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Summary. Let X be a topological space and ¥t and X, be subspaces of with

the carriersA; and Ay, respectively. Recall that; andX; areweakly separated A; \ Ay
and Az \ A; are separated (seel [2] and als0 [1] for applications). Our purpose is to list a
number of properties of such subspaces, supplementary to those givén in [2]. Note that in the
Mizar formalism the carrier of any topological space (hence the carrier of any its subspace)
is always non—empty, therefore for convenience we list beforehand analogous properties of
weakly separated subsets without any additional conditions.

To present the main results we first formulate a useful definition. We sayiheatd X,
constitute a decompositiasf X if A; andA; are disjoint and the union &; andA, covers
the carrier ofX (comp. [3]). We are ready now to present the following duality property
between pairs of weakly separated subspadé®ach pair of subspaces;XY; and X, Y»
of X constitutes a decomposition of X, thenaXd % are weakly separated iffiYand % are
weakly separatedFrom this theorem we get immediately that under the same hypotiesis,
and X% are separated iff Xmisses X and Y and ¥% are weakly separatedMoreover, we
show the following enlargement theorenif:X;j and Y are subspaces of X such thati¥ a
subspace of @and ¥ UY, = X3 UX, and if ¥; and ¥ are weakly separated, then Xnd X
are weakly separatedVe show also the following dual extenuation theorelinX; and Y are
subspaces of X such thati¥ a subspace ofXand ¥y NY, = X3 N Xy and if X and X are
weakly separated, then ¥nd Y% are weakly separatedAt the end we give a few properties
of weakly separated subspaces in subspaces.

MML Identifier: TSEP_2.
WWW: http://mizar.orqg/JFM/Vold/tsep_2.html

The articlesl[5],[[7],14],18], [6], and[2] provide the notation and terminology for this paper.

1. CEeRTAIN SET-DECOMPOSITIONS OF ATOPOLOGICAL SPACE
In this papeiX denotes a non empty topological space.
Next we state the proposition
(1) For all subsets, B of X holdsA®\ B¢ = B\ A.

Let X be a topological space and I&t, A, be subsets oK. We say tha#A; andA, constitute a
decomposition if and only if:

(Def. 1) A1 missesA; andA; U A, = the carrier ofX.

Let us note that the predicatg andA; constitute a decomposition is symmetric.
In the sequeh, A1, Ay, By, B, are subsets of.
The following propositions are true:
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(2) A; andA; constitute a decomposition if; missesA; andA; UA; = Qx.
(4H If A; andA; constitute a decomposition, théa = Ax® andA; = A¢°.
(5) If Ay =Ax¢orA; =A% thenA; andA; constitute a decomposition.
(6) AandA° constitute a decomposition.

(7) 0x andQy constitute a decomposition.

(8) AandA do not constitute a decomposition.

Let X be a non empty topological space andAgt A, be subsets oK. Let us note that the
predicateA; andA; constitute a decomposition is irreflexive.
The following propositions are true:

(9) If Ay and A constitute a decomposition amland A, constitute a decomposition, then
AL = A,

(10) Supposé\ andA; constitute a decomposition. Théa and IntA; constitute a decompo-
sition and In®y; andA; constitute a decomposition.
(11)(i)) Aand In{A°®) constitute a decomposition,
(i) A€ and IntA constitute a decomposition,
(i) Int A andA°C constitute a decomposition, and
(iv) Int(A®) andA constitute a decomposition.

(12) LetAs, Az be subsets oK. Supposed; and A, constitute a decomposition. Theéy is
open if and only ifA; is closed.

(13) LetAs, Az be subsets oK. Supposed; and A, constitute a decomposition. Théy is
closed if and only ifA; is open.

(14) Suppos@\; andA; constitute a decomposition aBd andB; constitute a decomposition.
ThenA; NB; andA; U B, constitute a decomposition.

(15) Supposé; andA; constitute a decomposition aBd andB; constitute a decomposition.
ThenA; UB; andA; N B, constitute a decomposition.

2. DUALITY BETWEEN PAIRS OF WEAKLY SEPARATED SUBSETS

In the sequeK denotes a non empty topological space ApdA; denote subsets .
Next we state a number of propositions:

(16) LetAq, Ay, C1, Co be subsets oK. Supposeéd; andC; constitute a decomposition ard
andC; constitute a decomposition. Thén andA, are weakly separated if and onlyGf
andC, are weakly separated.

(17) A; andA; are weakly separated i#;© andA;€ are weakly separated.

(18) LetAq, Az, C1, C, be subsets oK. Supposeéd; andC; constitute a decomposition ard
andC; constitute a decomposition. K; andA; are separated, the®y andC, are weakly
separated.

(19) LetAg, Ay, Cy, C; be subsets oK. Supposeéd; andC; constitute a decomposition and
A, andC, constitute a decomposition. Suppo&ge missesA; andC; andC, are weakly
separated. TheA; andA, are separated.

1 The proposition (3) has been removed.
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(20) LetAq, Ay, C1, Cy be subsets aK. Supposeéd; andC; constitute a decomposition ard
andC, constitute a decomposition. Suppd3eJ C, = the carrier ofX andC, andC, are
weakly separated. Thefy andA; are separated.

(21) Supposé\; andA; constitute a decomposition. Thén andA; are weakly separated if
and only ifA; andA, are separated.

(22) A andA; are weakly separated if\; UA2) \ Az and (A1 UA2) \ Ay are separated.

(23) LetAq, Ay, C1, Cy be subsets oK. Suppos&C; C A; andCy; C Ay andCy UC, = Aj U Ap.
Suppos&; andC, are weakly separated. Théa andA, are weakly separated.

(24) A andA; are weakly separated if; \ A; N Az andAy \ Aj N A, are separated.

