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Operations on Subspaces in Vector Space

Wojciech A. Trybulec
Warsaw University

Summary. Sum, direct sum and intersection of subspaces are introduced. We prove
some theorems concerning those notions and the decomposition of vector onto two subspaces.
Linear complement of a subspace is also defined. We prove theorems that belong rather to [4].
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The articles|[6], [[3], [[9], 1], [210], [2], [12], [[11], [[¥], 4], 5], and[[8] provide the notation and
terminology for this paper.

For simplicity, we use the following conventior3; denotes an add-associative right zeroed
right complementable Abelian associative left unital distributive non empty double loop structure,
M denotes an Abelian add-associative right zeroed right complementable vector space-like non
empty vector space structure ov@y, W, Wi, Wo, W5 denote subspaces bf, u, v, vy, v» denote
elements oM, andx denotes a set.

Let us conside6s, let us consideM, and let us considét,, Ws. The functo; +W, yielding
a strict subspace & is defined by:

(Def. 1) The carrier of\y +Wo = {v+u:veWy A ueWo}.

Let us considefss, let us consideM, and let us considét), Wo. The functoMi NW, yields a
strict subspace d¥l and is defined as follows:

(Def. 2) The carrier of\y "W, = (the carrier o) N (the carrier of\,).

Let us note that the functd®, NW5 is commutative.
The following propositions are true:

(SH x € W +Ws iff there existvy, vo such thatr; € Wy andvs € Wo andx = v + V.
(6) If veW orveW,, thenve W +Ws.
(7) xeWLNWsiff xe Wy andx € Wo.
(8) For every strict subspa®® of M holdsW +W =W.
(9 Wi+Wo =Wo+W,.
(10) Wi+ (Wo+Ws) = (W +We) +Ws.
(11) W is a subspace &f; +Ws andWs is a subspace &4 +Ws.
(12) For every strict subspa®é of M holdsW; is a subspace &b iff Wy +Wo =Wo.

1 The propositions (1)-(4) have been removed.
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(13) For every strict subspaté of M holdsOy +W =W andW + 0y = W.

(14) Om + Qm = the vector space structure Bf andQy + O = the vector space structure of
M.

(15) Qm +W = the vector space structure f andW + Qu = the vector space structure df.

(16) LetM be a strict Abelian add-associative right zeroed right complementable vector space-
like non empty vector space structure o@r ThenQuy + Qm = M.

(17) For every strict subspaté of M holdsW NnW =W.

(18) WANWse =WoNWA.

(19) Win(WonWs) = (WA NW,) NWA.

(20) WiNW, is a subspace &fh andWy NW, is a subspace afib.

(21)(i) For every strict subspat¥ of M such thaiV, is a subspace &k holdsWi N"\Wo =W,
and

(i) for everyW; such thatvy N\, =W holdsW is a subspace ofb.
(22) If Wy is a subspace &fb, thenWy "W is a subspace afb NW5.
(23) If Wy is a subspace &fi, thenWy NWs is a subspace ofs.
(24) If Wy is a subspace &4, and a subspace W, thenW, is a subspace &b NWs.
(25) OmNW =0y andW N Oy = Oy .
(27E] For every strict subspad# of M holdsQy "W =W andWNQy =W.

(28) LetM be a strict Abelian add-associative right zeroed right complementable vector space-
like non empty vector space structure o@&r ThenQy NQy = M.

(29) WiNW, is a subspace af4 +Ws.

(30) For every strict subspaté of M holdsWi N"Ws +Wo = Wb,

(31) For every strict subspa®é of M holdsWj N (Wy +Ws) =W,

(32) WiNWs+WoNWs is a subspace afb N (W +W5).

(33) IfW; is a subspace &fb, thenWso N (Wy +W5) =Wh NWo +Wo NG,
(34) Wo+WiNW4 is a subspace diV +Wo) N (Wo +W5).

(35) IfW; is a subspace &fb, thenWso + Wi W5 = (W +Wa) N (W +W5).

(36) For every strict subspat® of M such that\; is a subspace & holdsWy +Wo "W =
(WL +Wo) NW5.

(37) For all strict subspac&¥;, Wo of M holdsWy + W, =Ws iff Wi NWo =W,

(38) For all strict subspacésh, W5 of M such thaw, is a subspace &b, holdsWy +Ws is a
subspace o\, +W5.

(39) IfWy is a subspace &b, thenW, is a subspace &fb +Ws.
(40) If Wy is a subspace &fs andW; is a subspace Mk, thenW, +Ws is a subspace ofii.

(41) There exist¥V such that the carrier & = (the carrier oW, ) U (the carrier oMb) if and
only if Wy is a subspace &b or W is a subspace o#4.

2 The proposition (26) has been removed.
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Let us conside; and let us considavl. The functor Subspacksyields a set and is defined
as follows:

(Def. 3) For everi holdsx € SubspaceM iff there exists a strict subspa@éof M such thawv = x.

Let us considez; and let us consideévl. One can check that Subspabés non empty.
We now state the proposition

(44 Let M be a strict Abelian add-associative right zeroed right complementable vector space-
like non empty vector space structure o@&r ThenM € Subspaceld..

