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1. PRELIMINARIES
The following proposition is true
(1) For every natural numberholdsn=0orn=21o0rn> 2.

The schem&omp Ind NEconcerns a unary predicafe and states that:
For every non empty natural numbeholds?[K]
provided the following condition is satisfied:
e For every non empty natural numbdesuch that for every non empty natural number
n such than < k holds?[n] holds?[K].
We now state the proposition

(2) For every finite sequendesuch that X< lenf holds f [ Seg 1= (f(1)).
One can prove the following propositions:

(3) Letf be afinite sequence of elements@f andg be a finite sequence of elementskof
Suppose lefi = leng and for every natural numbersuch that € domf holds|fi| = g(i).
Then|[1fl =0

(4) Letsbe a non empty finite subset @f, x be an element o€, andr be a finite se-
guence of elements dk. Suppose len= cards and for every natural numberand for
every element of Cg such thai € domr andc = (canF$s))(i) holdsr(i) = |[x—c|. Then
|evalpoly_with_rootg(s,1) — bag),x)| = []r.
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(5) Letf be afinite sequence of elements@f. Suppose that for every natural numbsuch
thati € domf holdsf (i) is integer. Thery f is integer.

(6) For every real numberthere exists an elementf C such thaz =r andz=r + 0i.

(7) For all elements, y of Cr and for all real numbens, r, such that; = xandr, =y holds
ri-rp=X-yandry+rps =Xx+y.

(8) Letqgbe areal number. Suppogés an integer and > 0. Let r be an element ofg. If
Ir] =1 andr # 1+ Oic., then|(q+Oic.) —r| >qg—1.

(9) Letp; be a non empty finite sequence of element®@ndx be a real number. Suppose
x> 1 and for every natural numbésuch thai € dompy holdsps (i) > x. Then[] p1 > x.

(10) For every natural numberholdslc, = power (1cg, n).

(11) Letn be a non empty natural number andbe a natural number. Then c(é%“r") =
COS( 2~n.(irr1nodn)) and SIF{%) _ sin( 2.n.(irr:10dn)).

(12) For every non empty natural numbeand for every natural numbérholds co$2'T”'i) +
sin(2M )i, = cog 2TEMoN) ) | gjn 2Te(imodn) yj

Ly 2.7t
(13) Letn be a non empty natural number ahdj be natural numbers. Themog <) +

sin(28)ic,) - (cog 21) + sin(2M )i, ) = cog ZRUENMOd) ) | gjpy 2TE((E))modn) yj

(14) LetL be a unital associative non empty groupoithe an element df, andn, mbe natural
numbers. Then powgfX, n-m) = poweg (powey (X, n), m).

(15) For every natural numberand for every element of Cg such thatx is an integer holds
power. (X, n) is an integer.

(16) LetF be a finite sequence of elementsi. Suppose that for every natural numbsuch
thati € domF holdsF (i) is an integer. Thely F is an integer.

(17) For every real numbersuch that < aanda < 2-1mand cos = 1 holdsa = 0.

Let us note that there exists a field which is finite and there exists a skew field which is finite.

2. MULTIPLICATIVE GROUP OF ASKEW FIELD
Let R be a skew field. The functor MultGro(R) yields a strict group and is defined by the condi-
tions (Def. 1).

(Def. 1)(i) The carrier of MultGroufR) = (the carrier oRR) \ {Or}, and

(i)  the multiplication of MultGrougR) = (the multiplication of R)[[:the carrier of
MultGroup(R), the carrier of MultGroufR) ].

One can prove the following three propositions:
(18) For every skew fiel® holds the carrier oR = (the carrier of MultGroufR)) U {Or}.

(19) LetR be a skew fielda, b be elements oR, andc, d be elements of MultGroyR). If
a=candb=d, thenc-d=a-h.

(20) For every skew fiel® holds1r = LyyitroupR)-

Let Rbe a finite skew field. Note that MultGro(R) is finite.
Next we state three propositions:

(21) For every finite skew fiel® holds ordMultGroup(R)) = card (the carrier oR) — 1.

(22) For every skew fieleR and for every se$ such thas € the carrier of MultGroufR) holds
s e the carrier oR

(23) For every skew fiel® holds the carrier of MultGrouiR) C the carrier ofR.



PRIMITIVE ROOTS OF UNITY AND CYCLOTOMIC. .. 3

3. ROOTS OFUNITY
Letn be a non empty natural number. The funcierrootsof_1 yields a subset dfr and is defined
by:
(Def. 2) n—rootsof_1= {x;x ranges over elements 6k: x is a complex root ofi, 1. }.

Next we state several propositions:

(24) Letn be a non empty natural number antde an element dfg. Thenx € n—rootsof_1
if and only if x is a complex root of, 1c,.

