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1. PRELIMINARIES

The following proposition is true

(1) For every natural numbern holdsn = 0 orn = 1 orn≥ 2.

The schemeComp Ind NEconcerns a unary predicateP , and states that:
For every non empty natural numberk holdsP [k]

provided the following condition is satisfied:
• For every non empty natural numberk such that for every non empty natural number

n such thatn < k holdsP [n] holdsP [k].
We now state the proposition

(2) For every finite sequencef such that 1≤ len f holds f �Seg1= 〈 f (1)〉.

One can prove the following propositions:

(3) Let f be a finite sequence of elements ofCF andg be a finite sequence of elements ofR.
Suppose lenf = leng and for every natural numberi such thati ∈ dom f holds | fi | = g(i).
Then|∏ f |= ∏g.

(4) Let s be a non empty finite subset ofCF, x be an element ofCF, and r be a finite se-
quence of elements ofR. Suppose lenr = cards and for every natural numberi and for
every elementc of CF such thati ∈ domr andc = (canFS(s))(i) holdsr(i) = |x− c|. Then
|eval(poly with roots((s,1)−bag),x)|= ∏ r.
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(5) Let f be a finite sequence of elements ofCF. Suppose that for every natural numberi such
that i ∈ dom f holds f (i) is integer. Then∑ f is integer.

(6) For every real numberr there exists an elementz of C such thatz= r andz= r +0i.

(7) For all elementsx, y of CF and for all real numbersr1, r2 such thatr1 = x andr2 = y holds
r1 · r2 = x ·y andr1 + r2 = x+y.

(8) Let q be a real number. Supposeq is an integer andq > 0. Let r be an element ofCF. If
|r|= 1 andr 6= 1+0iCF, then|(q+0iCF)− r|> q−1.

(9) Let p1 be a non empty finite sequence of elements ofR andx be a real number. Suppose
x≥ 1 and for every natural numberi such thati ∈ domp1 holdsp1(i) > x. Then∏ p1 > x.

(10) For every natural numbern holds1CF = powerCF
(1CF, n).

(11) Let n be a non empty natural number andi be a natural number. Then cos(2·π·i
n ) =

cos(2·π·(i modn)
n ) and sin(2·π·i

n ) = sin(2·π·(i modn)
n ).

(12) For every non empty natural numbern and for every natural numberi holds cos(2·π·i
n )+

sin(2·π·i
n )iCF = cos(2·π·(i modn)

n )+sin(2·π·(i modn)
n )iCF.

(13) Let n be a non empty natural number andi, j be natural numbers. Then(cos(2·π·i
n ) +

sin(2·π·i
n )iCF) · (cos(2·π· j

n )+sin(2·π· j
n )iCF) = cos(2·π·((i+ j)modn)

n )+sin(2·π·((i+ j)modn)
n )iCF.

(14) LetL be a unital associative non empty groupoid,x be an element ofL, andn, mbe natural
numbers. Then powerL(x, n·m) = powerL(powerL(x, n), m).

(15) For every natural numbern and for every elementx of CF such thatx is an integer holds
powerCF

(x, n) is an integer.

(16) LetF be a finite sequence of elements ofCF. Suppose that for every natural numberi such
that i ∈ domF holdsF(i) is an integer. Then∑F is an integer.

(17) For every real numbera such that 0≤ a anda < 2·π and cosa = 1 holdsa = 0.

Let us note that there exists a field which is finite and there exists a skew field which is finite.

2. MULTIPLICATIVE GROUP OF ASKEW FIELD

Let R be a skew field. The functor MultGroup(R) yields a strict group and is defined by the condi-
tions (Def. 1).

(Def. 1)(i) The carrier of MultGroup(R) = (the carrier ofR)\{0R}, and

(ii) the multiplication of MultGroup(R) = (the multiplication of R)�[: the carrier of
MultGroup(R), the carrier of MultGroup(R) :].

One can prove the following three propositions:

(18) For every skew fieldRholds the carrier ofR= (the carrier of MultGroup(R))∪{0R}.

(19) Let R be a skew field,a, b be elements ofR, andc, d be elements of MultGroup(R). If
a = c andb = d, thenc·d = a·b.

(20) For every skew fieldRholds1R = 1MultGroup(R).

Let Rbe a finite skew field. Note that MultGroup(R) is finite.
Next we state three propositions:

(21) For every finite skew fieldRholds ord(MultGroup(R)) = card(the carrier ofR)−1.

(22) For every skew fieldR and for every sets such thats∈ the carrier of MultGroup(R) holds
s∈ the carrier ofR.

(23) For every skew fieldRholds the carrier of MultGroup(R)⊆ the carrier ofR.
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3. ROOTS OFUNITY

Let n be a non empty natural number. The functorn− rootsof 1 yields a subset ofCF and is defined
by:

(Def. 2) n− rootsof 1 = {x;x ranges over elements ofCF: x is a complex root ofn, 1CF}.

