JOURNAL OF FORMALIZED MATHEMATICS
Volume5,  Released 1993,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Joining of Decorated Trees

Grzegorz Bancerek
Polish Academy of Sciences
Institute of Mathematics

Warsaw

Summary. This is the continuation of the sequence of articles on trees[(5e€][2], [4],
[B]). The main goal is to introduce joining operations on decorated trees corresponding with
operations introduced inl[5]. We will also introduce the operation of substitution. In the last
section we dealt with trees decorated by Cartesian product, i.e. we showed some lemmas on
joining operations applied to such trees.

MML Identifier: TREES_4.

WWW: http://mizar.org/JFM/Vol5/trees_4.html

The articles|[13],[[9],[[15],[14],[1],[[16],[18],[10],112] [ 111]17],16] [12],.141,13], and 5] provide
the notation and terminology for this paper.

1. JOINING OF DECORATEDTREE

Let T be a decorated tree. A nodeDiis an element of dor.

We adopt the following conventiorx, y are setsi, j, n are natural numbers, amqg q are finite
sequences.

Let T, T» be decorated trees. Let us observe at T if and only if:

(Def. 1) donil; = domT; and for every nodg of T; holdsTi(p) = T2(p).

One can prove the following propositions:

(1) For all natural numbers j such that the elementary treeiof the elementary tree gf
holdsi < j.

(2) For all natural numbers j such that the elementary treeiof the elementary tree gf
holdsi = j.

Let us considek. The root tree ok is a decorated tree and is defined as follows:
(Def. 2) The root tree ok = (the elementary tree of )— x.

Let D be a non empty set and letbe an element dD. Then the root tree al is an element of
FinTreegD).

One can prove the following four propositions:

(3) dom(the root tree of) = the elementary tree of 0 and (the root treexd®) = x.

(4) Ifthe root tree ok = the root tree of/, thenx=.
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(5) For every decorated trdesuch that dorii = the elementary tree of 0 holds= the root
tree of T(0).

(6) The roottree ok= {(0, x)}.

Let us considek and letp be a finite sequence. The flat treexadnd p is a decorated tree and
is defined by the conditions (Def. 3).

(Def. 3)(i) dom(the flat tree of andp) = the elementary tree of lgn
(i) (the flat tree ofx andp)(0) = x, and
(i)  for every nsuch than < lenp holds (the flat tree af andp)((n)) = p(n+ 1).

Next we state three propositions:

(7) If the flat tree ok andp = the flat tree ofy andq, thenx=yandp=q.
(8) If j <i,then (the elementary tree Off(j) = the elementary tree of 0.

(9) Ifi<lenp,then (the flat tree ok andp)| (i) = the root tree ofp(i + 1).

Let us considex, p. Let us assume that is decorated tree yielding. The functeitregp)
yields a decorated tree and is defined by the conditions (Def. 4).

(Def. 4)()) There exists a decorated tree yielding finite sequemcsuch thatp = q and
——
dom(x-treg(p)) = domq(k),

(i) (xtregp))(0) =x, and
(iii)  for every nsuch than < lenp holds(x-treg(p)) [{n) = p(n+1).

Let us considex and letT be a decorated tree. The functetregT) yields a decorated tree
and is defined by:

(Def.5) x-tregT) = x-treg(T)).

Let us considek and letTy, T, be decorated trees. The functetreg Ty, T») yields a decorated
tree and is defined by:

(Def. 6) x-treg(Ty, To) = x-treg((Ty, T2)).

One can prove the following propositions:

—
(10) For every decorated tree yielding finite sequembelds dontx-treg p)) = d(lgmp(K) .

(11) Letp be a decorated tree yielding finite sequence. Therdom(x-tregp)) if and only if
one of the following conditions is satisfied:

i) y=0,or

(i) there exists a natural numbeand there exists a decorated tfieand there exists a nodg
of T such thai < lenpandT = p(i+ 1) andy = (i) " q.

(12) Letpbe a decorated tree yielding finite sequendes a natural numbeT, be a decorated
tree, andybe anode off. If i <lenpandT = p(i+ 1), then(x-tregp))((i) ~q) =T(q).

—~
(13) For every decorated trdeholds donfx-tregT)) = domT .

—~
(14) For all decorated treds, T, holds donix-treg(T1, T»)) = domT;, domT>.

(15) For all decorated tree yielding finite sequenpeg such thatx-treg p) = y-treg(q) holds
x=yandp=aq.
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(16) If the root tree ok = the flat tree ofy andp, thenx =y andp = 0.
(17) Ifthe root tree ok = y-treg p) andp is decorated tree yielding, them=y andp = 0.

(18) Suppose the flat tree gfand p = y-tregq) andq is decorated tree yielding. Then=y
and lenp = leng and for everyi such thai € domp holdsq(i) = the root tree of(i).

(19) Letpbe a decorated tree yielding finite sequenchke a natural number, arggdbe a finite
sequence. Ifn) ~ q € dom(x-treg(p)), then(x-treep))({(n) ~q) = p(n+1)(q).

(20) The flat tree ok and® = the root tree ok andx-treg0) = the root tree ok.

(21) The flat tree ok and (y) = ((the elementary tree of 3}— x)with-replacemer{{0), the
root tree ofy).

(22) For every decorated tre® holds x-treg(T)) = ((the elementary tree of 1}—
x) with-replacemenrit{0), T).

