JOURNAL OF FORMALIZED MATHEMATICS
Volume6,  Released 1994,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Subtreed

Grzegorz Bancerek
Institute of Mathematics
Polish Academy of Sciences

Summary. The concepts of root tree, the set of successors of a node in decorated tree
and sets of subtrees are introduced.

MML Identifier: TREES_9.

WWW: http://mizar.org/JFM/Vol6/trees_9.html

The articles[[15],[[12],[[17],[[16],[2],.118],[[10], [11] 18] 1141 1131141 12] 13] L15] [16],17], and
[9] provide the notation and terminology for this paper.

1. RoOOT TREE AND SUCCESSORS OINODE IN DECORATED TREE

Let us mention that every tree which is finite is also finite-order.
Next we state three propositions:

(1) For every decorated trédoldst[ey =t.

(2) For every treé¢ and for all finite sequencegs q of elements olN such thatp™ g €t holds
ti(p~a) =tiplq.

(3) Lett be a decorated tree an g be finite sequences of elementshf If p~ q € domt,
thent[(p~ q) =t[pla.

Letl; be a decorated tree. We say thais root if and only if:
(Def. 1) dom =the elementary tree of 0.

One can check that every decorated tree which is root is also finite.
We now state three propositions:

(4) Forevery decorated trédioldst is root iff 0 € Leavegdomt).

(5) For every trea and for every elemenp of t holdst|p = the elementary tree of O iff
p € Leavesgt).

(6) Forevery decorated tré@and for every nodg of t holdst [pis root iff p € Leavegdomt).

Let us observe that there exists a decorated tree which is root and there exists a decorated tree
which is finite and non root.

Let x be a set. One can verify that the root treexdd finite and root.

Letl; be a tree. We say thét is finite-branching if and only if:

1This article has been worked out during the visit of the author in Nagano in Summer 1994.
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(Def. 2) For every elementof |1 holds suca is finite.

Let us observe that every tree which is finite-order is also finite-branching.
Let us note that there exists a tree which is finite.
Letl; be a decorated tree. We say thgits finite-order if and only if:

(Def. 3) donly is finite-order.
We say that; is finite-branching if and only if:
(Def. 4) donly is finite-branching.

Let us mention that every decorated tree which is finite is also finite-order and every decorated
tree which is finite-order is also finite-branching.

Let us observe that there exists a decorated tree which is finite.

Lett be a finite-order decorated tree. Note that daégrfinite-order.

Lett be a finite-branching decorated tree. Observe thattdsfinite-branching.

Lett be a finite-branching tree and lptbe an element df Note that sucp is finite.

The schemé&inOrdSetdeals with a unary functof yielding a set and a finite set, and states
that:

For every natural numberholds 7 (n) € 4 iff n < card4

provided the following requirements are met:

e For every sek such thak € 4 there exists a natural numbesuch thaik = 7 (n),

e For all natural numbers j such thai < jand#(j) € 4 holds ¥ (i) € 4, and

e For all natural numbers j such thatF (i) = #(j) holdsi = j.

Let X be a set. One can verify that there exists a finite sequence of elemeXtsvbich is
one-to-one and empty.

The following proposition is true

(7) Lett be a finite-branching treqy be an element of, andn be a natural number. Then
p~ (n) € succp if and only if n < card suc@.

Lett be a finite-branching tree and lptbe an element of. The functor Sucp yields an
one-to-one finite sequence of elements and is defined by:

(Def. 5) lenSucp = cardsuc@ and rng Sucp = succp and for every natural numbeisuch that
i <lenSuc@ holds(Succp)(i+1) =p~ (i).

Lett be a finite-branching decorated tree andgdie a finite sequence. Let us assume that
p € domt. The functor sucft, p) yielding a finite sequence is defined by:

(Def. 6) There exists an elemeqbf domt such thaty = p and sucé, p) =t - Suca.

Next we state the proposition

(8) Lett be a finite-branching decorated tree. Then there exists & aptl there exists a
decorated tree yielding finite sequernzeuch that = x-tregp).

Lett be a finite decorated tree and febe a node of. Note that [pis finite.
Next we state the proposition

(1OE] For every finite tre¢ and for every elemerm of t such that =t[p holdsp = 0.

Let D be a non empty set and I8tbe a non empty subset of FinTréB3. Observe that every
element ofSis finite.

1 The proposition (9) has been removed.
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2. SET OF SUBTREES OFDECORATED TREE

Lett be a decorated tree. The functor SubtfEegelds a set and is defined as follows:
(Def. 7) Subtregs) = {t|p: pranges over nodes bf.

Lett be a decorated tree. Observe that Subttg¢es constituted of decorated trees and non
empty.

Let D be a non empty set and febe a tree decorated with elementdfofThen Subtreds) is a
non empty subset of Tre@3).

LetD be a non empty set and Igbe a finite tree decorated with element®ofThen Subtreds)
is a non empty subset of FinTré€s.

Lett be a finite decorated tree. One can check that every element of Sybtisdsite.

