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Summary. The article presents well known facts about quotient vector spaces and
functionals (se€ 8]). There are repeated theorems and constructions with either weaker as-
sumptions or in more general situations (see [11], [7]! [10]). The construction of coefficient
functionals and non degenerated functional in quotient vector space generated by functional
in the given vector space are the only new things which are done.

MML Identifier: VECTSP10.

WWW: http://mizar.org/JFM/Volld/vectspl0.html

The articles([1B],[[5],[[20],[12],[[3],[[1],[[15],[[2], [11/7],[[7],[[21],[[4] [[6],[[14],[[10],[[18],.[16], and
[9] provide the notation and terminology for this paper.

1. AUXILIARY FACTS ABOUT DOUBLE LOOPS ANDVECTOR SPACES
The following proposition is true

(1) LetK be an add-associative right zeroed right complementable left distributive left unital
non empty double loop structure aadbe an element dk. Then(—1k)-a= —a.

Let K be a double loop structure. The functor StructVe¢kSpyields a strict vector space
structure oveK and is defined as follows:

(Def. 1) StructVectS(K) = (the carrier oK, the addition oK, the zero oK, the multiplication of
K).

LetK be a non empty double loop structure. Observe that StructVE<Se non empty.

LetK be an Abelian non empty double loop structure. Observe that Struct\@t&pAbelian.

Let K be an add-associative non empty double loop structure. Note that StructikeriSp
add-associative.

Let K be a right zeroed non empty double loop structure. Note that Struct\@ct$pright
zeroed.

Let K be a right complementable non empty double loop structure. Note that StructYégtSp
is right complementable.

Let K be an associative left unital distributive non empty double loop structure. Observe that
StructVectSEK) is vector space-like.

LetK be a non degenerated non empty double loop structure. Observe that StructKedsSp
non trivial.

Let K be a non degenerated non empty double loop structure. One can check that there exists a
non empty vector space structure okewhich is non trivial.
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LetK be an add-associative right zeroed right complementable non empty double loop structure.
One can verify that there exists a non empty vector space structur& avieich is add-associative,
right zeroed, right complementable, and strict.

LetK be an add-associative right zeroed right complementable associative left unital distributive
non empty double loop structure. One can check that there exists a non empty vector space structure
overK which is add-associative, right zeroed, right complementable, vector space-like, and strict.

Let K be an Abelian add-associative right zeroed right complementable associative left unital
distributive non degenerated non empty double loop structure. Observe that there exists a non empty
vector space structure oMéwhich is Abelian, add-associative, right zeroed, right complementable,
vector space-like, strict, and non trivial.

Next we state a number of propositions:

(2) LetK be an add-associative right zeroed right complementable associative left unital dis-
tributive non empty double loop structugebe an element &, V be an add-associative right
zeroed right complementable vector space-like non empty vector space structuke amdr
v be a vector o¥/. Then k -v= 0y anda-0y = 0Oy.

(3) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuké,be a vector space ovét, S T be
subspaces d&f, andv be a vector oV/. If SN T =0y andv € Sandv € T, thenv = 0y.

(4) LetK be a field,V be a vector space ovét, x be a set, and be a vector ov. Then
x € Lin({v}) if and only if there exists an elemeabf K such thak=a-v.

(5) LetK be afieldV be a vector space ovér, v be a vector oV, anda, b be scalars of/. If
v# 0Oy anda-v=Db-v,thena=nh.

(6) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuvepe a vector space ovér, andW, Ws
be subspaces &f. Supposé/ is the direct sum oV; andWs,. Letv, vy, v» be vectors o¥/.
If vi e W andv, e Wo andv = vy + Vo, thenv(WLWZ) = (v1, Vo).

(7) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuvebe a vector space ovér, andW, Wo
be subspaces &f. Supposé/ is the direct sum ofV; andWs. Letv, v1, v» be vectors oV.
If V(waz) = (v1, Vo), thenv=v; 4+ vy.

(8) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuvebe a vector space ovér, andwW, Wo
be subspaces &f. Supposé/ is the direct sum ofV; andWs. Letv, vi, v» be vectors oV.
If V(WL\NZ) = (v1, Vo), thenv; e Wy andv; € Wo.

(9) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuvebe a vector space ovér, andwW, W
be subspaces &f. Suppos¢/ is the direct sum oiV; andWs. Letv, vy, Vo be vectors oV/.

