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Summary. The article presents well known facts about quotient vector spaces and
functionals (see [8]). There are repeated theorems and constructions with either weaker as-
sumptions or in more general situations (see [11], [7], [10]). The construction of coefficient
functionals and non degenerated functional in quotient vector space generated by functional
in the given vector space are the only new things which are done.

MML Identifier: VECTSP10.
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The articles [13], [5], [20], [12], [3], [1], [15], [2], [17], [7], [21], [4], [6], [14], [19], [18], [16], and
[9] provide the notation and terminology for this paper.

1. AUXILIARY FACTS ABOUT DOUBLE LOOPS ANDVECTORSPACES

The following proposition is true

(1) Let K be an add-associative right zeroed right complementable left distributive left unital
non empty double loop structure anda be an element ofK. Then(−1K) ·a =−a.

Let K be a double loop structure. The functor StructVectSp(K) yields a strict vector space
structure overK and is defined as follows:

(Def. 1) StructVectSp(K) = 〈the carrier ofK, the addition ofK, the zero ofK, the multiplication of
K〉.

Let K be a non empty double loop structure. Observe that StructVectSp(K) is non empty.
Let K be an Abelian non empty double loop structure. Observe that StructVectSp(K) is Abelian.
Let K be an add-associative non empty double loop structure. Note that StructVectSp(K) is

add-associative.
Let K be a right zeroed non empty double loop structure. Note that StructVectSp(K) is right

zeroed.
Let K be a right complementable non empty double loop structure. Note that StructVectSp(K)

is right complementable.
Let K be an associative left unital distributive non empty double loop structure. Observe that

StructVectSp(K) is vector space-like.
Let K be a non degenerated non empty double loop structure. Observe that StructVectSp(K) is

non trivial.
Let K be a non degenerated non empty double loop structure. One can check that there exists a

non empty vector space structure overK which is non trivial.
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grant of KBN.

1 c© Association of Mizar Users

http://mizar.org/JFM/Vol14/vectsp10.html


QUOTIENT VECTOR SPACES AND FUNCTIONALS 2

Let K be an add-associative right zeroed right complementable non empty double loop structure.
One can verify that there exists a non empty vector space structure overK which is add-associative,
right zeroed, right complementable, and strict.

Let K be an add-associative right zeroed right complementable associative left unital distributive
non empty double loop structure. One can check that there exists a non empty vector space structure
overK which is add-associative, right zeroed, right complementable, vector space-like, and strict.

Let K be an Abelian add-associative right zeroed right complementable associative left unital
distributive non degenerated non empty double loop structure. Observe that there exists a non empty
vector space structure overK which is Abelian, add-associative, right zeroed, right complementable,
vector space-like, strict, and non trivial.

Next we state a number of propositions:

(2) Let K be an add-associative right zeroed right complementable associative left unital dis-
tributive non empty double loop structure,a be an element ofK, V be an add-associative right
zeroed right complementable vector space-like non empty vector space structure overK, and
v be a vector ofV. Then 0K ·v = 0V anda·0V = 0V .

(3) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, S, T be
subspaces ofV, andv be a vector ofV. If S∩T = 0V andv∈ Sandv∈ T, thenv = 0V .

(4) Let K be a field,V be a vector space overK, x be a set, andv be a vector ofV. Then
x∈ Lin({v}) if and only if there exists an elementa of K such thatx = a·v.

(5) LetK be a field,V be a vector space overK, v be a vector ofV, anda, b be scalars ofV. If
v 6= 0V anda·v = b·v, thena = b.

(6) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, andW1, W2

be subspaces ofV. SupposeV is the direct sum ofW1 andW2. Let v, v1, v2 be vectors ofV.
If v1 ∈W1 andv2 ∈W2 andv = v1 +v2, thenv〈〈W1,W2〉〉 = 〈〈v1, v2〉〉.

(7) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, andW1, W2

be subspaces ofV. SupposeV is the direct sum ofW1 andW2. Let v, v1, v2 be vectors ofV.
If v〈〈W1,W2〉〉 = 〈〈v1, v2〉〉, thenv = v1 +v2.

(8) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, andW1, W2

be subspaces ofV. SupposeV is the direct sum ofW1 andW2. Let v, v1, v2 be vectors ofV.
If v〈〈W1,W2〉〉 = 〈〈v1, v2〉〉, thenv1 ∈W1 andv2 ∈W2.

(9) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, andW1, W2

be subspaces ofV. SupposeV is the direct sum ofW1 andW2. Let v, v1, v2 be vectors ofV.
If v〈〈W1,W2〉〉 = 〈〈v1, v2〉〉, thenv〈〈W2,W1〉〉 = 〈〈v2, v1〉〉.