Let us considef5;, let us consideM, and let us considai;, Wo. We say thaM is the direct
sum ofWy andWs if and only if:

(Def. 4) The vector space structureMf=W; +Ws, andW; NWs = Oy

In the sequeF is a field,V is a vector space ovér, andW is a subspace of.
Let us consideF, V, W. A subspace o¥ is called a linear complement & if:

(Def. 5) V is the direct sum of it anw/.

In the sequeWV, Wy, W, denote subspaces éf
One can prove the following four propositions:

(47@ If V is the direct sum oV} andW,, thenW, is a linear complement &4 .

(48) For every linear complemehtof W holdsV is the direct sum ot andW and the direct
sum ofW andL.

(49) LetL be a linear complement &/. ThenW + L = the vector space structure ¥fand
L +W = the vector space structure\¢f

(50) For every linear complemehtof W holdsWNL =0y andLNW = 0y,.

In the sequeWW;, Wo are subspaces M.
The following two propositions are true:

(51) If M is the direct sum ofV; andWs,, thenM is the direct sum of\b, andW;.
(52) M is the direct sum 0By andQy and the direct sum d@y andQy.

In the sequelV is a subspace of.
Next we state two propositions:

(53) For every linear complemehtof W holdsW is a linear complement df.
(54) Oy is alinear complement ddy andQy is a linear complement d¥,.

For simplicity, we adopt the following rulesiy, W, denote subspaces M, v denotes an
element ofM, C; denotes a coset &%, andC, denotes a coset 9.
Next we state several propositions:

(55) If Cy meetC,, thenCy NGy is a coset oM, NWs.

(56) M is the direct sum of\; andW if and only if for every cose€; of Wy and for every coset
C, of W, there exists an elemenbf M such thaC;NC, = {v}.

(57) LetM be a strict Abelian add-associative right zeroed right complementable vector space-
like non empty vector space structure o@&randwi, W, be subspaces . ThenW; +W, =
M if and only if for every element of M there exist elementg, v, of M such that; € Wy
andvo € Wo andv = vy + vs.

3 The propositions (42) and (43) have been removed.
4 The propositions (45) and (46) have been removed.
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(58) Letv, v, Vo, U1, Up be elements oM. SupposeM is the direct sum ofV; andW, and
v=vV;+V, andv=u; + up andv; € Wy andu; € Wy andvo € W andu; € Wo. Thenvy = ug
andvy = up.

(59) Suppose that
i) M=W+W,, and

(i) there existsv such that for all elementg, v, ui, U of M such thatv = v; + v, and
V= U + Uz andvy € Wy andu; € Wy andv, € Wo andup € W, holdsvy = ug andvs = us.

ThenM is the direct sum o\, andWs.

Let us consideGy, M, v, Wi, W. Let us assume thdd is the direct sum of\; andWs. The
functorv(wlwz) yields an element dfthe carrier oMM, the carrier oM ] and is defined as follows:

(Def.6) v= <V(W1.,Wz))1 + (V(Wl.,Wz) )2 and(v<Wl_W2))1 eW and(v(Wlwz))z eWs.
One can prove the following two propositions:
(64ﬂ If M is the direct sum oy andWb, then(vy, \,\)1= (Viy, wy))2-
(65) If M is the direct sum ofVy andWs, then(v(wl‘wz))z = (V(vvz.wl))l'

In the sequéelV is a subspace of.
One can prove the following propositions:

(66) LetL be a linear complement &F, v be an element of, andt be an element of the
carrier ofV, the carrier o/ J. If t; +t, = vandt; e W andt; € L, thent = V(W‘L).

(67) For every linear complement of W and for every element of V holds (V(W,L))1+
(V(W’L))z =V.

(68) For every linear complemehtof W and for every elementof V holds(v(W7L) )1 € Wand
(V(W7L))2 eL.

(69) For every linear complement of W and for every element of V holds (V(W’L))l =
(V(L,W))z'

(70) For every linear complemeit of W and for every element of V holds (V(WVL))Z =
(V(Lyw))l.

In the sequeh, Ay are elements of SubspadésandWi, W, are subspaces .
Let us conside; and let us considevl. The functor SubJoil yielding a binary operation on
Subspacedl is defined as follows:

(Def. 7) For allAg, Az, Wi, W, such thath; =Wy andA; =W, holds(SubJoiM) (A, A2) =W +
Wo.

Let us conside; and let us considavl. The functor SubMedd yielding a binary operation
on Subspacéd is defined as follows:

(Def. 8) For allAg, Ay, Wi, W5 such thatd; =W, and Ay =W, holds (SubMeeM) (A, Ay) =
Wi NW.

We now state several propositions:

(75f] (Subspace!, SubJoirM, SubMeeM) is a lattice.

5 The propositions (60)—(63) have been removed.
6 The propositions (71)—(74) have been removed.
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Subspacedsl, SubJoirM, SubMeeM) is a lower bound lattice.

)
Subspacdsl, SubJoirM, SubMeeM) is an upper bound lattice.
)
)

(

(
(78) (Subspacesl, SubJoirM, SubMeeM) is a bound lattice.
(79) ¢

Subspacedsl, SubJoirM, SubMeeM) is a modular lattice.

(80) For every fieldF and for every vector spacé over F holds (Subspaceg, SubJoitV,

(1]
(2]

4

(3]

6]

(7]

8l

19
[10]

[11]

[12]

SubMeeV) is a complemented lattice.
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