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The articles|[4], [[8], [[6], 2], [3], [1], [5], and[]7] provide the notation and terminology for this
paper.

In this papelG; is a non empty loop structure.
The binary operatior-g onR is defined as follows:

(Def. 4] For all elements;, y of R holds+g (X, y) = X+Y.
The unary operatiorg onR is defined as follows:
(Def. 5) For every elementof R holds—g (x) = —x.
The strict loop structur®g is defined as follows:
(Def. 6) Rg = (R,+r,0).

One can verify thaRg is non empty.

Let us note thaRg is Abelian, add-associative, right zeroed, and right complementable.
One can prove the following proposition

(GE] For all elements, y, zof Rg holdsx+y = y+xand(x+y) +z= X+ (y+2) andx+Og; = X
andx+ —x = Ogg.

Let us note that there exists a non empty loop structure which is strict, add-associative, right
zeroed, right complementable, and Abelian.

An Abelian group is an add-associative right zeroed right complementable Abelian non empty
loop structure.

Next we state the proposition

(7) Forallelements, y, zof G holdsx+y = y-+xand(x+y) +2z=x+(y+2) andx+0g,) = X
and there exists an elemeitof G; such thatx+ X' = Oy if and only if G; is an Abelian
group.

1Supported by RPBP.111-24.C6.
1 The definitions (Def. 1)—(Def. 3) have been removed.
2 The propositions (1)-(5) have been removed.
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We consider groupoids as extensions of 1-sorted structure as systems
( a carrier, a multiplication,
where the carrier is a set and the multiplication is a binary operation on the carrier.
One can check that there exists a groupoid which is non empty and strict.
We introduce multiplicative loop structures which are extensions of groupoid and are systems
( a carrier, a multiplication, a unity,

where the carrier is a set, the multiplication is a binary operation on the carrier, and the unity is an
element of the carrier.

Let us observe that there exists a multiplicative loop structure which is non empty and strict.

Let F; be a multiplicative loop structure. The functhg,) yielding an element of, is defined
as follows:

(Def. 9f| 1(r,) = the unity ofFy.

We introduce multiplicative loop with zero structures which are extensions of multiplicative
loop structure and zero structure and are systems

( a carrier, a multiplication, a unity, a zeyp
where the carrier is a set, the multiplication is a binary operation on the carrier, the unity is an
element of the carrier, and the zero is an element of the carrier.

One can check that there exists a multiplicative loop with zero structure which is non empty and
strict.

We introduce double loop structures which are extensions of loop structure and multiplicative
loop with zero structure and are systems

( a carrier, an addition, a multiplication, a unity, a z&ro
where the carrier is a set, the addition and the multiplication are binary operations on the carrier,
and the unity and the zero are elements of the carrier.

Let us mention that there exists a double loop structure which is non empty and strict.

Let F; be a non empty groupoid and bety be elements oF;. The functorx-y yielding an
element ofF is defined by:

(Def. 10) x-y = (the multiplication ofF;)(x, y).
LetI; be a non empty double loop structure. We say thét right distributive if and only if:
(Def. 11) For all elements, b, c of I1 holdsa- (b+c)=a-b+a-c.
We say that is left distributive if and only if:
(Def. 12) For all elementa, b, c of I holds(b+c)-a=b-a+c-a
Let I, be a non empty multiplicative loop structure. We say thas right unital if and only if:
(Def. 13)  For every elementof I; holdsx- 1, = x.
The binary operatiork onR is defined as follows:
(Def. 14) For all elements, y of R holds-g (X, y) = X-V.
The strict double loop structuiiRr is defined by:
(Def. 15) Rg = (R, +g,r,1,0).
LetI; be a non empty groupoid. We say thats associative if and only if:
(Def. 16) For all elements, y, zof I; holds(x-y) -z= x-(y- 2).
We say that; is commutative if and only if:
(Def. 17) For all elements, y of I; holdsx-y=y-x.

LetI; be a non empty double loop structure. We say that distributive if and only if:

3 The definitions (Def. 7) and (Def. 8) have been removed.
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(Def. 18) For all elements, y, zof I1 holdsx- (y+2) = x-y+Xx-zand(y+2)-Xx=Yy-X+2z-X.
LetI; be a non empty multiplicative loop structure. We say thas left unital if and only if:
(Def. 19)  For every elementof I; holds1,) - X=X

Let 1 be a non empty multiplicative loop with zero structure. We say ttht field-like if and
only if:

(Def. 20) For every element of 1; such thatx # 0;,) there exists an elementof 1; such that
X-y= 1(|1).
Let 1, be a multiplicative loop with zero structure. We say thds degenerated if and only if:
(Def. 21) Q|1) = 1(|1>.

Let us observe th&r is non empty.

One can verify thaRg is add-associative, right zeroed, right complementable, Abelian, com-
mutative, associative, left unital, right unital, distributive, field-like, and non degenerated.

Let us observe that every non empty double loop structure which is distributive is also left
distributive and right distributive and every non empty double loop structure which is left distributive
and right distributive is also distributive.

