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Summary. Let X be a topological spaceX is said to beTg-space(or Kolmogorov
space provided for every pair of distinct pointg y € X there exists an open subset %f
containing exactly one of these points; equivalently, for every pair of distinct paigts X
there exists a closed subsetotontaining exactly one of these points (see [1], [6], [2]).

The purpose is to list some of the standard facts on Kolmogorov spaces, using Mizar
formalism. As a sample we formulate the following characteristics of such spXcesa
Kolmogorov space iff for every pair of distinct pointsyxe X the closuregx} and {y} are
distinct

There is also reviewed analogous facts on Kolmogorov subspaces of topological spaces.
In the presented approadh-subsets are introduced and some of their properties developed.

MML Identifier: TSP_1.

WWW: http://mizar.org/JFM/Vol6/tsp_1.html

The articles|[8],[[10],[17], 9], [3], [4], [11], and_.[5] provide the notation and terminology for this
paper.

1. SUBSPACES

LetY be a topological structure. We see that the subspa¥e®#é topological structure and it can
be characterized by the following (equivalent) condition:
(Def. 1)()) The carrier of itC the carrier ofY, and
(i) for every subsetsy of it holds Gg is open iff there exists a subsgtof Y such thaiG is
open andsp = GNthe carrier of it.

Next we state the proposition

(ZH LetY be a topological structur&y be a subspace of, andG be a subset of. Supposes
is open. Then there exists a sub&gtof Yy such thaiGg is open andsy = GNthe carrier of
Yo.

LetY be a topological structure. We see that the subspa¥e®h topological structure and it
can be characterized by the following (equivalent) condition:
(Def. 2)()) The carrier of itC the carrier ofY, and

(i) for every subsefy of it holds Fy is closed iff there exists a subdetof Y such that- is
closed andr = F Nnthe carrier of it.

lpresented at Mizar Conference: Mathematics in Mizar (Bialystok, September 12—14, 1994).
1 The proposition (1) has been removed.
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Next we state the proposition

(4H LetY be a topological structur&y be a subspace &f, andF be a subset of. Suppose
F is closed. Then there exists a subiggbf Yy such thafy is closed andry = F Nthe carrier
of Yo.

2. KOLMOGOROV SPACES
Let T be a topological structure. Let us observe thas discernible if and only if the conditions
(Def. 3) are satisfied.
(Def. 3)(() T is empty, or

(i)  for all pointsx, y of T such thak # y holds there exists a sub&bf T such thaV is open
andx €V andy ¢ V or there exists a subsét of T such thatV is open anc ¢ W andy € W.

We introduceT is Tp as a synonym of is discernible.
LetY be atopological structure. Let us observe tha Ty if and only if the conditions (Def. 4)
are satisfied.

(Def. 4)(i) Y is empty, or

(i) for all points x, y of Y such thatx # y holds there exists a subgetof Y such thatE is
closed anc € E andy ¢ E or there exists a subsEtof Y such thaf is closed andc ¢ F and
yeF.

Let us note that every non empty topological structure which is trivial is ijsnd every non
empty topological structure which is ndg is also non trivial.

Let us mention that there exists a topological space which is sEsichhd non empty and there
exists a topological space which is strict, niypand non empty.

One can check the following observations:

x every non empty topological space which is discrete is so
% every non empty topological space which is rigns also non discrete,
x every non empty topological space which is anti-discrete and non trivial is alsgnon
x every non empty topological space which is anti-discreteTgns also trivial, and
x every non empty topological space whichlgsand non trivial is also non anti-discrete.
Let X be a non empty topological space. Let us observeXhafly if and only if:
(Def. 5)  For all points, y of X such thai # y holds {x} # {y}.
Let X be a non empty topological space. Let us observeXhafly if and only if:
(Def. 6) For all points, y of X such thai # y holdsx ¢ {y} ory ¢ {x}.
Let X be a non empty topological space. Let us observeXhafly if and only if:
(Def. 7) For all points, y of X such thai # y andx € {y} holds{y} Z {x}.
One can verify the following observations:
x every non empty topological space which is almost discretelgiglalso discrete,

* every non empty topological space which is almost discrete and non discrete is alkp non
and

* every non empty topological space which is non discreteTgiiglalso non almost discrete.

A Kolmogorov space is @ non empty topological space. A non-Kolmogorov space is algon
non empty topological space.

Let us mention that there exists a Kolmogorov space which is non trivial and strict and there
exists a non-Kolmogorov space which is non trivial and strict.

2 The proposition (3) has been removed.
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3. Tp-SUBSETS

LetY be a topological structure and letbe a subset of. We say that; is Ty if and only if the
condition (Def. 8) is satisfied.

(Def. 8) Letx, ybe points ofY. Suppose € |1 andy € |1 andx # y. Then there exists a sub3ébf
Y such thaV is open anc € V andy ¢ V or there exists a subsét of Y such thawV is open
andx ¢ W andy € W.

LetY be a non empty topological structure andAdbe a subset of. Let us observe thak is
To if and only if the condition (Def. 9) is satisfied.