Next we state several propositions:

(24) Letn be a non empty natural number andx be an element ofCF. Thenx∈ n− rootsof 1
if and only if x is a complex root ofn, 1CF.

(25) For every non empty natural numbern holds1CF ∈ n− rootsof 1.

(26) For every non empty natural numbern and for every elementx of CF such thatx ∈ n−
rootsof 1 holds|x|= 1.

(27) Letn be a non empty natural number andx be an element ofCF. Thenx∈ n− rootsof 1
if and only if there exists a natural numberk such thatx = cos(2·π·k

n )+sin(2·π·k
n )iCF.

(28) For every non empty natural numbern and for all elementsx, y of C such thatx ∈ n−
rootsof 1 andy∈ n− rootsof 1 holdsx ·y∈ n− rootsof 1.

(29) For every non empty natural numbern holdsn− rootsof 1= {cos(2·π·k
n )+sin(2·π·k

n )iCF;k
ranges over natural numbers:k < n}.

(30) For every non empty natural numbern holdsn− rootsof 1 = n.

Let n be a non empty natural number. Observe thatn− rootsof 1 is non empty andn−
rootsof 1 is finite.

One can prove the following propositions:

(31) For all non empty natural numbersn, n1 such thatn1 | n holds n1 − rootsof 1 ⊆ n−
rootsof 1.

(32) LetRbe a skew field,x be an element of MultGroup(R), andy be an element ofR. If y= x,
then for every natural numberk holds powerMultGroup(R)(x, k) = powerR(y, k).

(33) For every non empty natural numbern and for every elementx of MultGroup(CF) such
thatx∈ n− rootsof 1 holdsx is not of order 0.

(34) Let n be a non empty natural number,k be a natural number, andx be an element of
MultGroup(CF). If x = cos(2·π·k

n )+sin(2·π·k
n )iCF, then ord(x) = n÷ (kgcdn).

(35) For every non empty natural numbern holds n − rootsof 1 ⊆ the carrier of
MultGroup(CF).

(36) For every non empty natural numbern there exists an elementx of MultGroup(CF) such
that ord(x) = n.

(37) For every non empty natural numbern and for every elementx of MultGroup(CF) holds
ord(x) | n iff x∈ n− rootsof 1.

(38) For every non empty natural numbern holdsn− rootsof 1= {x;x ranges over elements of
MultGroup(CF): ord(x) | n}.

(39) Letn be a non empty natural number andx be a set. Thenx∈ n− rootsof 1 if and only if
there exists an elementy of MultGroup(CF) such thatx = y and ord(y) | n.

Let n be a non empty natural number. The functorn− th rootsof 1 yields a strict group and is
defined by:
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(Def. 3) The carrier of n − th rootsof 1 = n − rootsof 1 and the multiplication ofn −
th rootsof 1 = (the multiplication ofCF)�[:n− rootsof 1, n− rootsof 1:].

The following proposition is true

(40) For every non empty natural numbern holds n− th rootsof 1 is a subgroup of
MultGroup(CF).

4. THE UNITAL POLYNOMIAL xn−1

Let n be a non empty natural number and letL be a left unital non empty double loop structure. The
functor unitalpoly(L,n) yielding a polynomial ofL is defined as follows:

(Def. 4) unitalpoly(L,n) = 0.L+· (0,−1L)+· (n,1L).

We now state four propositions:

(41) unital poly(CF,1) = 〈0−1CF,1CF〉.

(42) LetL be a left unital non empty double loop structure andn be a non empty natural number.
Then(unital poly(L,n))(0) =−1L and(unital poly(L,n))(n) = 1L.

(43) LetL be a left unital non empty double loop structure,n be a non empty natural number,
andi be a natural number. Ifi 6= 0 andi 6= n, then(unital poly(L,n))(i) = 0L.

(44) Let L be a non degenerated left unital non empty double loop structure andn be a non
empty natural number. Then lenunitalpoly(L,n) = n+1.

Let L be a non degenerated left unital non empty double loop structure and letn be a non empty
natural number. Observe that unitalpoly(L,n) is non-zero.

We now state several propositions:

(45) For every non empty natural numbern and for every elementx of CF holds
eval(unital poly(CF,n),x) = powerCF

(x, n)−1.

(46) For every non empty natural numbern holds Rootsunitalpoly(CF,n) = n− rootsof 1.

(47) Letn be a natural number andz be an element ofCF. Supposez is a real number. Then
there exists a real numberx such thatx = z and powerCF

(z, n) = xn.

(48) Letn be a non empty natural number andx be a real number. Then there exists an element
y of CF such thaty = x and eval(unital poly(CF,n),y) = xn−1.

(49) For every non empty natural numbern holds BRoots(unital poly(CF,n)) = (n −
rootsof 1,1)−bag.

(50) For every non empty natural numbern holds unitalpoly(CF,n) = poly with roots((n−
rootsof 1,1)−bag).