One can verify that there exists a non empty double loop structure which is add-associative,
right zeroed, right complementable, Abelian, commutative, associative, left unital, right unital, dis-
tributive, field-like, non degenerated, and strict.

Let us note that there exists a non empty groupoid which is commutative and associative.

Afield is an add-associative right zeroed right complementable Abelian commutative associative
left unital distributive field-like non degenerated non empty double loop structure.

Next we state two propositions:

(21E| Letx, y, zbe elements dRr. Thenx+y=y+xand(x+Y)+z= X+ (y+2) andx+Og. = X
andx+ —x = Og. andx-y=y-xand(x-y)-z=X-(y-z) and 1. -x = x and if X # Og,
then there exists an elemeynbf Rr such thatx-y = 1z andx- (y+2) = x-y+x-z and
(Y+2) - X=Yy-X+Z-X.

(22) LetF; be a non empty double loop structure. Then the following statements are equivalent

() forall elementsx, y, zof F; holds ifx # O, then there exists an elemgnof F such
thatx-y = 1) andx- (y+2) =x-y+x-zand(y+2) - x=y-x+2-X,

(i)  Fyis a distributive field-like non empty double loop structure.

Let F; be a commutative non empty groupoid anddet be elements of;. Let us observe that
the functorx -y is commutative.
The following proposition is true

(BSE] Let F be an associative commutative left unital distributive field-like non empty double
loop structure and, y, zbe elements of. If x# O andx-y=Xx-z theny=z

Let F be an associative commutative left unital distributive field-like non empty double loop
structure and let be an element df. Let us assume that# O . The functorx—* yields an element
of F and is defined by:

(Def. 22) x-x1=1¢.

Let F be an associative commutative left unital distributive field-like non empty double loop
structure and lex, y be elements oF. The functor)% yields an element oF and is defined as
follows:

(Def.23) 3= x-y L.

4 The propositions (8)—(20) have been removed.
5 The propositions (23)—(32) have been removed.
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Next we state several propositions:

(BGE] LetF be an add-associative right zeroed right complementable right distributive non empty
double loop structure andbe an element df. Thenx- O = Of.

(39 Let F be an add-associative right zeroed right complementable left distributive non empty
double loop structure andbe an element df. Then G -x = Of.

(40) LetF be an add-associative right zeroed right complementable right distributive non empty
double loop structure and y be elements of. Thenx:- —y = —x-y.

(41) LetF be an add-associative right zeroed right complementable left distributive non empty
double loop structure and y be elements of . Then(—x) -y = —x-V.

(42) LetF be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure ang, y be elements of. Then(—x)-—y=X-V.

(43) LetF be an add-associative right zeroed right complementable right distributive non empty
double loop structure and y, zbe elements of. Thenx: (y—2) =x-y—X-z

(44) LetF be an add-associative right zeroed right complementable associative commutative
left unital field-like distributive non empty double loop structure ang be elements ofF.
Thenx-y= 0O if and only if x= O ory = Of.

(45) LetK be an add-associative right zeroed right complementable left distributive non empty
double loop structure aral b, c be elements oK. Then(a—b)-c=a-c—b-c.

LetF be a 1-sorted structure. We introduce vector space structuref avieich are extensions
of loop structure and are systems

( a carrier, an addition, a zero, a left multiplicatign
where the carrier is a set, the addition is a binary operation on the carrier, the zero is an element
of the carrier, and the left multiplication is a function frdrthe carrier ofF, the carrier:into the
carrier.

Let F be a 1-sorted structure. Observe that there exists a vector space structufeatieh is
non empty and strict.

Let F be a 1-sorted structure, 1&tbe a non empty set, letbe a binary operation oA, let Z
be an element of, and letl be a function fron:the carrier ofF, A] into A. One can verify that
(A,a,Z,1) is non empty.

Let F be a 1-sorted structure. A scalarfofs an element oF.

Let F be a 1-sorted structure and &t be a vector space structure ower A scalar ofV; is a
scalar ofF. A vector ofV, is an element of;.

Let F be a non empty 1-sorted structure,\febe a non empty vector space structure dvelet
x be an element of, and letv be an element 0f. The functorx- v yielding an element o¥ is
defined by:

(Def. 24) x-v = (the left multiplication ofV)(x, v).

Let F be a non empty loop structure. The functor cdmpielding a unary operation on the
carrier ofF is defined by:

(Def. 25) For every elememtof F holds(compF)(x) = —x.

LetF be a non empty double loop structure and{die a non empty vector space structure over
F. We say that; is vector space-like if and only if the condition (Def. 26) is satisfied.

(Def. 26) Letx, y be elements oF andv, w be elements of;. Thenx- (v+w) =x-v+Xx-wand
(X+Yy)-v=x-v+y-vand(x-y)-v=x-(y-v) andlg -v=\.

6 The propositions (34) and (35) have been removed.
7 The propositions (37) and (38) have been removed.
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Let F be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure. Observe that there exists a non empty vector space
structure ovelF which is vector space-like, add-associative, right zeroed, right complementable,
Abelian, and strict.