(25) For every non empty natural numbenoldsic. € n—rootsof_1.

(26) For every non empty natural numbeand for every element of Cg such thatx € n—
rootsof_1 holds|x| = 1.

(27) Letn be a non empty natural number axnte an element dfg. Thenx € n—rootsof_1
2.1tk

if and only if there exists a natural numbesuch tha = cos(z'T"'k) +sin(=5= ice.
(28) For every non empty natural numbeand for all elements, y of C such thatx € n—
rootsof_1 andy € n—rootsof_1 holdsx-y € n—rootsof_1.

(29) For every non empty natural numbenoldsn — roots of_1 = {cog 22) + sin(27)jc_;k

n
ranges over natural numbeiksx n}.
(30) For every non empty natural numbehnolds n—rootsof_1 = n.

Let n be a non empty natural number. Observe thatrootsof_1 is non empty and —
rootsof_1 is finite.
One can prove the following propositions:

(31) For all non empty natural numbens n; such thatn; | n holds n; —rootsof 1 C n—
rootsof_1.

(32) LetRbe a skew fieldx be an element of MultGroyR), andy be an element dR. If y=x,
then for every natural numbérholds powefcrounr) (X K) = powek(y, k).

(33) For every non empty natural numbeand for every element of MultGroup(Cg) such
thatx € n—rootsof_1 holdsx is not of order 0.

(34) Letn be a non empty natural numbéde,be a natural number, andbe an element of
MultGroup(Cg). If x = cos( 2ZK) + sin(2Tk)ic_, then ordx) = n=- (kgcdn).

(35) For every non empty natural number holds n — rootsof 1 C the carrier of
MultGroup(Cg).

(36) For every non empty natural numbethere exists an elemertof MultGroup(Cg) such
that ordx) = n.

(37) For every non empty natural numbeand for every element of MultGroup(Cg) holds
ord(x) | niff xe n—rootsof_1.

(38) For every non empty natural numbreinoldsn— roots of_1 = {x; x ranges over elements of
MultGroup(Cg): ord(x) | n}.

(39) Letnbe anon empty natural number axte a set. Thew € n—rootsof_1 if and only if
there exists an elemepbf MultGroup(Cg) such thak =y and ordy) | n.

Let n be a non empty natural number. The funater th_roots of 1 yields a strict group and is
defined by:
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(Def.3) The carrier ofn — th.rootsof 1 = n — rootsof_ 1 and the multiplication ofn —
th_roots of_1 = (the multiplication ofCg) [ n —rootsof_1, n—rootsof_1].

The following proposition is true

(40) For every non empty natural number holds n — th_rootsof_ 1 is a subgroup of
MultGroup(Cg).

4. THE UNITAL POLYNOMIAL X"—1

Let n be a non empty natural number andlldie a left unital non empty double loop structure. The
functor unitalpoly(L, n) yielding a polynomial oL is defined as follows:

(Def. 4) unitalpoly(L,n) =0.L+-(0,—1.) +- (n,1.).
We now state four propositions:
(41) unitalpoly(Cr,1) = (o—1cg, 1cp)-

(42) LetL be aleft unital non empty double loop structure arik a non empty natural number.
Then(unitalpoly(L,n))(0) = —1, and(unitalpoly(L,n))(n) =1,.

(43) LetL be a left unital non empty double loop structuneye a non empty natural number,
andi be a natural number. 1 0 andi # n, then(unitalpoly(L,n))(i) = 0.

(44) LetL be a non degenerated left unital non empty double loop structuren &eda non
empty natural number. Then lenunifaly(L,n) = n+ 1.

LetL be a non degenerated left unital non empty double loop structure amtides non empty
natural number. Observe that unitaly(L, n) is non-zero.
We now state several propositions:

(45) For every non empty natural number and for every elementx of Cg holds
evalunital poly(Cr, n),x) = power(x, n) — 1.

(46) For every non empty natural numbsenolds Roots unitapoly(Cg, n) = n—rootsof_1.

(47) Letn be a natural number armbe an element ofg. Suppose is a real number. Then
there exists a real numbesuch thak = zand poweg,_(z n) = x".

(48) Letnbe a non empty natural number axtle a real number. Then there exists an element
y of Cg such thaty = x and eva(unital_poly(Cg,n),y) =x"— 1.

(49) For every non empty natural number holds BRootéunitalpoly(Cg,n)) = (n —
rootsof_1,1) — bag.

(50) For every non empty natural numbeholds unitalpoly(Cg, n) = poly_with_rootg(n —
rootsof_1,1) — bag).