(10) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, andW1, W2

be subspaces ofV. SupposeV is the direct sum ofW1 andW2. Let v be a vector ofV. If
v∈W1, thenv〈〈W1,W2〉〉 = 〈〈v, 0V〉〉.

(11) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, andW1, W2

be subspaces ofV. SupposeV is the direct sum ofW1 andW2. Let v be a vector ofV. If
v∈W2, thenv〈〈W1,W2〉〉 = 〈〈0V , v〉〉.
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(12) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, V1 be a
subspace ofV, W1 be a subspace ofV1, andv be a vector ofV. If v∈W1, thenv is a vector of
V1.

(13) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, V1, V2, W be
subspaces ofV, andW1, W2 be subspaces ofW. If W1 = V1 andW2 = V2, thenW1 +W2 =
V1 +V2.

(14) LetK be a field,V be a vector space overK, W be a subspace ofV, v be a vector ofV, and
w be a vector ofW. If v = w, then Lin({w}) = Lin({v}).

(15) LetK be a field,V be a vector space overK, v be a vector ofV, andX be a subspace ofV.
Supposev /∈ X. Let y be a vector ofX + Lin({v}) andW be a subspace ofX + Lin({v}). If
v = y andW = X, thenX +Lin({v}) is the direct sum ofW and Lin({y}).

(16) LetK be a field,V be a vector space overK, v be a vector ofV, X be a subspace ofV, y
be a vector ofX +Lin({v}), andW be a subspace ofX +Lin({v}). If v = y andX = W and
v /∈ X, theny〈〈W,Lin({y})〉〉 = 〈〈0W, y〉〉.

(17) LetK be a field,V be a vector space overK, v be a vector ofV, X be a subspace ofV, y be
a vector ofX +Lin({v}), andW be a subspace ofX +Lin({v}). Supposev = y andX = W
andv /∈ X. Let w be a vector ofX +Lin({v}). If w∈ X, thenw〈〈W,Lin({y})〉〉 = 〈〈w, 0V〉〉.

(18) Let K be an add-associative right zeroed right complementable associative Abelian left
unital distributive non empty double loop structure,V be a vector space overK, v be a vector
of V, andW1, W2 be subspaces ofV. Then there exist vectorsv1, v2 of V such thatv〈〈W1,W2〉〉 =
〈〈v1, v2〉〉.

(19) LetK be a field,V be a vector space overK, v be a vector ofV, X be a subspace ofV, y be a
vector ofX +Lin({v}), andW be a subspace ofX +Lin({v}). Supposev= y andX = W and
v /∈ X. Let w be a vector ofX +Lin({v}). Then there exists a vectorx of X and there exists
an elementr of K such thatw〈〈W,Lin({y})〉〉 = 〈〈x, r ·v〉〉.

(20) Let K be a field,V be a vector space overK, v be a vector ofV, X be a subspace ofV,
y be a vector ofX + Lin({v}), andW be a subspace ofX + Lin({v}). Supposev = y and
X = W andv /∈ X. Let w1, w2 be vectors ofX + Lin({v}), x1, x2 be vectors ofX, andr1,
r2 be elements ofK. If (w1)〈〈W,Lin({y})〉〉 = 〈〈x1, r1 · v〉〉 and(w2)〈〈W,Lin({y})〉〉 = 〈〈x2, r2 · v〉〉, then

(w1 +w2)〈〈W,Lin({y})〉〉 = 〈〈x1 +x2, (r1 + r2) ·v〉〉.

(21) LetK be a field,V be a vector space overK, v be a vector ofV, X be a subspace ofV, y be
a vector ofX +Lin({v}), andW be a subspace ofX +Lin({v}). Supposev = y andX = W
andv /∈ X. Let w be a vector ofX +Lin({v}), x be a vector ofX, andt, r be elements ofK. If
w〈〈W,Lin({y})〉〉 = 〈〈x, r ·v〉〉, then(t ·w)〈〈W,Lin({y})〉〉 = 〈〈t ·x, t · r ·v〉〉.

