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The articlesl[¥],14],19], [3], [2], [8], [5], [6], and[l] provide the notation and terminology for this

paper.
In this papefF; denotes a non empty double loop structure Britenotes a field.
LetI; be a non empty multiplicative loop structure. We say thas well unital if and only if:

(Def. ZE] For every element of I; holdsx- 1,y = xandl,) - X=X

One can verify the following observations:

x every non empty multiplicative loop structure which is well unital is also left unital and
right unital,

x every non empty multiplicative loop structure which is left unital and right unital is also
well unital, and

x there exists a non empty double loop structure which is strict, Abelian, add-associative,
right zeroed, right complementable, well unital, and distributive.

The following proposition is true

(1) Forallscalarg, y, zof Fy holdsx+y=y+xand(x+y) +z=X+(y+2) andx+0, =
andx+—x= 0,y andx- gy = xandlg)-x=xand(x-y)-z=x-(y-z) andx- (y+2) =
X-y+x-zand(y+2z)-x=y-x+z-xif and only if F; is a ring.

Let us note that there exists a ring which is strict.

Let us note that there exists a ring which is commutative.

A commutative ring is a commutative ring.

One can check that there exists a commutative ring which is strict.

Letl; be a non empty multiplicative loop with zero structure. We say Ithstintegral domain-

like if and only if:
(Def. Sﬂ For all elements, y of I; such thak-y = 0, holdsx = 0,y ory = 0y,).

1 The definition (Def. 1) has been removed.
2 The definitions (Def. 3) and (Def. 4) have been removed.
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One can check that there exists a commutative ring which is strict, non degenerated, and integral

domain-like.
An integral domain is an integral domain-like non degenerated commutative ring.

Next we state the proposition
(13 F is an integral domain.

Let us mention that there exists a ring which is non degenerated and field-like.
A skew field is a non degenerated field-like ring.

Let us mention that there exists a skew field which is strict.

In the sequeRis aring.

The following propositions are true:

(16@ Suppose that for every scataof R holds if x # Ogr, then there exists a scalaof R such
thatx-y = 1g and &k # 1g. ThenRis a skew field.

(19F] F is a skew field.

Let us note that every non empty multiplicative loop structure which is commutative and left
unital is also well unital and every non empty multiplicative loop structure which is commutative
and right unital is also well unital.

In the sequeR denotes an Abelian add-associative right zeroed right complementable non empty

loop structure and, y, zdenote scalars dr.
The following three propositions are true:

(2F x+y=ziff x=z—yandx+y=ziff y=z—x

(34 Let R be an add-associative right zeroed right complementable non empty loop structure
andx be an element dR. Thenx = Oy if and only if —x = Og.

(38 Let R be an add-associative right zeroed Abelian right complementable non empty loop
structure and, y be elements oR. Then there exists an elementf R such thax =y +z
andx=z+y.

In the seque$; denotes a skew field angly, z denote scalars .
The following propositions are true:

(39) LetF be an add-associative right zeroed right complementable distributive non degenerated
non empty double loop structure ardy be elements oF. If x-y = 1¢, thenx # O and

y# OF.

(40) LetS; be anon degenerated field-like associative Abelian add-associative right zeroed right
complementable well unital distributive non empty double loop structurexdéedan element
of S. If X # O(s,), then there exists an elemgnof S, such thay-x = 1g)).

(41) Ifx.y=1sg), theny-x=1sg).

(42) LetS; be a non degenerated field-like associative Abelian add-associative right zeroed
right complementable well unital distributive non empty double loop structurand be
elements of. If X-y=x-zandx# Q(g)), theny =z

Let S, be a non degenerated field-like associative Abelian add-associative right zeroed right
complementable well unital distributive non empty double loop structure axdketain element of
S1. Let us assume that# Os,). The functorx—! yielding a scalar o8, is defined as follows:

3 The propositions (2)—-(12) have been removed.

4 The propositions (14) and (15) have been removed.
5 The propositions (17) and (18) have been removed.
6 The propositions (20) and (21) have been removed.
" The propositions (23)—-(33) have been removed.

8 The propositions (35)—(37) have been removed.
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(Def. 7 x-xt=1g).

Let us considefy, x, y. The functor§ yielding a scalar of; is defined by:

(Def.8) = x-y L.

