8) For all elementa, b of L3 holds ifamb) = it(a) Nit(b).

Let L1, L, be lattices. A function from the carrier @f; into the carrier ofL, is said to be an
upper homomorphism betweén andL; if:

(Def. 9) For all elementa, b of L3 holds ifalb) = it(a) Lit(b).

The following propositions are true:

(11) LetlLy, Ly be lattices and be a function from the carrier af; into the carrier oL.,. Then
f is a homomorphism frorh; to Ly if and only if f is an upper homomorphism betwelen
andL; and a lower homomorphism betwekepandL.

(12) LetF be a field,A, B be strict vector spaces over and f be a map fromAinto B. If f is
linear, then FuncLatf ) is an upper homomorphism betweleg andLg.

(13) LetF be afield A, B be strict vector spaces ovier andf be a map fronA into B. Suppose
f is one-to-one and linear. Then Funcl(&itis a homomorphism frorfua to Lg.

(14) LetA, B be strict vector spaces overand f be a map fromA into B. If f is linear and
one-to-one, then FuncLa&ft) is one-to-one.

(15) For every strict vector spaéeoverF holds FuncLatfidie carrier ofa) = idthe carrier off.a-
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