2. QUOTIENT VECTORSPACE FORNON COMMUTATIVE DOUBLE LOOP

Let K be an add-associative right zeroed right complementable Abelian associative left unital dis-
tributive non empty double loop structure, letV be a vector space overK, and letW be a subspace
of V. The functor CosetSet(V,W) yields a non empty family of subsets ofV and is defined by:

(Def. 2) CosetSet(V,W) = {A : A ranges over cosets ofW}.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, letV be a vector space overK, and letW be a subspace
of V. The functor addCoset(V,W) yields a binary operation on CosetSet(V,W) and is defined as
follows:



QUOTIENT VECTOR SPACES AND FUNCTIONALS 4

(Def. 3) For all elementsA, B of CosetSet(V,W) and for all vectorsa, b of V such thatA = a+W
andB = b+W holds(addCoset(V,W))(A, B) = a+b+W.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, letV be a vector space overK, and letW be a subspace
of V. The functor zeroCoset(V,W) yielding an element of CosetSet(V,W) is defined by:

(Def. 4) zeroCoset(V,W) = the carrier ofW.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, letV be a vector space overK, and letW be a subspace
of V. The functor lmultCoset(V,W) yielding a function from[: the carrier ofK, CosetSet(V,W) :]
into CosetSet(V,W) is defined by the condition (Def. 5).

(Def. 5) Letz be an element ofK, A be an element of CosetSet(V,W), anda be a vector ofV. If
A = a+W, then(lmultCoset(V,W))(z, A) = z·a+W.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, letV be a vector space overK, and letW be a subspace
of V. The functorV/W yielding a strict Abelian add-associative right zeroed right complementable
vector space-like non empty vector space structure overK is defined by the conditions (Def. 6).

(Def. 6)(i) The carrier ofV/W = CosetSet(V,W),

(ii) the addition ofV/W = addCoset(V,W),

(iii) the zero ofV/W = zeroCoset(V,W), and

(iv) the left multiplication ofV/W = lmultCoset(V,W).

We now state several propositions:

(22) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, andW be a
subspace ofV. Then zeroCoset(V,W) = 0V +W and 0V/W

= zeroCoset(V,W).

(23) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, W be a
subspace ofV, andw be a vector ofV/W. Thenw is a coset ofW and there exists a vectorv
of V such thatw = v+W.

(24) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, W be a
subspace ofV, andv be a vector ofV. Thenv+W is a coset ofW andv+W is a vector of
V/W.

(25) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, andW be a
subspace ofV. Then every coset ofW is a vector ofV/W.

(26) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, W be a
subspace ofV, A be a vector ofV/W, v be a vector ofV, anda be a scalar ofV. If A = v+W,
thena·A = a·v+W.

(27) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, W be a
subspace ofV, A1, A2 be vectors ofV/W, andv1, v2 be vectors ofV. If A1 = v1 +W and
A2 = v2 +W, thenA1 +A2 = v1 +v2 +W.
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3. AUXILIARY FACTS ABOUT FUNCTIONALS

The following proposition is true

(28) LetK be a field,V be a vector space overK, X be a subspace ofV, f1 be a linear functional
in X, v be a vector ofV, andy be a vector ofX +Lin({v}). Supposev = y andv /∈ X. Let r
be an element ofK. Then there exists a linear functionalp1 in X +Lin({v}) such thatp1�the
carrier ofX = f1 andp1(y) = r.

Let K be a right zeroed non empty loop structure and letV be a non empty vector space structure
overK. One can check that there exists a functional inV which is additive and 0-preserving.

Let K be an add-associative right zeroed right complementable non empty double loop structure
and letV be a right zeroed non empty vector space structure overK. Observe that every functional
in V which is additive is also 0-preserving.

Let K be an add-associative right zeroed right complementable associative left unital distributive
non empty double loop structure and letV be an add-associative right zeroed right complementable
vector space-like non empty vector space structure overK. One can check that every functional in
V which is homogeneous is also 0-preserving.

Let K be a non empty zero structure and letV be a non empty vector space structure overK.
Observe that 0FunctionalV is constant.

Let K be a non empty zero structure and letV be a non empty vector space structure overK.
Note that there exists a functional inV which is constant.

Let K be an add-associative right zeroed right complementable non empty double loop struc-
ture, letV be a right zeroed non empty vector space structure overK, and let f be a 0-preserving
functional inV. Let us observe thatf is constant if and only if:

(Def. 7) f = 0FunctionalV.

Let K be an add-associative right zeroed right complementable non empty double loop structure
and letV be a right zeroed non empty vector space structure overK. Observe that there exists a
functional inV which is constant, additive, and 0-preserving.

Let K be a non empty 1-sorted structure and letV be a non empty vector space structure overK.
Observe that every functional inV which is non constant is also non trivial.

Let K be a field and letV be a non trivial vector space overK. Observe that there exists a
functional inV which is additive, homogeneous, non constant, and non trivial.

