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Summary. The main notion discussed is satisfiability. Interpretation and some auxil-
iary concepts are also introduced.
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The articles[[6],[[8],19],[2], 3], [1], [71, [%], [4], and[[10] provide the notation and terminology for
this paper.

In this papeli, k denote natural numbers aiID denote non empty sets.

Let Abe a set. The functoV(A) yields a set and is defined as follows:

(Def. 1) V(A) = ABoundvar

Let us consideA. Observe thal/(A) is non empty and functional.
Next we state the proposition

(ZH For every sex such thak is an element oV(A) holdsx is a function from BoundVar into
A

Let us consideA. Then V(A) is a non empty set of functions from BoundVarAo
Let f be a function. We say thdtis boolean-valued if and only if:

(Def. 2) rngf C Boolean

Let us note that there exists a function which is boolean-valued.

Let f be a boolean-valued function and Jgbe a set. Note thaft(x) is boolean.

Let A be a set. Note that every elemenBifolear! is boolean-valued.

Let p be a boolean-valued function. The functgp yields a function and is defined by:

(Def. 3) dom~p = domp and for every set such tha € domp holds(—p)(x) = —~p(x).
Let g be a boolean-valued function. The functof q yielding a function is defined by:

(Def. 4) dompAq) =dompndomgand for every setsuch thak € dom(pAq) holds(pAQ)(x) =
P(X) Ag(X).

Let us note that the functgrA g is commutative.

Let p be a boolean-valued function. One can verify that is boolean-valued. Leg be a
boolean-valued function. Observe thmt q is boolean-valued.

In the sequek, y are bound variables angv; are elements oV(A).

Let us consideA and letp be an element dBooleart. Then—p is an element oBoolearf and
it can be characterized by the condition:

1 The proposition (1) has been removed.
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(Def. 5) For every elementof A holds(—p)(x) = —p(X).

Let q be an element dBooleart. Thenp A g is an element oBoolear and it can be characterized
by the condition:

(Def. 6) For every elementof A holds(pAQ)(x) = p(X) Aq(X).

Let us consideA, x and letp be an element doolean” ™. The functorA, pyields an element

of Boolean” ™™ and is defined by:

(Def. 7) For every holds (A, p)(v) = Boolear{false¢ {p(V);V ranges over elements df(A):
Ny (XY = V(y) =Vv(Y)}).

The following two propositions are true:

(7E| Let p be an element dBoolean” ™. Then(A, p)(v) = falseif and only if there exists;

such thatp(v1) = falseand for everyy such thai = y holdsv; (y) = v(y).

(8) Letpbe anelement doolean’ ™. Then(Ay p)(v) = trueif and only if for everyv; such
that for everyy such that # y holdsvi (y) = v(y) holdsp(vi) = true.

In the sequel; is a variables list ok.
Let us consideA, k, 11, v. Thenv-I4 is a finite sequence of elements Afand it can be
characterized by the condition:

(Def. 8) len(v-11) = kand for evenyi such that 1< i andi < k holds(v-11)(i) = v(l1(i)).

We introducev« 11 as a synonym o¥ - I1.
Let us consideA, k, |11 and letr be an element of REA). The functoder yields an element of

Boolean”® and is defined by:

(Def. 9) For every elementof V(A) holds ifvxly € r, then(lier)(v) = trueand ifvkly ¢ r, then
(l1€r)(v) = false

Let us consideA, letF be a function from CQC-WFF intBooIeanV(A>, and letp be an element

of CQC-WFF. TherF(p) is an element oBoolean” .
Let us consideD. A function from PredSym into RéD) is said to be an interpretation Bfif:

(Def. 10) For every elemerR of PredSym and for every elemenbf Rel(D) such that itP) =r
holdsr = @p or Arity (P) = Arity (r).

For simplicity, we adopt the following conventiorp, g, t denote elements of CQC-WFB,
denotes an interpretation & P denotes &-ary predicate symbol, anddenotes an element of
Rel(A).

Let us consideA, k, J, P. ThenJ(P) is an element of RéA).

Let us consideA, J, p. The functor Validp,J) yielding an element oBoolean”™® is defined
by the condition (Def. 11).