If Vinaws) = (v1, V2), thenv(WZ’Wl) = (Va, v1).

(10) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuvebe a vector space ovér, andW, Wo
be subspaces &f. Suppose/ is the direct sum o\, andWs. Letv be a vector oV. If

veW, thenv(Wlwz) = (v, Ov).

(11) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuvepbe a vector space ovér, andW, Wo
be subspaces &f. Supposeé/ is the direct sum o\, andWs. Letv be a vector oV. If

veW,, thenv(WLWZ) = (Oy, V).
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(12) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuké,be a vector space ovéd, Vi be a
subspace o , W, be a subspace &f, andv be a vector o¥V. If ve W, thenvis a vector of
Vi.

(13) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuvebe a vector space ovér, Vi, Vo, W be
subspaces of , andWy, Ws be subspaces aV. If Wy =V, andW, = V,, thenW) +Ws =
Vi +Vs.

(14) LetK be afieldV be a vector space ovir, W be a subspace &f, v be a vector o¥/, and
w be a vector oW. If v=w, then Lin({w}) = Lin({v}).

(15) LetK be afieldV be a vector space ové&, v be a vector oV, andX be a subspace &f.
Supposer ¢ X. Lety be a vector oiX + Lin({v}) andW be a subspace of + Lin({v}). If
v=yandW = X, thenX +Lin({v}) is the direct sum o# and Lin({y}).

(16) LetK be a field,V be a vector space ové, v be a vector o¥/, X be a subspace &f, y
be a vector oK + Lin({v}), andW be a subspace of+ Lin({v}). If v=yandX =W and

VE X, theny iy in gy = (Ow, ¥)-

(17) LetK be afieldV be a vector space ovér, v be a vector oV, X be a subspace &f, y be
a vector ofX + Lin({v}), andW be a subspace of +Lin({v}). Supposev =y andX =W
andv ¢ X. Letw be a vector oX +Lin({v}). If we X, thenw<W Lin(typ) = (w, Ov).

(18) LetK be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structuvebe a vector space ovir, v be a vector
of V, andWy, W, be subspaces ®f. Then there exist vectoks, v» of V such thav(wl.wz) =

(Vl, Vz).

(19) LetK be afieldV be a vector space ovKr, v be a vector 0¥/, X be a subspace df, ybe a
vector ofX 4 Lin({v}), andW be a subspace of +Lin({v}). Supposer =y andX =W and
v ¢ X. Letw be a vector oX + Lin({v}). Then there exists a vectarof X and there exists
an element of K such that/v(W_’Lw{y})) = (X, r-V).

(20) LetK be a field,V be a vector space ovét, v be a vector ol/, X be a subspace &f,
y be a vector ofX + Lin({v}), andW be a subspace of + Lin({v}). Supposes =y and
X =W andv ¢ X. Let wi, w be vectors ofX + Lin({v}), x1, X2 be vectors ofX, andrj,
ro be elements oK. If (Wl)(W,Lin({y})) = (X1,r1-V) and(wz)(W’Lin({y}>) = (X2, r2-V), then

(We+W2) y Lin(yp)) = a2, (Fa+12) V).

(21) LetK be afieldV be a vector space ov&, v be a vector o¥/, X be a subspace ®f, y be
a vector ofX 4 Lin({v}), andW be a subspace of + Lin({v}). Supposesr =y andX =W
andv ¢ X. Letw be a vector oK +Lin({v}), x be a vector oK, andt, r be elements oK. If

WiwLin({y}) = (x, r-v), then(t-w) (WiLin(yh) = (t-x,t-r-v).

2. QUOTIENT VECTORSPACE FORNON COMMUTATIVE DOUBLE LOOP

Let K be an add-associative right zeroed right complementable Abelian associative left unital dis-
tributive non empty double loop structure, \étbe a vector space ové, and letw be a subspace
of V. The functor CosetS@t,W) yields a non empty family of subsetséfand is defined by:

(Def. 2) CosetS¢v,W) = {A: Aranges over cosets &/ }.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure Nebe a vector space ovKr, and letW be a subspace
of V. The functor addCos@t,W) yields a binary operation on Coset8&WV) and is defined as
follows:
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(Def. 3) For all elements, B of CosetSgl,W) and for all vectors, b of V such thatA = a+W
andB = b+W holds(addCose€lV,W))(A, B) = a+b+W.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, Nebe a vector space ovir, and letW be a subspace
of V. The functor zeroCos@t, W) yielding an element of Coset3&tW) is defined by:

(Def. 4) zeroCoséV,W) = the carrier ofW.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure \Nebe a vector space ovir, and lebW be a subspace
of V. The functor ImultCoséY,W) yielding a function from[:the carrier ofK, CosetSd¥,W) ]
into CosetS€V,W) is defined by the condition (Def. 5).