Let D be a non empty set, letbe an element dD, and letp be a finite sequence of elements of
D. Then the flat tree ofl andp is a tree decorated with elementsiaf

Let D be a non empty set, I& be a non empty set of trees decorated with elemeni, ¢dt
d be an element ob, and letp be a finite sequence of elementsfof Thend-treg(p) is a tree
decorated with elements B&f.

Let D be a non empty set, letbe an element dD, and letT be a tree decorated with elements
of D. Thend-tregT) is a tree decorated with elementsinf

Let D be a non empty set, let be an element oD, and letT;, T, be trees decorated with
elements oD. Thend-treg Ty, T») is a tree decorated with elementsiuf

Let D be a non empty set and lgtbe a finite sequence of elements of FinT(&Bs Then
domy p(K) is a finite sequence of elements of FinTrees.

Let D be a non empty set, letbe an element dD, and letp be a finite sequence of elements of
FinTreegD). Thend-treg(p) is an element of FinTreéb).

Let D be a non empty set and kebe a subset dD. We see that the finite sequence of elements
of x is a finite sequence of elements»f

Let D be a non empty constituted of decorated trees set arKl lbet a subset dD. Note that
every finite sequence of elementsXfs decorated tree yielding.

2. EXPANDING OF DECORATED TREE BY SUBSTITUTION

The schemé&xpandTrealeals with a treed, a treeB, and a unary predicatg, and states that:
There exists a tre@ such that for everyp holds p € T if and only if one of the
following conditions is satisfied:

i) peAaor
(i) there exists an elemermgof 4 and there exists an elemenof B such that
Plgandp=q~r

for all values of the parameters.

Let T, T/ be decorated trees and bebe a set. The functor,. 1 yielding a decorated tree is

defined by the conditions (Def. 7).

(Def. 7)(i) For everyp holdsp € dom(T,_+/) iff p€ domT or there exists a nodgof T and there
exists a node of T’ such thaiy € LeavegdomT) andT(q) =xandp=q~r,

(i) for every nodep of T such thatp ¢ LeavesdomT) or T(p) # x holdsT,_1/(p) = T(p),
and

(iii) for every nodep of T and for every nodg of T’ such thap € LeavegdomT) andT (p) = x
holdsTy_/(p™ q) = T'(q).

Let D be a non empty set, |t, T’ be trees decorated with elementsihfand letx be a set.
ThenT,_1/ is a tree decorated with elementsinf

In the sequeT, T’ are decorated trees ardy are sets.

Next we state the proposition
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(23) Ifx¢rngT orx ¢ LeavesT), thenT,_ =T.

3. DouBLE DECORATEDTREES

For simplicity, we adopt the following conventiob;, D, denote non empty set§,denotes a tree
decorated with elements &f; andD,, d; denotes an element &f;, d> denotes an element &,
F denotes a non empty set of trees decorated with elemeits ahdD-,, F; denotes a non empty
set of trees decorated with elementdaf andF, denotes a non empty set of trees decorated with
elements oD».

We now state several propositions:

(24) ForallDg, Dy, T holds donfT;) = domT and donfT,) = domT.

(25) (the root tree ofds, dz))1 = the root tree ofl; and (the root tree ofd, dz) ), = the root
tree ofd,.

(26) (the root tree ok, the root tree of/) = the root tree ofx, y).

(27) LetgivenDq, Dy, d1, dp, F, F1, p be a finite sequence of elementsaofandp; be a finite
sequence of elements Bf. Suppose dom; = domp and for everyi such that € domp and
for everyT such thafl = p(i) holdsps (i) = T1. Then({d1, d2)-treg p)); = di-tree(p1).

(28) LetgivenDq, Dy, d1, dp, F, F, p be a finite sequence of elementsafandp, be a finite
sequence of elements Bf. Suppose dom, = domp and for everyi such thai € domp and
for everyT such thafl = p(i) holdspy(i) = To. Then((d1, d2)-tregp)), = da-tree(py).

(29) Let givenD1, Dy, di, d2, F and p be a finite sequence of elementsfof Then there
exists a finite sequeng® of elements of Treé€®1) such that donp; = domp and for every
i such that € domp there exists an elemeift of F such thaflT = p(i) and p1(i) = T1 and

({d1, dp)-tree(p))1 = dr-treg(py).

(30) Let givenD3, D, di, d2, F and p be a finite sequence of elementsfof Then there
exists a finite sequeng® of elements of Treé€®,) such that donp, = domp and for every
i such that € domp there exists an elemeift of F such thaflT = p(i) and p2(i) = T, and

({d, dz)-tre€(p))2 = do-treg(pz).

(31) Let givenD1, Dy, di, d; and p be a finite sequence of elements of FinT{¢&s, D, ).
Then there exists a finite sequergeof elements of FinTre€B) such that donp; = domp
and for evenyi such that € domp there exists an elemeftof FinTree$: D1, D2 ) such that
T = p(i) andpy(i) = T and((dy, dz)-tre€(p)), = dy-treg(pa).

(32) Let givenDs, Dy, di, d; and p be a finite sequence of elements of FinT{¢&s, D, ).
Then there exists a finite sequerngeof elements of FinTre€B,) such that donp, = domp
and for everyi such that € domp there exists an elemeftof FinTree$: D1, D2 ) such that
T = p(i) andpz(i) = T, and({dy, d2)-treg(p) )2 = do-treg(py).
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