Leti be an integer and letbe a natural number. Théhis an integer.
Next we state the proposition

(51) For every non empty natural numlmeaind for every elementof Cg such that is an integer
holds evalunitalLpoly(Cg,n),i) is an integer.
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5. CrcLoToMIC POLYNOMIALS

Let d be a non empty natural number. The functor cyclotopoty(d) yields a polynomial ofCe
and is defined as follows:

(Def. 5) There exists a non empty finite subsef Cg such that = {y;y ranges over elements of
MultGroup(Cg): ord(y) = d} and cyclotomicpoly(d) = poly_with_rootq(s,1) — bag.

Next we state a number of propositions:

(52) cyclotomicpoly(1) = (o—1ce, 1cp)-

(53) Letnbe a non empty natural number ahdbe a finite sequence of elements of the carrier
of Polynom-RindCg). Suppose lefi = nand for every non empty natural numbeuch that
i € domf holds ifi{ n, thenf(i) = (o1c.) and ifi | n, thenf (i) = cyclotomicpoly(i). Then
unital_poly(Cg,n) = f.

(54) Letnbe a non empty natural number. Then there exists a finite seqiierfadements of
the carrier of Polynom-Rin@r) and there exists a polynomiglof Cg such that

® p=nt,
(i) domf = Sem,

(iii)  for every non empty natural numbeérsuch thati € Segn holds ifi{n ori =n, then
f(i) = (olce) and ifi | nandi # n, then f (i) = cyclotomicpoly(i), and

(iv)  unital_poly(Cg,n) = cyclotomicpoly(n) x p.
(55) For every non empty natural number and for every natural number holds

(cyclotomicpoly(d))(0) = 1 or (cyclotomicpoly(d))(0) = —1 but(cyclotomicpoly(d))(i)
is integer.

(56) For every non empty natural numkebiand for every elemertt of Cg such thatz is an
integer holds evgtyclotomicpoly(d), z) is an integer.

(57) Letn, n; be non empty natural numberspe a finite sequence of elements of the carrier
of Polynom-RingCg), ands be a finite subset dfr. Suppose that
(i) s={y;yranges over elements of MultGro@x): ord(y) | n A ord(y){ny A ord(y) # n},
(i) domf = Sem, and
(iiiy ~ for every non empty natural numbeésuch thai € domf holds ififnori|n;ori=n,
thenf (i) = (olce) and ifi | nandi { ny andi # n, thenf (i) = cyclotomicpoly(i).
Then[] f = poly_with_rootg(s, 1) — bag).
(58) Letn, n; be non empty natural numbers. Suppose nandn; | n. Then there exists a finite
sequencd of elements of the carrier of Polynom-Rifig-) and there exists a polynomigl
of Cg such that
® p=nt,
(i) domf = Sem,
(iii)  for every non empty natural numbesuch that € Segn holds ififnori|ng ori =n, then
f(i) = (o1lce) and ifi | nandi { ny andi # n, then f (i) = cyclotomicpoly(i), and
(iv)  unital_poly(Cg,n) = unitalpoly(Cg, n;) * cyclotomicpoly(n) * p.
(59) Leti be an integerc be an element o€f, f be a finite sequence of elements of the
carrier of Polynom-RinfCr), and p be a polynomial ofCr. Supposep =[]f andc =

and for every non empty natural numbiesuch thati € domf holds f(i) = (olcz) or
f (i) = cyclotomicpoly(i). Then evalp,c) is integer.

(60) Letn be a non empty natural numbgr,k, q be integers, and; be an element o€g. If
g1 = g andj = evalcyclotomicpoly(n),q:) andk = evalunitaLpoly(Cg,n),q1), thenj | k.
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(61) Letn, ng be non empty natural numbers amgdbe an integer. Suppose; < n

and n; | n. Let g1 be an element ofc;. Supposeq: = q. Let j, k, | be inte-
gers. If j = evalcyclotomicpoly(n),q;) and k = evalunitalpoly(Cg,n),q1) and | =
evalunitalpoly(Cg,n1),01), thenj | k=1, wherec; = the carrier ofCe.

(62) Letn, q be non empty natural numbers aggdbe an element off. If q; = q, then for

every integerj such thatj = evalcyclotomicpoly(n),q;) holdsj | " — 1.

(63) Letn, n1, qbe non empty natural numbers. Suppnse: nandn; | n. Letg; be an element

of Cg. If g1 = q, then for every integef such thatj = evalcyclotomicpoly(n),q:) holds
JHE" =1+ (g -1).

(64) Letn be a non empty natural number. Suppose A. Let g be a natural number. Sup-

(1
(2]

(3]

(4]

(5]
6l

(7]

8l
[0

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

pose 1< g. Let g1 be an element ofCe. If g1 = q, then for every integer such that
i = eval(cyclotomicpoly(n),qs) holds|i| > q—1.
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