Let i be an integer and letn be a natural number. Thenin is an integer.
Next we state the proposition

(51) For every non empty natural numbern and for every elementi of CF such thati is an integer
holds eval(unital poly(CF,n), i) is an integer.
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5. CYCLOTOMIC POLYNOMIALS

Let d be a non empty natural number. The functor cyclotomicpoly(d) yields a polynomial ofCF

and is defined as follows:

(Def. 5) There exists a non empty finite subsets of CF such thats= {y;y ranges over elements of
MultGroup(CF): ord(y) = d} and cyclotomicpoly(d) = poly with roots((s,1)−bag).

Next we state a number of propositions:

(52) cyclotomicpoly(1) = 〈0−1CF,1CF〉.

(53) Letn be a non empty natural number andf be a finite sequence of elements of the carrier
of Polynom-Ring(CF). Suppose lenf = n and for every non empty natural numberi such that
i ∈ dom f holds if i - n, then f (i) = 〈01CF〉 and if i | n, then f (i) = cyclotomicpoly(i). Then
unital poly(CF,n) = ∏ f .

(54) Letn be a non empty natural number. Then there exists a finite sequencef of elements of
the carrier of Polynom-Ring(CF) and there exists a polynomialp of CF such that

(i) p = ∏ f ,

(ii) dom f = Segn,

(iii) for every non empty natural numberi such thati ∈ Segn holds if i - n or i = n, then
f (i) = 〈01CF〉 and if i | n andi 6= n, then f (i) = cyclotomicpoly(i), and

(iv) unital poly(CF,n) = cyclotomicpoly(n)∗ p.

(55) For every non empty natural numberd and for every natural numberi holds
(cyclotomicpoly(d))(0) = 1 or (cyclotomicpoly(d))(0) = −1 but(cyclotomicpoly(d))(i)
is integer.

(56) For every non empty natural numberd and for every elementz of CF such thatz is an
integer holds eval(cyclotomicpoly(d),z) is an integer.

(57) Letn, n1 be non empty natural numbers,f be a finite sequence of elements of the carrier
of Polynom-Ring(CF), ands be a finite subset ofCF. Suppose that

(i) s= {y;y ranges over elements of MultGroup(CF): ord(y) | n ∧ ord(y) - n1 ∧ ord(y) 6= n},
(ii) dom f = Segn, and

(iii) for every non empty natural numberi such thati ∈ dom f holds if i - n or i | n1 or i = n,
then f (i) = 〈01CF〉 and if i | n andi - n1 andi 6= n, then f (i) = cyclotomicpoly(i).

Then∏ f = poly with roots((s,1)−bag).

(58) Letn, n1 be non empty natural numbers. Supposen1 < nandn1 | n. Then there exists a finite
sequencef of elements of the carrier of Polynom-Ring(CF) and there exists a polynomialp
of CF such that

(i) p = ∏ f ,

(ii) dom f = Segn,

(iii) for every non empty natural numberi such thati ∈ Segn holds if i - n or i | n1 or i = n, then
f (i) = 〈01CF〉 and if i | n andi - n1 andi 6= n, then f (i) = cyclotomicpoly(i), and

(iv) unital poly(CF,n) = unital poly(CF,n1)∗cyclotomicpoly(n)∗ p.

(59) Let i be an integer,c be an element ofCF, f be a finite sequence of elements of the
carrier of Polynom-Ring(CF), and p be a polynomial ofCF. Supposep = ∏ f andc = i
and for every non empty natural numberi such thati ∈ dom f holds f (i) = 〈01CF〉 or
f (i) = cyclotomicpoly(i). Then eval(p,c) is integer.

(60) Letn be a non empty natural number,j, k, q be integers, andq1 be an element ofCF. If
q1 = q and j = eval(cyclotomicpoly(n),q1) andk = eval(unital poly(CF,n),q1), then j | k.
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(61) Let n, n1 be non empty natural numbers andq be an integer. Supposen1 < n
and n1 | n. Let q1 be an element ofc1. Supposeq1 = q. Let j, k, l be inte-
gers. If j = eval(cyclotomicpoly(n),q1) and k = eval(unital poly(CF,n),q1) and l =
eval(unital poly(CF,n1),q1), then j | k÷ l , wherec1 = the carrier ofCF.

(62) Let n, q be non empty natural numbers andq1 be an element ofCF. If q1 = q, then for
every integerj such thatj = eval(cyclotomicpoly(n),q1) holds j | qn−1.

(63) Letn, n1, q be non empty natural numbers. Supposen1 < n andn1 | n. Let q1 be an element
of CF. If q1 = q, then for every integerj such thatj = eval(cyclotomicpoly(n),q1) holds
j | (qn−1)÷ (qn1 −1).

(64) Let n be a non empty natural number. Suppose 1< n. Let q be a natural number. Sup-
pose 1< q. Let q1 be an element ofCF. If q1 = q, then for every integeri such that
i = eval(cyclotomicpoly(n),q1) holds|i|> q−1.
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