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1. CONVEX AND INTERNAL METRIC SPACES

LetV be a non empty metric structure. We say tas convex if and only if the condition (Def. 1)
is satisfied.

(Def. 1) Letx, y be elements of andr be a real number. Suppose<Or andr < 1. Then there
exists an elemerttof V such thap(x,z) =r-p(x,y) andp(z,y) = (1—r) - p(Xx,y).

LetV be a non empty metric structure. We say tiait internal if and only if the condition
(Def. 2) is satisfied.

(Def. 2) Letx, y be elements of andp, g be real numbers. Suppope> 0 andq > 0. Then there
exists a finite sequendeof elements of the carrier &f such that

@ fi=x
(ii) flenf =Y,
(iiiy  for every natural numbersuch that I< i andi <lenf — 1 holdsp(fj, fi+1) < p, and
(iv) for every finite sequenc€ of elements ofR such that lefr = lenf — 1 and for every
natural number such that I i andi < lenF holdsF = p(fi, fi+1) holds|p(x,y) — S F| < q.
The following proposition is true

(1) LetV be a non empty metric space. Supp¥sis convex. Letx, y be elements o¥ and
p be a real number. Suppoge> 0. Then there exists a finite sequenicef elements of the
carrier ofV such that

@ fi=x

(i) fient =V,

(iii)  for every natural numbersuch that I< i andi <lenf — 1 holdsp(fj, fi+1) < p, and

(iv) for every finite sequenc€ of elements ofR such that lefr = lenf — 1 and for every
natural number such that 1< i andi < lenF holdsF = p(fj, fi+1) holdsp(x,y) = S F.

One can verify that every non empty metric space which is convex is also internal.
Let us note that there exists a non empty metric space which is convex.
A Geometry is a Reflexive discernible symmetric triangle internal non empty metric structure.
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2. ISOMETRICFUNCTIONS

LetV be a non empty metric structure and febe a map fronV intoV. We say thaff is isometric
if and only if:

(Def. 3) rngf = the carrier ol and for all elements, y of V holdsp(x,y) = p(f(x), f(y)).
LetV be a non empty metric structure. The functor IS®@Mielding a set is defined as follows:

(Def. 4) For every sex holdsx € ISOMV (iff there exists a mag fromV intoV such thatf = x
andf is isometric.

LetV be a non empty metric structure. Then IS@N& a subset of (the carrier gf)ihe carrier oV,
We now state the proposition

(2) LetV be adiscernible Reflexive non empty metric structure fibd a map fronV intoV.
If fisisometric, therf is one-to-one.

LetV be a discernible Reflexive non empty metric structure. Note that every map/friono
V which is isometric is also one-to-one.

LetV be a non empty metric structure. One can verify that there exists a map/fiioto V
which is isometric.
Next we state three propositions:

(3) LetV be a discernible Reflexive non empty metric structure &rme an isometric map
fromV intoV. Thenf 1 is isometric.

(4) For every non empty metric structiwfeand for all isometric map$, g fromV intoV holds
f . gis isometric.

(5) For every non empty metric structweholds id, is isometric.

LetV be a non empty metric structure. One can verify that ISO¥ non empty.

3. REAL LINEAR-METRIC SPACES

We introduce RLSMetrStruct which are extensions of RLS structure and metric structure and are
systems
( a carrier, a distance, a zero, an addition, an external multiplication
where the carrier is a set, the distance is a function frtime carrierthe carrierj:into R, the zero is
an element of the carrier, the addition is a binary operation on the carrier, and the external multipli-
cation is a function front R, the carrier]:into the carrier.
One can verify that there exists a RLSMetrStruct which is non empty and strict.
Let X be a non empty set, I& be a function fronj. X, X ] into R, letO be an element oX, letB
be a binary operation aX, and letG be a function fronf: R, X ] into X. Observe thatX,F,O, B, G)
is non empty.
LetV be a non empty RLSMetrStruct. We say tiais homogeneous if and only if:

(Def. 5) For every real numberand for all elements, w of V holdsp(r - v,r -w) = |r| - p(v,w).
LetV be a non empty RLSMetrStruct. We say tiais translatible if and only if:
(Def. 6) For all elements, w, v of V holdsp(v,w) = p(v+ u,w+u).

LetV be a non empty RLSMetrStruct and lebe an element of . The functor Nornv yields a
real number and is defined by:

(Def. 7) Normv=p(0Oy,V).
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One can check that there exists a non empty RLSMetrStruct which is strict, Abelian, add-
associative, right zeroed, right complementable, real linear space-like, Reflexive, discernible, sym-
metric, triangle, homogeneous, and translatible.

A RealLinearMetrSpace is an Abelian add-associative right zeroed right complementable real
linear space-like Reflexive discernible symmetric triangle homogeneous translatible non empty
RLSMetrStruct.

Next we state three propositions:

(6) LetV be a homogeneous Abelian add-associative right zeroed right complementable real
linear space-like non empty RLSMetrStructhe a real number, andbe an element of.
Then Norndr -v) = |r| - Normv.

(7) LetV be atranslatible Abelian add-associative right zeroed right complementable triangle
non empty RLSMetrStruct angw be elements of . Then Nornfv+w) < Normv-+ Normw.

(8) LetV be a translatible add-associative right zeroed right complementable non empty
RLSMetrStruct and, w be elements 0¥ . Thenp(v,w) = Norm(w — v).

Let n be a natural number. The functor RLMSpacgelding a strict RealLinearMetrSpace is
defined by the conditions (Def. 8).
(Def. 8)()) The carrier of RLMSpaae= R ",
(i) the distance of RLMSpaae= p",
(iii)  the zero of RLMSpace = (0,...,0),
——
n
(iv) for all elements, y of ®" holds (the addition of RLMSpaceg(x, y) = x+Y, and
(v) for every elemenk of " and for every elementof R holds (the external multiplication
of RLMSpacen)(r,x) =r - x.
The following proposition is true

(9) For every natural numben and for every isometric mag from RLMSpace into
RLMSpacen holds rngf = R".

4. GROUPS OFISOMETRICFUNCTIONS

Let n be a natural number. The functor IsomGrouwgelding a strict groupoid is defined by the
conditions (Def. 9).
(Def. 9)()) The carrier of IsomGroup= ISOMRLMSpacea, and

(i)  for all functions f, g such thatf € ISOMRLMSpacea andg € ISOMRLMSpace holds
(the multiplication of IsomGroup)(f,g) = f-g.

Let n be a natural number. Observe that IsomGnoigonon empty.
Let n be a natural number. One can check that IsomGnaggssociative and group-like.
The following propositions are true:

(10) For every natural numberholds isomcroum = IdRLMSpace-

(11) Letn be a natural numberf be an element of IsomGroup and g be a map from
RLMSpace into RLMSpacen. If f =g, thenf 1 =g 1.

Let n be a natural number and leg6 be a subgroup of IsomGroup The functor
SublsomGroupR& yielding a binary relation on the carrier of RLMSpaucis defined by the con-
dition (Def. 10).

(Def. 10) LetA, B be elements of RLMSpace Then (A, B) € SublsomGroupR& if and only if
there exists a functiofi such thatf € the carrier ofG and f (A) = B.

Let n be a natural number and I& be a subgroup of IsomGroup One can verify that
SublsomGroupRé&} is total, symmetric, and transitive.
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