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Summary. We present a formalization of the factor theorem for univariate polynomi-
als, also called the (little) Bezout theorem: kedielong to a commutative ring and p(x) be
a polynomial ovet.. Thenx—r dividesp(x) iff p(r) = 0. We also prove some consequences
of this theorem like that any non zero polynomial of degneaver an algebraically closed
integral domain has (non necessarily distinct) roots.

MML Identifier: UPROOTS.
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(23], [11], [21], [18€], [19], [17], [18], [1], [12], [34], [28], [22], [10], [35], 4], [25],1[39],[18],[128],
[14], [30], and [5] provide the notation and terminology for this paper.

1. PRELIMINARIES
One can prove the following propositions:

(1) For every natural numberholdsnis non empty iffn=1orn > 1.

(2) Letf be a finite sequence of elementsNof Suppose that for every natural numibsuch
thati € domf holdsf(i) # 0. Theny f =lenf ifand only if f =lenf — 1.

The scheméndFinSeq@eals with a finite sequenceand a binary predicaté, and states that:
For every natural numbéisuch that I< i andi < len4 holdsP|i, 4(i)]
provided the following conditions are met:
e P[1,4(1)],and
e For every natural numbersuch that 1< i andi < len4 holds if 2[i, A(i)], then
Pli+1,4(i+1)).
The following proposition is true

(3) LetL be an add-associative right zeroed right complementable non empty loop structure

andr be a finite sequence of elementd.ofSuppose len> 2 and for every natural numbkr
such that < k andk € domr holdsr (k) =0.. Thenyr =ri+ro.

2. CANONICAL ORDERING OF AFINITE SET

Let A be a finite set. The functor canf yields a finite sequence of elementsfoénd is defined
by the conditions (Def. 1).

1This work has been supported by NSERC Grant OGP9207.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol15/uproots.html

LITTLE BEZOUT THEOREM (FACTOR THEOREM 2

(Def. 1)(i) lencanF&A) = cardA, and

(i) there exists a finite sequende such that led = cardA and f(1) = (choos€A), A\
{choos¢A)}) or cardA = 0 and for every natural numbersuch that 1< i andi < cardA
and for every sex such thatf (i) = x holds f (i + 1) = (chooséxy), X \ {chooséx,)}) and
for every natural numbersuch thai € domcanF8A) holds(canF3A)) (i) = f(i)1.

Next we state four propositions:

(4) For every finite sef holds canF§A) is one-to-one.
(5) For every finite sef holds rngcanF&\) = A.
(6) Forevery seaholds canF§a}) = (a).

(7) For every finite seA holds(canF$A)) 1 is a function fromA into Segcard\.

3. MORE ABOUTBAGS

Let X be a set, leEbe a finite subset ok, and letn be a natural number. The funct® n) — bag
yielding an element of Bag§is defined by:

(Def. 2) (S n)—bag= EmptyBagX+-(S+—— n).
The following propositions are true:

(8) LetX be a setShe a finite subset of, n be a natural number, ande a set. If ¢ S then

((Sn) —bag(i) = 0.

(9) LetX be a setSbe a finite subset of, n be a natural number, andbe a set. If € S then

((Sn) —bag(i) = n.

(10) For every seX and for every finite subs&of X and for every natural numbersuch that
n = 0 holds suppo(S n) —bag=S.

(11) LetX be a setShe a finite subset of, andn be a natural number. Bis empty om = 0,
then(S n) — bag= EmptyBagX.

(12) LetX be a setS T be finite subsets ok, andn be a natural number. BmissesT, then
(SUT,n) —bag= (S n) —bag+(T,n) — bag.

Let Abe a set and ldi be a bag ofA. The functor degred) yielding a natural number is defined
as follows:

(Def. 3) There exists a finite sequentef elements ofN such that degréb) =5 f andf =b-
canF$supporb).

Next we state several propositions:

(13) For every sef and for every bad of A holdsb = EmptyBadA iff degregb) = 0.

(14) LetA be a setSbe a finite subset of, andb be a bag ofA. ThenS = supporb and
degreéb) = cardSif and only if b= (S 1) — bag.

(15) LetA be a setSbe a finite subset ok, andb be a bag ofA. Suppose suppdstC S. Then
there exists a finite sequentef elements olN such thatf = b-canF$S) and degregh) =

5 f.