Let K be a field and letV be a non trivial vector space overK. One can check that every
functional inV which is trivial is also constant.

Let K be a field, letV be a non trivial vector space overK, let v be a vector ofV, and letW
be a linear complement of Lin({v}). Let us assume thatv 6= 0V . The functor coeffFunctional(v,W)
yields a non constant non trivial linear functional inV and is defined by:

(Def. 8) (coeffFunctional(v,W))(v)= 1K and coeffFunctional(v,W)�the carrier ofW = 0FunctionalW.

One can prove the following propositions:

(29) LetK be a field,V be a non trivial vector space overK, and f be a non constant 0-preserving
functional inV. Then there exists a vectorv of V such thatv 6= 0V and f (v) 6= 0K .

(30) LetK be a field,V be a non trivial vector space overK, v be a vector ofV, a be a scalar ofV,
andW be a linear complement of Lin({v}). If v 6= 0V , then(coeffFunctional(v,W))(a·v) = a.

(31) LetK be a field,V be a non trivial vector space overK, v, w be vectors ofV, andW be a
linear complement of Lin({v}). If v 6= 0V andw∈W, then(coeffFunctional(v,W))(w) = 0K .

(32) Let K be a field,V be a non trivial vector space overK, v, w be vectors ofV, a be
a scalar ofV, andW be a linear complement of Lin({v}). If v 6= 0V and w ∈ W, then
(coeffFunctional(v,W))(a·v+w) = a.

(33) LetK be a non empty loop structure,V be a non empty vector space structure overK, f , g
be functionals inV, andv be a vector ofV. Then( f −g)(v) = f (v)−g(v).

Let K be a field and letV be a non trivial vector space overK. One can verify thatV is non
trivial.
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4. KERNEL OFADDITIVE FUNCTIONAL . L INEAR FUNCTIONALS IN QUOTIENT VECTOR

SPACES

Let K be a non empty zero structure, letV be a non empty vector space structure overK, and let f
be a functional inV. The functor kerf yielding a subset ofV is defined by:

(Def. 9) kerf = {v;v ranges over vectors ofV: f (v) = 0K}.

Let K be a right zeroed non empty loop structure, letV be a non empty vector space structure
overK, and let f be a 0-preserving functional inV. Note that kerf is non empty.

One can prove the following proposition

(34) LetK be an add-associative right zeroed right complementable associative left unital dis-
tributive non empty double loop structure,V be an add-associative right zeroed right com-
plementable vector space-like non empty vector space structure overK, and f be a linear
functional inV. Then kerf is linearly closed.

Let K be a non empty zero structure, letV be a non empty vector space structure overK, and let
f be a functional inV. We say thatf is degenerated if and only if:

(Def. 10) kerf 6= {0V}.

Let K be a non degenerated non empty double loop structure and letV be a non trivial non
empty vector space structure overK. Note that every functional inV which is non degenerated and
0-preserving is also non constant.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, letV be a vector space overK, and let f be a linear
functional inV. The functor Kerf yields a strict non empty subspace ofV and is defined by:

(Def. 11) The carrier of Kerf = ker f .

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, letV be a vector space overK, letW be a subspace of
V, and let f be an additive functional inV. Let us assume that the carrier ofW ⊆ ker f . The functor
f /W yielding an additive functional inV/W is defined as follows:

(Def. 12) For every vectorA of V/W and for every vectora of V such thatA = a + W holds
( f /W)(A) = f (a).

One can prove the following proposition

(35) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, W be a
subspace ofV, and f be a linear functional inV. If the carrier ofW ⊆ ker f , then f /W is
homogeneous.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, letV be a vector space overK, and let f be a linear
functional inV. The functor CQFunctionalf yielding a linear functional inV/Ker f is defined by:

(Def. 13) CQFunctionalf = f /Ker f .

One can prove the following proposition

(36) Let K be an add-associative right zeroed right complementable Abelian associative left
unital distributive non empty double loop structure,V be a vector space overK, f be a linear
functional inV, A be a vector ofV/Ker f , andv be a vector ofV. If A = v+ Ker f , then
CQFunctionalf (A) = f (v).

Let K be a field, letV be a non trivial vector space overK, and let f be a non constant linear
functional inV. One can verify that CQFunctionalf is non constant.

Let K be an add-associative right zeroed right complementable Abelian associative left unital
distributive non empty double loop structure, letV be a vector space overK, and let f be a linear
functional inV. Note that CQFunctionalf is non degenerated.
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[2] Czesław Bylínski. Binary operations.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/binop_1.html.
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