One can prove the following propositions:
(43) Ifx#0), thenx-x 1 =1g)andxt-x=1sg).
459 If x-y =1, thenx =y *andy =x"*.
(46) Ifx+#0(s,) andy # Og)), thenx .yt = (y-x) 71,
(47) 1fx-y=0s,), thenx=0(g) ory=0s,).
(48) Ifx# 0, thenx ! #£0g)).
(49) Ifx#0,), then(x 1)t =x

(50) Ifx#0s,), thenl‘—f}) =x1 and% =X

(51) Ifx#0g), thenx- “& — 15 and™&.x=14).
(52) Ifx# 0(31)7 thenl; = 1(51).

(53) Ify#0s)andz# 0, then§ = %

(54) Ify#0s), thenf§ = ‘7’( and%y = J—;.

z

(55) Ifz#0g), thenZ+ =" and% ¥ ="

(56) Ify#0s)andz# 0, then{z} = XTZ

(57) Ify#0s), then’—; Yy=X

LetF; be a 1-sorted structure. We consider right module structuredgwearextensions of loop
structure as systems

( a carrier, an addition, a zero, a right multiplicatign
where the carrier is a set, the addition is a binary operation on the carrier, the zero is an element
of the carrier, and the right multiplication is a function frdrthe carrierthe carrier ofF; | into the
carrier.

Let F; be a 1-sorted structure. Observe that there exists a right module structufg evgEch
is non empty.

Let F, be a 1-sorted structure, latbe a non empty set, letbe a binary operation ofy, letZ be
an element oA, and letr be a function fronf: A, the carrier ofF; ] into A. Note that(A,a,Z,r) is
non empty.

Let us consideF; and letR; be a non empty right module structure o¥gr A scalar ofR; is
an element oF;. A vector ofR; is an element oR;.

Let F,, F3 be 1-sorted structures. We introduce bimodule structures eyefFs; which are
extensions of vector space structure deeand right module structure oveg and are systems

( a carrier, an addition, a zero, a left multiplication, a right multiplicatipn
where the carrier is a set, the addition is a binary operation on the carrier, the zero is an element of
the carrier, the left multiplication is a function fropthe carrier off, the carrief:into the carrier,
and the right multiplication is a function frofrthe carrierthe carrier ofr; ] into the carrier.

Let F», F3 be 1-sorted structures. Observe that there exists a bimodule structurE,p¥gr
which is non empty.

9 The definition (Def. 6) has been removed.
10 The proposition (44) has been removed.
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Let F, Fs be 1-sorted structures, I&tbe a non empty set, letbe a binary operation of, let
Z be an element oA, let| be a function from: the carrier off,, Aj into A, and letr be a function
from [: A, the carrier of3] into A. Note that(A,a,Z,1,r) is non empty.

In the sequeR, Ry, Rz are rings.

Let R be an Abelian add-associative right zeroed right complementable non empty loop struc-
ture. The functor AbGIR) yielding a strict Abelian group is defined as follows:

(Def. 9) AbGKR) = (the carrier ofR, the addition oRR, the zero oR).

Let us consideR. Note that there exists a non empty vector space structureRowdrich is
Abelian, add-associative, right zeroed, right complementable, and strict.

Let us consideR. The functor LeftModR) yielding an Abelian add-associative right zeroed
right complementable strict non empty vector space structureRigedefined as follows:

(Def. 11E LeftMod(R) = (the carrier ofR, the addition oR, the zero oR, the multiplication ofR).

Let us consideR. Note that there exists a non empty right module structure Bughich is
Abelian, add-associative, right zeroed, right complementable, and strict.

Let us consideR. The functor RightMo@R) yields an Abelian add-associative right zeroed
right complementable strict non empty right module structure Bvand is defined by:

(Def. 14f7 RightMod(R) = (the carrier ofR, the addition ofR, the zero ofR, the multiplication of
R).

)

Let Rbe a non empty 1-sorted structure,\lebe a non empty right module structure o®Rtet
x be an element dR, and letv be an element df. The functorv- x yields an element of and is
defined as follows:

(Def. 15) v-x = (the right multiplication o) (v, ).
(Def. 17) op is a unary operation ofd}.
(Def. 18) op is an element of 0}.