(16) For every sef and for all bag®, by, by of A such thath = by + b, holds degrego) =
degre¢b; ) + degregh,).

(17) LetL be an associative commutative unital non empty groupiid be finite sequences of
elements oL, andp be a permutation of dom If g= - p, then[Jg=[]f.
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4. MORE ONPOLYNOMIALS

LetL be a non empty zero structure andpdie a polynomial of.. We say thap is non-zero if and
only if:

(Def.4) p#0.L.

The following proposition is true

(18) For every non empty zero structurend for every polynomiap of L holdsp is non-zero
iff lenp > 0.

Let L be a non trivial non empty zero structure. One can verify that there exists a polynomial of
L which is non-zero.

Let L be a non degenerated non empty multiplicative loop with zero structure ardéetin
element ofL. Observe thafox, 1, ) is non-zero.

We now state three propositions:

(19) For every non empty zero structurend for every polynomiap of L such that lep > 0
holdsp(lenp—'1) # 0.

(20) LetL be a non empty zero structure aptbe an algebraic sequenceloflf lenp = 1, then
p=(op(0)) andp(0) # O

(21) LetL be an add-associative right zeroed right complementable right distributive non empty
double loop structure anglbe a polynomial of.. Thenp«0.L =0.L.

One can verify that there exists a well unital non empty double loop structure which is algebraic-
closed, add-associative, right zeroed, right complementable, Abelian, commutative, associative,
distributive, integral domain-like, and non degenerated.

Next we state the proposition

(22) LetL be an add-associative right zeroed right complementable distributive integral domain-
like non empty double loop structure apdy be polynomials of.. If pxq=0.L,thenp=0.L
org=0.L.

Let L be an add-associative right zeroed right complementable distributive integral domain-like
non empty double loop structure. Note that Polynom-Rimgintegral domain-like.

Let L be an integral domain and Igt q be non-zero polynomials df. Observe thapxq is
non-zero.

Next we state a number of propositions:

(23) For every non degenerated commutative tingnd for all polynomialsp, g of L holds
RootspU Rootsy C Rootgp=Q).

(24) For every integral domainand for all polynomial$, q of L holds Rootép+g) = RootspU
Rootgg.

(25) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structurep be a polynomial of., andp; be an element of Polynom-Rihglf p= ps,
then—p=—ps.

(26) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structurep, q be polynomials oL, andps, g; be elements of Polynom-Ring If

p= p1andq=qs, thenp—q= p1—qr.

(27) LetL be an Abelian add-associative right zeroed right complementable distributive non
empty double loop structure anxlg, r be polynomials of.. Thenpxq— pxr = px(q—r).

(28) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure ang, q be polynomials of.. If p—q=0.L, thenp=aqa.
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(29) LetL be an Abelian add-associative right zeroed right complementable distributive integral
domain-like non empty double loop structure gmdj, r be polynomials of.. If p=# 0.L and
pxq= pxr, thenq=r.

(30) LetL be an integral domaim be a natural number, angbe a polynomial of.. If p#£0.L,
thenp" #£0.L.

(31) For every commutative ring and for all natural numbeiis j and for every polynomiap
of L holdsp'x p! = p'tl.

(32) For every non empty multiplicative loop with zero structureolds1.L = (o1, ).

(33) LetL be an add-associative right zeroed right complementable right unital right distributive
non empty double loop structure apde a polynomial of.. Thenp=x (o1.) = p.

(34) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure ang, q be polynomials ot.. If lenp =0 or lenq= 0, then ler{pxq) = 0.

(35) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure ang, g be polynomials of.. If px*qis non-zero, thei is non-zero and
is non-zero.

(36) LetL be an add-associative right zeroed right complementable distributive commutative
associative left unital non empty double loop structure and be polynomials ofL. If
p(lenp—'1)-q(lenq—'1) # O, then O< len(p=q).

(37) LetL be an add-associative right zeroed right complementable distributive commutative
associative left unital integral domain-like non empty double loop structurgamde poly-
nomials ofL. If 1 < lenp and 1< leng, then lerp < len(pxq).

(38) LetL be an add-associative right zeroed right complementable left distributive non empty
double loop structureg, b be elements ok, and p be a polynomial ol. Then({pa,b) *
p)(0) = a- p(0) and for every natural numbeholds({pa, b) * p)(i+1) =a- p(i+1)+b-p(i).

