JOURNAL OF FORMALIZED MATHEMATICS
Volume4,  Released 1992,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Basic Notation of Universal Algebra

Jarostaw Kotowicz Beata Madras Matgorzata Korolkiewicz
Warsaw University ~ Warsaw University Warsaw University
Biatystok Biatystok Biatystok

Summary. We present the basic notation of universal algebra.

MML Identifier: UNIALG_1.

WWW: http://mizar.org/JFM/Vol4/unialg_1l.html

The articles([5], [[¥], [[6], 8], [2], [1], [4], and[[B] provide the notation and terminology for this
paper.

For simplicity, we follow the rulesA denotes a sek, y denote finite sequences of elements of
A, h denotes a partial function frody* to A, andn denotes a natural number.

Let us consideA and letl; be a partial function from\* to A. We say that; is homogeneous if
and only if:

(Def. 1) For allx, y such that € doml; andy € doml; holds lerx = leny.

Let us consideA and letl; be a partial function fron&A* to A. We say that; is quasi total if and
only if:

(Def. 2) For allx, y such that lex = leny andx € doml; holdsy € doml;.

Let A be a non empty set. Observe that there exists a partial functionAfotm A which is
homogeneous, quasi total, and non empty.
We now state three propositions:

(1) his non empty iff donh #£ 0.

(2) LetAbe anon empty set aralbe an element of. Then{ea} — ais a homogeneous
guasi total non empty partial function froAi to A.

(3) Forevery non empty sétand for every elemerg of A holds{ea} — ais an element of
A SA

Let us consideA. A finite sequence of operational functionsfok a finite sequence of elements
of A* A

We introduce universal algebra structures which are extensions of 1-sorted structure and are
systems

( a carrier, a characteristj¢
where the carrier is a set and the characteristic is a finite sequence of operational functions of the
carrier.

Let us mention that there exists a universal algebra structure which is non empty and strict.

Let D be a non empty set and lebe a finite sequence of operational function®ofNote that
(D,c) is non empty.

Let us consideA and letl; be a finite sequence of operational functiong\oiVe say that; is
homogeneous if and only if:
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(Def. 4E] For alln, h such than € doml; andh = I1(n) holdsh is homogeneous.

Let us consideA and letl; be a finite sequence of operational function®\ofVe say that; is
quasi total if and only if:

(Def. 5) For alln, h such than € doml; andh = I1(n) holdsh is quasi total.
Let F be a function. Let us observe tHats non-empty if and only if:
(Def. 6) For every sat such than € domF holdsF (n) is non empty.

Let A be a non empty set and Ietbe an element oA*—A. Then(x) is a finite sequence of
operational functions oA.

Let A be a non empty set. One can verify that there exists a finite sequence of operational
functions ofA which is homogeneous, quasi total, and non-empty.

Letl; be a universal algebra structure. We say thad partial if and only if:

(Def. 7) The characteristic ¢f is homogeneous.
We say that; is quasi total if and only if:
(Def. 8) The characteristic df is quasi total.
We say that; is non-empty if and only if:
(Def. 9) The characteristic of # 0 and the characteristic ¢f is non-empty.

In the sequeR denotes a non empty set andenotes a finite sequence of elementé.of
Next we state the proposition

(4) For every element of A*—-A such thatx = {ea} — a holds(x) is homogeneous, quasi
total, and non-empty.

Let us note that there exists a universal algebra structure which is quasi total, partial, non-empty,
strict, and non empty.

LetU; be a partial universal algebra structure. Observe that the characteristicofiomoge-
neous.

Let U; be a quasi total universal algebra structure. Note that the characteristici®fquasi
total.

Let U; be a non-empty universal algebra structure. Note that the characteristici®fnon-
empty and non empty.

A universal algebra is a quasi total partial non-empty non empty universal algebra structure.

In the sequell; denotes a partial non-empty non empty universal algebra structure.

Let us consideA and letf be a homogeneous non empty partial function frdhto A. The
functor arityf yielding a natural number is defined as follows:

(Def. 10) Ifx € domf, then arityf = lenx.

Next we state the proposition

(5) LetgivenU; and givem. Supposen € dom (the characteristic &f;). Then (the character-
istic of U1)(n) is a partial function from (the carrier &f;)* to the carrier ofJ;.

Let us considet);. The functor signatutd; yielding a finite sequence of elements Mfis
defined by the conditions (Def. 11).

(Def. 11)(i) lensignaturd; = len (the characteristic &;), and

(i)  for everyn such thain € domsignaturtl; and for every homogeneous non empty partial
function h from (the carrier ofJ;)* to the carrier olU; such thath = (the characteristic of
U1)(n) holds(signaturdJ;)(n) = arityh.

1 The definition (Def. 3) has been removed.



BASIC NOTATION OF UNIVERSAL ALGEBRA 3

REFERENCES

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite seqiences.of Formalized Mathematics
1,1989.http://mizar.org/JFM/Voll/finseq_1.html}

Czestaw Bylhski. Functions and their basic propertidsurnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/Voll/
funct_1.html.

Czestaw Byliski. Partial functionsJournal of Formalized Mathematics, 1989.http://mizar.org/JFM/Voll/partfunl.html,

Andrzej Trybulec. Binary operations applied to functiodsurnal of Formalized Mathematic, 1989http://mizar.org/JFM/Voll/
funcop_1l.htmll

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989/http://mizar.org/JFM/
Axiomatics/tarski.htmll

Andrzej Trybulec. Subsets of real numbedaurnal of Formalized Mathematicéddenda, 2003http://mizar.org/JFM/Addenda/
numbers.htmll

Zinaida Trybulec. Properties of subsedsurnal of Formalized Mathematic, 1989 http://mizar.org/JFM/Voll/subset_1.html}

Edmund Woronowicz. Relations and their basic propertidsurnal of Formalized Mathematicd, 1989. http://mizar.org/JFM/
Voll/relat_1.html}

Received December 29, 1992

Published January 2, 2004


http://mizar.org/JFM/Vol1/finseq_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/partfun1.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	basic notation of universal algebra By jaroslaw kotowicz et al.