In the sequek is a set and, t1, t, are decorated trees.

Next we state four propositions:

(11) x e Subtreef) iff there exists a noda of t such thak =t In.
(12) t € Subtreed).

(13) Iftyis finite and Subtre€ ) = Subtreef,), thent; =t,.
(14) For every node of t holds Subtredsn) C Subtreeg).

Lett be a decorated tree. The functor FixedSubfftgagelds a subset dfdomt, Subtreef) ]
and is defined as follows:

(Def. 8) FixedSubtreds) = {(p,t[p) : p ranges over nodes bf.

Lett be a decorated tree. Observe that FixedSuhfreissnon empty.
Next we state three propositions:

(15) x € FixedSubtregs) iff there exists a noda of t such tha = (n, tn).
(16) (0,t) € FixedSubtreds).
(17) If FixedSubtreg$;) = FixedSubtreds,), thent; = t,.

Lett be a decorated tree and IBtbe a set. The functo€-Subtreef) yields a subset of
Subtree&) and is defined by:

(Def. 9) C-Subtree@) = {t|p; p ranges over nodes tf p ¢ Leavegdomt) Vv t(p) € C}.

In the sequeC is a set.
One can prove the following propositions:

(18) x e C-Subtreef) iff there exists a noda of t such that = t[n butn ¢ Leavegdomt) or
t(n) e C.

(19) C-Subtree) is empty ifft is root andt(0) ¢ C.

Lett be a finite decorated tree and @be a set. The functd@-ImmediateSubtreét) yielding
a function fromC-Subtreef) into (Subtreeft))* is defined by the condition (Def. 10).

(Def. 10) Letd be a decorated tree. Suppabse C-Subtree§). Let p be a finite sequence of ele-
ments of Subtreés). If p= (C-ImmediateSubtreés))(d), thend = d(0)-treg(p).
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3. SET OF SUBTREES OFSET OF DECORATED TREE

Let X be a constituted of decorated trees non empty set. The functor Sylfyeesids a set and is
defined as follows:

(Def. 11) SubtredX) = {t[p:t ranges over elements ¥f p ranges over nodes bf.

Let X be a constituted of decorated trees non empty set. Note that Syityéesonstituted of
decorated trees and non empty.

Let D be a non empty set and I¥tbe a non empty subset of TréBy. Then SubtredX) is a
non empty subset of Tre@3).

Let D be a non empty set and ¥tbe a non empty subset of FinTréBg. Then SubtredX) is
a non empty subset of FinTre&s).

In the sequekK, Y denote non empty constituted of decorated trees sets.

Next we state three propositions:

(20) x e SubtreebX) iff there exists an elementof X and there exists a nodeof t such that
x=tfn.

(21) Ift € X, thent € Subtree&X).
(22) If X CY, then SubtredgX) C SubtreefY).

Lett be a decorated tree. Observe tfigtis non empty and constituted of decorated trees.
We now state two propositions:

(23) Subtreedt}) = Subtreeg).
(24) SubtreesX) = |J{Subtreef) : t ranges over elements Xf}.

Let X be a constituted of decorated trees non empty set an@ le¢ a set. The functor
C-SubtreegX) yielding a subset of Subtre@s) is defined by:

(Def. 12) C-SubtreegX) = {tIp;t ranges over elements of, p ranges over nodes df p ¢
Leavegdomt) Vv t(p) € C}.

One can prove the following four propositions:

(25) x e C-SubtreesX) iff there exists an elemenf X and there exists a nodeof t such that
x=tnbutn ¢ Leavegdomt) ort(n) € C.

(26) C-SubtreegX) is empty iff for every elemerttof X holdst is root and (0) ¢ C.
(27) C-Subtreeg{t}) =C-Subtreeft).
(28) C-SubtreegX) = J{C-Subtreeg) : t ranges over elements Xf}.

Let X be a non empty constituted of decorated trees set. Let us assume that every elefrignt of
finite. LetC be a set. The funct@-ImmediateSubtre¢X) yielding a function fronC-Subtree&X)
into (Subtree&X))* is defined by the condition (Def. 13).

(Def. 13) Letd be a decorated tree. Suppades C-SubtreetX). Let p be a finite sequence of
elements of Subtre€X). If p= (C-ImmediateSubtre¢X))(d), thend = d(0)-treg(p).
Lett be a tree. Note that there exists an elememtvafich is empty.
Next we state four propositions:

(29) For every finite decorated tréeand for every elemenp of domt holds lensucg, p) =
lenSuc@ and domsudg, p) = dom Suca.

(30) For every finite tree yielding finite sequernzand for every empty elementof” p ~holds
cardsuco = lenp.

(81) Lett be afinite decorated treebe a set, ang be a decorated tree yielding finite sequence.
Supposé = x-tregp). Let n be an empty element of damThen sucét, n) = the roots ofp.

(32) For every finite decorated treand for every nod@ of t and for every node of t | p holds
sucgt, p~ q) = sucgt[p,q).
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