(Def. 5) Letzbe an element ok, A be an element of Coset$¢tW), anda be a vector o¥/. If
A=a+W, then(ImultCosetV,W))(z, A) = z-a+W.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure,ebe a vector space ovir, and letW be a subspace
of V. The functorV /y yielding a strict Abelian add-associative right zeroed right complementable
vector space-like non empty vector space structure Kvsrdefined by the conditions (Def. 6).

(Def. 6)(i) The carrier of /v = CosetSeV,W),
(i) the addition of¥ /yy = addCoséW/, W),
(iii)  the zero of¥ /yy = zeroCosdV, W), and
(iv) the left multiplication of¥ /yw = ImultCosetV,W).

We now state several propositions:

(22) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuvebe a vector space ovér, andW be a
subspace o¥. Then zeroCosé¢,W) = Oy +W and @, = zeroCoseW/,W).

(23) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuké,be a vector space ovét, W be a
subspace 0¥, andw be a vector o¥ /w. Thenw is a coset ofV and there exists a vectar
of V such thatv = v+W.

(24) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuké,be a vector space ovét, W be a
subspace o¥, andv be a vector o¥. Thenv+W is a coset oW andv+W is a vector of

V/W-

(25) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuvepe a vector space ovér, andW be a
subspace of . Then every coset ok is a vector ot /yy.

(26) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuké,be a vector space ovét, W be a
subspace df, A be a vector of /\, v be a vector o¥/, anda be a scalar o¥. If A=v+W,
thena-A=a-v+W.

(27) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuké,be a vector space ovét, W be a
subspace o¥/, A;, A, be vectors ot /y, andvy, v, be vectors ol. If Ay =v; +W and
A =Vvo+W, thenAs + Ao = v+ Vo +W.
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3. AUXILIARY FACTS ABOUT FUNCTIONALS

The following proposition is true

(28) LetK be afield\V be a vector space ovll, X be a subspace ¥, f1 be a linear functional
in X, v be a vector oV, andy be a vector oX + Lin({v}). Supposer =y andv ¢ X. Letr
be an element dk. Then there exists a linear functiorgal in X + Lin({v}) such thatp; [the
carrier ofX = fy andpi(y) =r.

LetK be aright zeroed non empty loop structure an¥lee a non empty vector space structure
overK. One can check that there exists a functionaf iwhich is additive and 0-preserving.

LetK be an add-associative right zeroed right complementable non empty double loop structure
and letV be a right zeroed non empty vector space structure li§vé@bserve that every functional
in V which is additive is also O-preserving.

LetK be an add-associative right zeroed right complementable associative left unital distributive
non empty double loop structure and\&be an add-associative right zeroed right complementable
vector space-like non empty vector space structure Kvedne can check that every functional in
V which is homogeneous is also 0-preserving.

Let K be a non empty zero structure and\ebe a non empty vector space structure dier
Observe that OFunctiondlis constant.

Let K be a non empty zero structure and\ebe a non empty vector space structure dver
Note that there exists a functionalVhwhich is constant.

Let K be an add-associative right zeroed right complementable non empty double loop struc-
ture, letV be a right zeroed non empty vector space structure yend letf be a 0-preserving
functional inV. Let us observe thdt is constant if and only if:

(Def. 7) f = OFunctionaV/.

LetK be an add-associative right zeroed right complementable non empty double loop structure
and letV be a right zeroed non empty vector space structure veDbserve that there exists a
functional inV which is constant, additive, and O-preserving.

LetK be a non empty 1-sorted structure andidie a non empty vector space structure d<er
Observe that every functional \hwhich is non constant is also non trivial.

Let K be a field and leV be a non trivial vector space ovir. Observe that there exists a
functional inV which is additive, homogeneous, non constant, and non trivial.