Let F be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure. A vector space &vés a vector space-like add-
associative right zeroed right complementable Abelian non empty vector space structufe over

In the sequeF denotes a fieldx denotes an element &f, V denotes a vector space-like add-
associative right zeroed right complementable non empty vector space structufg avelv de-
notes an element &f.

We now state several propositions:

(59 LetF be an add-associative right zeroed right complementable Abelian associative left uni-
tal distributive non empty double loop structuxdye an element df, V be an add-associative
right zeroed right complementable vector space-like non empty vector space structure over
F, andv be an element of. Then @ -v=0y and(—1¢)-v= —vandx-0y = Oy.

(60) x-v=0y iff x=0g orv=_0y.

(63 LetV be an add-associative right zeroed right complementable non empty loop structure
andv, w be elements df. Thenv+w = Oy if and only if —v=w.

(64) LetV be an add-associative right zeroed right complementable non empty loop struc-
ture andu, v, w be elements of/. Then—(v+w) = —-w—-vand—(w+—-v) =v—w and
—(v—w) =w+—-vand—(—v—w) =w+vandu— (W+V) =u—v—Ww.

(65) LetV be an add-associative right zeroed right complementable non empty loop structure
andv be an element of. Then® —v=—vandv—-0y = V.

(66) LetF be an add-associative right zeroed right complementable non empty loop structure
andx, y be elements of. Then

(i) x+-y=0giff x=y,and
(i) x—y=0Cgiff x=y.
(67) Ifx+#0F,thenx 1 (x-v)=v.

(68) LetF be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuvebe a vector space-like add-associative
right zeroed right complementable non empty vector space structur& pxdre an element
of F, andv, w be elements of. Then—x-v = (—X)-vandw—X-v=w+ (—X) - V.

Let us observe that every non empty multiplicative loop structure which is commutative and left
unital is also right unital.
We now state several propositions:

(69) LetF be an add-associative right zeroed right complementable Abelian associative left
unital right unital distributive non empty double loop structiWehe a vector space-like add-
associative right zeroed right complementable non empty vector space structuFe pber
an element of, andv be an element of . Thenx- —v= —x-v.

(70) LetF be an add-associative right zeroed right complementable Abelian associative left
unital right unital distributive non empty double loop structiwehe a vector space-like add-
associative right zeroed right complementable non empty vector space structuFe o
an element ofF, andv, w be elements 0¥ . Thenx: (v—w) = X-v—X-W.

8 The propositions (46)—(58) have been removed.
9 The propositions (61) and (62) have been removed.
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(73@ Let F be an add-associative right zeroed right complementable commutative associative
left unital non degenerated field-like distributive non empty double loop structure la@dn
element ofF. If x # O, then(x 1)t =x.

(74) For every fieldF and for every element of F such thatx # O holdsx ! # O and
—x1 = O.

(78] 1ge + 1gp # O
Letl; be a non empty loop structure. We say thas Fanoian if and only if:
(Def. 2&8 For every elemera of |; such thae+a= 0,) holdsa= 0.

Let us observe that there exists a non empty loop structure which is Fanoian.

Let F be an add-associative right zeroed right complementable commutative associative left
unital field-like non degenerated distributive non empty double loop structure. Let us observe that
F is Fanoian if and only if:

(Def. 29) 1f + 1f # Of.

Let us observe that there exists a field which is strict and Fanoian.
One can prove the following propositions:

(81 Let F be an add-associative right zeroed right complementable non empty loop structure
anda, b be elements of. Then—(a—b) =b—a.

(84@ Let F be an add-associative right zeroed right complementable non empty loop structure
anda, b be elements of. If a—b =0, thena="h.

(SGE Let F be an add-associative right zeroed right complementable non empty loop structure
andabe an element gf. If —a= O, thena= 0.

(87) LetF be an add-associative right zeroed right complementable non empty loop structure
anda, b be elements of. If a—b = 0r, thenb—a = 0.
(88) Leta, b, cbe elements of. Then
() if a#OF anda-c—b=0g,thenc=b-a?1, and
(i) if a#0p andb—c-a=0g, thenc=b-a L.

(89) LetF be an add-associative right zeroed right complementable non empty loop structure
anda, b be elements of . Thena+b=—(—b+ —a).

(90) LetF be an add-associative right zeroed right complementable non empty loop structure
anda, b, c be elements of. Then(b+a) — (c+a) =b—c.

(91) For every Abelian add-associative non empty loop strudtuaed for all elements, b, ¢
of F holds(a+b)—c=(a—c)+h.

(92) LetG be an add-associative right zeroed right complementable non empty loop structure
andv, w be elements 0&. Then—(—v+w) = —w+V.

(93) LetG be an Abelian add-associative right zeroed right complementable non empty loop
structure and, v, w be elements os. Thenu—v—w=u—w-—V.

10 The propositions (71) and (72) have been removed.
11 The propositions (75)—(77) have been removed.

12 The definition (Def. 27) has been removed.

13 The propositions (79) and (80) have been removed.
14 The propositions (82) and (83) have been removed.
15 The proposition (85) has been removed.
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