(25) LetAq, Ay, C1, Cy be subsets oK. Suppos€; C A; andCy C Ay andCy NCy = Ap N Ag.
Supposeéd; andA; are weakly separated. Th€a andC, are weakly separated.

In the sequeKy denotes a non empty subspaceXadindB;, B, denote subsets 0.
The following propositions are true:

(26) If By = A1 andB, = Ay, thenA; andA; are separated ifB; andB, are separated.

(27) Supposd; = (the carrier ofXp) N (A1) andB; = (the carrier ofXp) N (Ag). If Ay andA
are separated, thdh andB, are separated.

(28) If By = A1 andBy = Ay, thenA; and A, are weakly separated iB; andB, are weakly
separated.

(29) Supposd; = (the carrier 0fXp) N (A1) andB; = (the carrier 0fXp) N (Az). SupposeA;
andA; are weakly separated. Th&a andB; are weakly separated.

3. CERTAIN SUBSPACE-DECOMPOSITIONS OF ATOPOLOGICAL SPACE

Let X be a non empty topological space andXet X, be subspaces of. We say thaiX; andX;
constitute a decomposition if and only if the condition (Def. 2) is satisfied.

(Def. 2) LetA;, A be subsets ok. Supposé\; = the carrier ofX; andA, = the carrier ofX,. Then
A; andA; constitute a decomposition.

Let us note that the predica¥ andX; constitute a decomposition is symmetric.
In the sequekKy, X1, X2, Y1, Y2 are non empty subspacesXf
The following two propositions are true:

(30) X; andX; constitute a decomposition if and onlyXf missesX, and the topological struc-
ture of X = X3 U Xo.

(SZE] Xp andXg do not constitute a decomposition.

Let X be a non empty topological space andAgt A, be non empty subspaces ¥f Let us
note that the predicat#®; andA; constitute a decomposition is irreflexive.
One can prove the following propositions:

(33) Suppose&; andXp constitute a decomposition aixg and X, constitute a decomposition.
Then the topological structure & = the topological structure of;.

(34) LetXy, X2, Y1, Y2 be non empty subspacesXf SupposeX; andY; constitute a decompo-
sition andX,; andY, constitute a decomposition. Th&puU Y, = the topological structure of
X if and only if X3 missesX,.

(35) If X3 andX; constitute a decomposition, th& is open iff X is closed.

2 The proposition (31) has been removed.
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(36) If X3 andX; constitute a decomposition, th& is closed iffX; is open.

(37) Suppose&; meetsy; andX; andX; constitute a decomposition aivgl andY, constitute a
decomposition. TheX; NY; andX; UY, constitute a decomposition.

(38) Suppos&; meetsY, andX; andX; constitute a decomposition aivg andY, constitute a
decomposition. TheX; UY; andX, N Y, constitute a decomposition.

4. DUALITY BETWEEN PAIRS OF WEAKLY SEPARATED SUBSPACES

In the sequeK denotes a non empty topological space.
One can prove the following propositions:

(39) LetXy, X2, Y1, Y2 be subspaces of. Supposes; andY; constitute a decomposition aixgd
andY; constitute a decomposition. SuppogeandX, are weakly separated. Th&¥pandY-
are weakly separated.

(40) LetXy, X2, Y1, Y2 be non empty subspacesXf SupposeX; andY; constitute a decompo-
sition andX; andY, constitute a decomposition. ¥; and X, are separated, thefy andY,
are weakly separated.

(41) LetXq, Xg, Y1, Y2 be non empty subspaces ¥f Supposex; andY; constitute a decom-
position andX; andY, constitute a decomposition. SuppogemissesX; andY; andY, are
weakly separated. Thety andX; are separated.

(42) LetXy, X2, Y1, Y2 be non empty subspacesXf SupposeX; andY; constitute a decompo-
sition andX; andY, constitute a decomposition. Suppd§e) Y, = the topological structure
of X andY; andY; are weakly separated. Th&h andX; are separated.

(43) LetXz, Xo be non empty subspacesXf SupposeX; andX, constitute a decomposition.
ThenX; andX; are weakly separated if and onlyXf andX; are separated.

(44) LetXy, X2, Y1, Y2 be non empty subspacesXf Suppose; is a subspace of; andY; is a
subspace oK, andY1 UY, = X3 U Xz. Supposeér; andY, are weakly separated. Théa and
X, are weakly separated.

(45) LetXy, X2, Y1, Y2 be non empty subspaces Xf Supposeéy; is a subspace of; andY,
is a subspace of; andY; meetsY, andY; NY, = X3 N X,. SupposeX; and X, are weakly
separated. Thevi andY, are weakly separated.

In the sequek is a non empty subspace Xf
Next we state four propositions:

(46) LetX;, X2 be subspaces of andYi, Y, be subspaces o§. Suppose the carrier & = the
carrier ofY; and the carrier oK, = the carrier ofY2. ThenX; andX; are separated if and only
if Y1 andY; are separated.

(47) LetXy, X2 be non empty subspacesXf Suppose; meetsXg andX, meetsXg. LetYy, Y
be subspaces &f. Supposeér; = X1 N Xy andY, = Xo N Xg. If Xg andX; are separated, then
Y1 andY; are separated.

(48) LetX;, X2 be subspaces &f andYi, Y» be subspaces o§. Suppose the carrier & = the
carrier ofY; and the carrier oK, = the carrier ofY,. ThenX; andX; are weakly separated if
and only ifY; andY;, are weakly separated.

(49) LetXy, X2 be non empty subspacesXf Supposel; meetsXy andX; meetsXg. LetYy, Y
be subspaces of. Supposér; = X1 N Xg andY, = Xo N X, SupposeX; andX; are weakly
separated. Thevi andY, are weakly separated.
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