Let K be a field and leV be a non trivial vector space ov&. One can check that every
functional inV which is trivial is also constant.

Let K be a field, letv be a non trivial vector space ovKr, let v be a vector o, and letwW
be a linear complement of L{fiv}). Let us assume that# Oy. The functor coeffFunctionél, W)
yields a non constant non trivial linear functionaMrand is defined by:

(Def. 8) (coeffFunctionalv,W))(v) = 1k and coeffFunction&l, W) [the carrier ofN = OFunctionalV.
One can prove the following propositions:

(29) LetK be afieldyV be a non trivial vector space ov€r andf be a non constant O-preserving
functional inV. Then there exists a vectenf V such that £ 0y and f (v) # Ok .

(30) LetK be afieldV be a non trivial vector space ov€r v be a vector of/, abe a scalar 0¥,
andW be a linear complement of L{fiv}). If v Oy, then(coeffFunctionalv,W))(a-v) = a.

(31) LetK be afield,V be a non trivial vector space ovir, v, w be vectors oV, andW be a
linear complement of Lif{v}). If v#£ 0y andw € W, then(coeffFunctionalv,W))(w) = Ok .

(32) LetK be a field,V be a non trivial vector space ové&, v, w be vectors oV, a be
a scalar ofV, andW be a linear complement of L{fv}). If v# 0y andw € W, then
(coeffFunctionalv,W))(a-v+w) = a.

(33) LetK be a non empty loop structuré,be a non empty vector space structure d<¢ef, g
be functionals in/, andv be a vector o¥/. Then(f —g)(v) = f(v) —g(v).

Let K be a field and leV be a non trivial vector space ovir One can verify thaV is non
trivial.
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4. KERNEL OFADDITIVE FUNCTIONAL. LINEAR FUNCTIONALS IN QUOTIENT VECTOR
SPACES

Let K be a non empty zero structure, Yétbe a non empty vector space structure d¢eand letf
be a functional inV. The functor kef yielding a subset 0¥ is defined by:

(Def. 9) kerf = {v;vranges over vectors df: f(v) =0« }.

Let K be a right zeroed non empty loop structure Mebe a hon empty vector space structure
overK, and letf be a O-preserving functional W. Note that keff is non empty.
One can prove the following proposition

(34) LetK be an add-associative right zeroed right complementable associative left unital dis-
tributive non empty double loop structué,be an add-associative right zeroed right com-
plementable vector space-like non empty vector space structurekowand f be a linear
functional inV. Then keff is linearly closed.

LetK be a non empty zero structure, \ébe a non empty vector space structure d¢egand let
f be a functional in/. We say thaff is degenerated if and only if:

(Def. 10) kerf # {Oy 1.

Let K be a non degenerated non empty double loop structure antl lbet a non trivial non
empty vector space structure over Note that every functional iM which is non degenerated and
O-preserving is also non constant.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure,ebe a vector space ové, and letf be a linear
functional inV. The functor Keff yields a strict non empty subspacevbaind is defined by:

(Def. 11) The carrier of Kef = kerf.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure,Nebe a vector space ovEr, letW be a subspace of
V, and letf be an additive functional iW. Let us assume that the carrienfC ker f. The functor
f /w yielding an additive functional i /y is defined as follows:

(Def. 12) For every vectoA of v/ and for every vectom of V such thatA = a+W holds
("/w)(A) = f(a).

One can prove the following proposition

(835) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuké,be a vector space ovét, W be a
subspace o¥/, and f be a linear functional iv. If the carrier ofW C kerf, then/\y is
homogeneous.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, \ebe a vector space ovér, and letf be a linear
functional inV. The functor CQFunctiondlyielding a linear functional iN/Kerf is defined by:

(Def. 13) CQFunctional = T /kers.

One can prove the following proposition

(36) LetK be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structuvebe a vector space ovét, f be a linear
functional inV, A be a vector oi"/Ke,f, andv be a vector oV. If A=v+Kerf, then
CQFunctionaf (A) = f(v).

Let K be a field, letv be a non trivial vector space ovKkr, and letf be a non constant linear
functional inV. One can verify that CQFunctionglis non constant.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, \ebe a vector space ovél, and letf be a linear
functional inV. Note that CQFunctiondlis non degenerated.
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