(39) LetL be an add-associative right zeroed right complementable distributive well unital com-
mutative associative non degenerated non empty double loop struch@r@n element df,
andq be a non-zero polynomial &f. Then lerj(or,1.) *q) = leng+ 1.

(40) LetL be a non degenerated commutative rirdye an element ok, andi be a natural
number. Then lef{ox,1.)") =i+ 1.

Let L be a non degenerated commutative ringxlee an element of, and letn be a natural
number. One can verify thadgx, 1, )" is non-zero.
We now state two propositions:

(41) LetL be a non degenerated commutative rirgge an element ok, g be a non-zero
polynomial ofL, andi be a natural number. Then Igpx, 1.)' *q) =i + leng.

(42) LetL be an add-associative right zeroed right complementable distributive well unital com-
mutative associative non degenerated non empty double loop struche&@n element df,
andp, qbe polynomials of.. If p=(or,1_) *gandp(lenp—'1) =1, , thenq(lenq—'1) =1, .

5. LITTLE BEZOUT THEOREM

LetL be a non empty zero structure, [ebe a polynomial ot and letn be a natural number. The
functor poly shift(p,n) yielding a polynomial oL is defined as follows:

(Def. 5) For every natural numbeholds(poly_shift(p,n))(i) = p(n+i).

One can prove the following propositions:
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(43) For every non empty zero structute and for every polynomialp of L holds
poly_shift(p,0) = p.

(44) LetL be a non empty zero structurebe a natural number, arglbe a polynomial of.. If
n > lenp, then polyshift(p,n) = 0.L.

(45) LetL be a non degenerated non empty multiplicative loop with zero structiseea natural
number, ang be a polynomial of.. If n <lenp, then len polyshift(p,n) +n=lenp.

(46) LetL be a non degenerated commutative ricgbe an element of, n be a natu-
ral number, andp be a polynomial ofL. If n < lenp, then evalpoly_shift(p,n),x) =
x-evalpoly_shift(p,n+1),x) + p(n).

(47) For every non degenerated commutative tirend for every polynomiap of L such that
lenp =1 holds Rootp = 0.

LetL be a non degenerated commutative ringt le¢ an element df, and letp be a polynomial
of L. Let us assume thatis a root ofp. The functor polyquotientp,r) yielding a polynomial oL
is defined as follows:

(Def. 6)(i) lenpolyquotientp,r)+1=Ilenpand for every natural numbgholds(poly_quotientp,r))(i) =
eval poly_shift(p,i +1),r) iflenp> O,

(i) poly_quotientp,r) = 0.L, otherwise.
One can prove the following propositions:

(48) LetL be a non degenerated commutative ringe an element dof, andp be a non-zero
polynomial ofL. If r is a root ofp, then lenpolyquotienfp,r) > 0.

(49) LetL be an add-associative right zeroed right complementable left distributive well unital
non empty double loop structure anthe an element df. Then Root§—x,1.) = {x}.

(50) LetL be a non trivial commutative ring, be an element df, andp, g be polynomials of
L. If p=(o0—x,1.) *Q, thenxis a root ofp.

(51) LetL be a non degenerated commutative ringe an element df, andp be a polynomial
of L. If r is a root ofp, thenp = (o—r, 1, ) * poly_quotientp,r).

(52) LetL be anon degenerated commutative rinige an element df, andp, g be polynomials
of L. If p=(o—r,1.) *q, thenr is a root ofp.

6. PoLYNOMIALS DEFINED BY ROOTS

LetL be an integral domain and Iptbe a non-zero polynomial &f. Note that Rootg is finite.

Let L be a non degenerated commutative ring,Xiéte an element of, and letp be a non-
zero polynomial olL. The functor multiplicity p,x) yields a natural number and is defined by the
condition (Def. 7).

(Def. 7) There exists a finite non empty sub&ebf N such thatF = {k;k ranges over natural
nuMbers.V 4. poiynomial ofL P = (0—X; 1. )¥x g} and multiplicity( p,x) = maxF.

One can prove the following two propositions:

(53) LetL be a non degenerated commutative ripdie a non-zero polynomial df, andx be
an element of. Thenx s a root ofp if and only if multiplicity(p,x) > 1.

(54) For every non degenerated commutative ringnd for every elemenx of L holds
multiplicity ((o—x, 1. ),x) = 1.