(Def. 9) Letx, y be points ofY. Supposec€ Aandy € Aandx#y. Then
(i) there exists a subs&tof Y such thak is closed and € E andy ¢ E, or
(i) there exists a subsé&tof Y such thaf is closed and ¢ F andy € F.

Next we state two propositions:

(5) LetYy, Y1 be topological structure®)g be a subset ofy, andD; be a subset of;. Suppose
the topological structure &f = the topological structure &fp andDg = D;. If Dg is To, then
D1 is To.

(6) LetY be a non empty topological structure alhle a subset of . Supposé = the carrier
of Y. ThenAis Ty if and only if Y is Tp.

In the sequeY is a non empty topological structure.
One can prove the following propositions:

(7) For all subsets, B of Y such thaB C A holds if Ais Ty, thenB is To.
(8) For all subsets, B of Y such thatA is To or B is To holdsANB is Tp.

(9) LetA, B be subsets of. Suppose is open oB is open. IfAis Top andB is To, thenAUB
is To.

(10) LetA, B be subsets of. SupposeéA is closed oB is closed. IfAis Tp andB is Ty, then
AUBIis Tp.

(11) For every subseé of Y such thatA is discrete hold#\ is To.

(12) For every non empty subsgtof Y such thatA is anti-discrete and\ is not trivial holdsA
is notTp.

Let X be a non empty topological space andAdte a subset oX. Let us observe thatis Ty if
and only if:

(Def. 10) For all points, y of X such tha € A andy € A andx # y holds{x} # {y}.

Let X be a non empty topological space andAdte a subset oX. Let us observe thatis Ty if
and only if:

(Def. 11) For all points, y of X such tha € Aandy € Aandx # y holdsx ¢ {y} ory ¢ {x}.

Let X be a non empty topological space andAdte a subset oX. Let us observe thatis Ty if
and only if:

(Def. 12) For all point, y of X such thak € Aandy € Aandx # y holds ifx € {y}, then{y} Z {x}.

In the sequeK denotes a non empty topological space.
Next we state two propositions:

(13) Every empty subset of is Tp.
(14) For every poink of X holds{x} is To.
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4., KOLMOGOROV SUBSPACES

LetY be a non empty topological structure. One can verify that there exists a subspaesich
is strict, To, and non empty.

LetY be a topological structure and Mt be a subspace . Let us observe thag is Ty if and
only if the conditions (Def. 13) are satisfied.

(Def. 13)(i) Yo is empty, or

(i) for all points x, y of Y such that is a point ofYp andy is a point ofYy andx # y holds
there exists a subs®tof Y such thaV is open anck € V andy ¢ V or there exists a subset
W of Y such thatV is open and ¢ W andy € W.

LetY be atopological structure and Mt be a subspace . Let us observe thag, is Ty if and
only if the conditions (Def. 14) are satisfied.

(Def. 14)(i) Yo is empty, or

(i) for all points x, y of Y such that is a point ofYp andy is a point ofYy andx # y holds
there exists a subskEtof Y such thak is closed and € E andy ¢ E or there exists a subset
F of Y such thaF is closed an& ¢ F andy € F.

In the sequeY denotes a non empty topological structure.
Next we state two propositions:

(15) LetYy be a non empty subspaceYohindA be a subset of. Suppose\ = the carrier ofyp.
ThenAis Ty if and only if Yy is To.

(16) LetYp be a non empty subspace¥fandY; be aTp non empty subspace 8f If Yy is a
subspace ofy, thenYy is To.

In the sequek is a non empty topological space.
We now state three propositions:

(17) LetX; be aTp non empty subspace #fandX; be a non empty subspaceXf If X; meets
Xo, thenXy N Xy is To.

(18) For allTp non empty subspaceg, X, of X such thalX; is open orX; is open holds; U X,
is To.

(19) For allTp non empty subspace§, X, of X such thatX; is closed orX; is closed holds
X1UXsz is Top.

Let X be a non empty topological space. A Kolmogorov subspack &f a Tp non empty
subspace oX.

The following proposition is true

(20) LetX be a non empty topological space akgbe a non empty subset ¥f Supposéy is
To. Then there exists a strict Kolmogorov subspg®f X such thatyg = the carrier ofXg.

Let X be a non trivial non empty topological space. Observe that there exists a Kolmogorov
subspace oK which is proper and strict.

Let X be a Kolmogorov space. One can verify that every non empty subspXcis 05.

Let X be a non-Kolmogorov space. Note that every non empty subspaXenadfich is non
proper is also nofip and every non empty subspaceXfvhich is Ty is also proper.

Let X be a non-Kolmogorov space. Observe that there exists a subspéeehich is strict and
nonTo.

Let X be a non-Kolmogorov space. A non-Kolmogorov subspace isfa nonTy subspace of
X.

We now state the proposition

(21) LetX be a non empty non-Kolmogorov space adbe a subset oK. Suppose is not
To. Then there exists a strict non-Kolmogorov subspégef X such that#y, = the carrier of

Xo.
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