Let us consideRy, Rs. Note that there exists a non empty bimodule structure BveRs which
is Abelian, add-associative, right zeroed, right complementable, and strict.

Let us consideR;, Rz3. The functor BiModR;,R3) yields an Abelian add-associative right
zeroed right complementable strict non empty bimodule structureRyyé; and is defined by:

(Def. Zlﬁ BiMod(Rz,R3) = ({0}, 0p,,0py, T((the carrier ofRy) x {0}),m ({0} x the carrier of
Ra)).

One can prove the following proposition

(71@ Letx, y be scalars oR andv, w be vectors of LeftMo@R). Thenx: (v+w) = X-v+X-w
and(x+y)-v=x-v+y-vand(x-y)-v=Xx-(y-v) andlg-v=\v.

Let us consideR. One can check that there exists a non empty vector space structuri@ over
which is vector space-like, Abelian, add-associative, right zeroed, right complementable, and strict.
Let us consideR. A left module overR is an Abelian add-associative right zeroed right com-
plementable vector space-like non empty vector space structur@over

Let us consideR. Observe that LeftMo@R) is Abelian, add-associative, right zeroed, right
complementable, strict, and vector space-like.

One can prove the following proposition

(77E Letx, y be scalars oR andv, w be vectors of RightMogR). Then(v+w) - X = V- X+W-X
andv- (X+y) =v-x+v-yandv-(y-x) = (v-y)-xandv-1g = v.

11 The definition (Def. 10) has been removed.

12 The definitions (Def. 12) and (Def. 13) have been removed.
13 The definitions (Def. 18)—(Def. 20) have been removed.

14 The propositions (58)—(70) have been removed.

15 The propositions (72)—(76) have been removed.
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Let R be a non empty double loop structure andljebe a non empty right module structure
overR. We say that; is right module-like if and only if the condition (Def. 23) is satisfied.

(Def. 239 Let x, y be scalars oR andv, w be vectors ofi;. Then(v+w)-x = v-x+w-x and
V- (X+Yy) =V-Xx+Vv-yandv- (y-x) = (v-y)-xandv- g = v.

Let us consideR. Observe that there exists a non empty right module structureRowich is
Abelian, add-associative, right zeroed, right complementable, right module-like, and strict.

Let us consideR. A right module overR is an Abelian add-associative right zeroed right
complementable right module-like non empty right module structure Rver

Let us consideR. One can verify that RightMddR) is Abelian, add-associative, right zeroed,
right complementable, and right module-like.

Let us consideRy, R; and letl; be a non empty bimodule structure oWy, Rs. We say that;
is bimodule-like if and only if:

(Def. 24) For every scalax of R, and for every scalap of R; and for every vectov of I; holds
X (V- p) = (X-V)-p.

Let us consideRy, R3. Note that there exists a non empty bimodule structure 8geRs
which is Abelian, add-associative, right zeroed, right complementable, right module-like, vector
space-like, bimodule-like, and strict.

Let us consideR;, R3. A bimodule overR; andR3 is an Abelian add-associative right ze-
roed right complementable right module-like vector space-like bimodule-like non empty bimodule
structure oveRy, Rs.

Next we state two propositions:

(SSH LetV be a non empty bimodule structure o¥r;, Rs. Then the following statements are
equivalent

(i) for all scalarsx, y of R, and for all scalarp, q of Rs and for all vectors/, w of V holds
X- (V+W) =x-V+x-wand(x+y)-v=x-v+y-vand(x-y) -v=x-(y-v) andlg,) -v=vand
(V+w)-p=v-p+w-pandv-(p+q)=v-p+Vv-qandv-(q-p) = (v-q)-pandv-Lg, =V
andx- (v- p) = (x-v) - p,

(i)  V isright module-like, vector space-like, and bimodule-like.

(84) BiMod(Ry,Rs) is a bimodule oveR; andRs.

Let us consideRy, Rz. One can verify that BiMofR, Rs) is Abelian, add-associative, right
zeroed, right complementable, right module-like, vector space-like, and bimodule-like.
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