Let L be an integral domain and lgtbe a non-zero polynomial df. The functor BRoot&)
yielding a bag of the carrier df is defined as follows:
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(Def. 8) supportBRootp) = Rootsp and for every elemenk of L holds (BRootgp))(x) =
multiplicity (p, X).

One can prove the following propositions:

(55) For every integral domaih and for every element of L holds BRoot§(p—x,1.)) =
({X}7 1) - bag

(56) LetL be an integral domairx be an element df, andp, g be non-zero polynomials df.
Then multiplicity( p=g,Xx) = multiplicity (p, x) + multiplicity (g, X).

(57) For every integral domaib and for all non-zero polynomialg, g of L holds BRoot§p
g) = BRootg p) + BRootg(q).

(58) For every integral domailn and for every non-zero polynomiglof L such that lep =1
holds degre@BRootgp)) = 0.

(59) For every integral domaih and for every element of L and for every natural number
holds degre@BRootg (o—x, 1, )™)) =n.

(60) For every algebraic-closed integral domhimnd for every non-zero polynomial of L
holds degre@BRootgp)) = lenp—' 1.

Let L be an add-associative right zeroed right complementable distributive non empty double
loop structure, let be an element df, and letn be a natural number. The functor fpatyult_root(c, n)
yields a finite sequence of elements of Polynom-Rimgd is defined by:

(Def. 9) lenfpolymult_root(c,n) = nand for every natural numbesuch that € dom fpoly.mult_root(c, n)
holds(fpoly_mult_root(c,n))(i) = (oc—c, 1.).

Let L be an add-associative right zeroed right complementable distributive non empty double
loop structure and lelb be a bag of the carrier df. The functor polywith_rootgb) yielding a
polynomial ofL is defined by the condition (Def. 10).

(Def. 10) There exists a finite sequenéeof elements of (the carrier of Polynom-Ribyg and
there exists a finite sequencseof elements ofL such that led = cardsuppoty and
s = canFJsupporb) and for every natural numbersuch thati € domf holds (i) =
fpoly_mult_root(s;,b(s)) and polywith_rootgb) = ] Flat(f).

The following propositions are true:

(61) LetL be an Abelian add-associative right zeroed right complementable commutative dis-
tributive right unital non empty double loop structure. Then palth_root§ EmptyBag (the
carrier ofL)) = (o1.).

(62) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure andbe an element df. Then polywith_rootg({c},1) —bag = (c—c,1.).

(63) LetL be an add-associative right zeroed right complementable distributive non empty
double loop structureb be a bag of the carrier df, f be a finite sequence of elements
of (the carrier of Polynom-Ring)*, ands be a finite sequence of elementslof Suppose
lenf = cardsuppoth and s = canF$supporb) and for every natural numbersuch that
i € domf holdsf (i) = fpoly_mult.root(s,b(s)). Then lenFlatf) = degre¢b).

(64) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structurep be a bag of the carrier df, f be a finite sequence of elements of
(the carrier of Polynom-Rinlg)*, s be a finite sequence of elementslgfandc be an ele-
ment of L such that lerf = card suppoiy ands = canFSsupporb) and for every natural
numberi such thai € domf holds f (i) = fpoly_mult.root(s;, b(s)). Then

(i) if c e supporb, then cardFlat(f)~1({(o—c,1.)})) = b(c), and
(i) if c¢ supporb, then cardFlat(f)~1({(o—c,1.)})) = 0.
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(65) For every commutative rinde and for all bagsbi;, b, of the carrier ofL holds
poly_with_rootgb; + by) = poly_with_rootgb;) * poly_with_rootgby).

(66) LetL be an algebraic-closed integral domain gmtte a non-zero polynomial df. If
p(lenp—'1) =1, , thenp = poly_with_rootg BRootg p)).

(67) LetL be a commutative ringsbe a non empty finite subsetbbfandf be a finite sequence
of elements of Polynom-Rirg Suppose lelf = cards and for every natural numbeand for
every element of L such that € domf andc = (canF3s))(i) holdsf (i) = (o0—c,1.). Then
poly_with_rootg(s,1) —bag =[] f.

(68) LetL be a non trivial commutative ring,be a non empty finite subsetbfx be an element
of L, and f be a finite sequence of elementslof Suppose lefi = cards and for every
natural numberand for every elememtof L such that € domf andc = (canFs))(i) holds
f(i) = eval(o—c,1.),x). Then eva(poly_with_rootg(s, 1) —bag),x) =[] f.
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