(Def. 11) There exists a functida from CQC-WFF intoBoolean”™ such that
(i) Valid(p,J)=F(p),
(i) F(VERUM) = V(A)+— true, and

(iii)  for all elementsp, q of CQC-WFF and for every bound variabkeand for every nat-
ural numberk and for every variables listy of k and for everyk-ary predicate sym-
bol P holds F(P[l1]) = 11(J(P)) and F(—p) = =F(p) and F(pAq) = F(p) AF(q) and
F(Vxp) = AxF(p).

One can prove the following propositions:

2 The propositions (3)—(6) have been removed.
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(13f] Valid(VERUM,J) = V(A) — true.
(14) Valid(VERUM, J)(v) = true.
(15) Valid(P[l1],J) = 11€(I(P)).
(16) If p=P[l4] andr = J(P), thenv=xl € r iff Valid (p,J)(v) = true.
(A7) If p=PJ[l1] andr = J(P), thenv=xl4 ¢ r iff Valid (p,J)(v) = false
19} Valid(—p,J) = —Valid(p,J).
(20) Valid(—p,J)(v) = = Valid(p,J)(v).
(21) Valid(pAg,J) = Valid(p,J) AValid(q,J).
(22) Valid(pAg,J)(v) = Valid(p,J)(v) A Valid(g,J)(v).
(23) Valid(Vxp,Jd) = A4 Valid(p,J).
(24) Valid(pA—p,J)(v) = false
(~(PA=P),)(V) = true.
Let us consideA, p, J, v. The predicatd,v |= p is defined as follows:

(Def. 12) Valid p,J)(v) = true.

(25) Valid

We now state a number of propositions:
@7F 3,vi= P[] iff (11e(3(P)))(v) = true.
(28) J,vE=-piff I, v~ p.

(29) J,vEpAqiff J,vE pandd,vE=aq.
(30) J,vEVxpiff (A, Valid(p,J))(v) =true.

(31) J,v = Vxpiff for every v; such that for every such thatx # y holdsvi(y) = v(y) holds
Valid(p,J)(v1) = true.

(32) Valid(——p,J) = Valid(p,J).
(33) Valid(pA p,J) = Valid(p,J).
35f] 3,vE= p= qiff Valid (p,J)(v) = falseor Valid(q,J)(v) = true.
(36) J,vEp=qiffif v p,thend,v=q.
(37) For every elemeng of Boolean”™® such that( A, p)(v) = true holdsp(v) = true.
Let us consideA, J, p. The predicatd = pis defined by:
(Def. 13) For every holdsJ,v |= p.

In the sequelv denotes an element af(A).
The scheméambda Valdeals with a non empty set, bound variable$, C, and element®D,
E of V(A4), and states that:
There exists an elemenmtof V(4) such that for every bound varialb¥esuch that
X # B holdsv(x) = D(x) andv(B) = E(C)
for all values of the parameters.
Next we state three propositions:

3 The propositions (9)-(12) have been removed.
4 The proposition (18) has been removed.
5 The proposition (26) has been removed.
6 The proposition (34) has been removed.
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(39 If x ¢ snl(p), then for allv, w such that for every such thak # y holdsw(y) = v(y) holds
Valid(p,J)(v) = Valid(p,J)(w).

(40) If J,v = p andx ¢ snl{p), then for everyw such that for every such thatx # y holds
w(y) = v(y) holdsJ,w |~ p.

(41) J,v = Vxp iff for every w such that for every such thatx # y holdsw(y) = v(y) holds
J,W = p.

In the seque$’ denotes a formula.
The following propositions are true:

(42) If x#y andp=95(x) andq = s(y), then for everyv such thatv(x) = v(y) holds
Valid(p,J)(v) = Valid(qg,J)(v).

(43) Ifx#yandx ¢ snh(s), thenx ¢ sni(s (y)).
(44) J,vEVERUM.

(45) J,vEpAg=gADp.

(46) JVvE(-p=p) =P

(47) JvEp=(-p=0).

(48) Jvi (p=0q) = (~(aAt) = ~(pAL)).

(49) IfJ,vlEpandd,vE p=q,thend,v}q.

(50) J,vEVYxp=p.

(51) JEVERUM.

(52) JEpAa=qAp.

(83) JE(=p=p) =P

(54) JEp=(-p=q).

(55) JE(p=a)= (=(aAt) = =(pAlL)).

(56) IfJEpandlfE=p=q,thend=q.

(57) JEYp=p.

(58) IfJE p=qandx¢ snlp), thend = p = VxQ.
(59) For every formula such thatp = s(x) andq = s(y) andx ¢ snk(s) andJ |= p holdsJ = q.
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