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Summary. This is the continuation of the sequence of articles on trees (see [2], [4],
[5]). The main goal is to introduce joining operations on decorated trees corresponding with
operations introduced in [5]. We will also introduce the operation of substitution. In the last
section we dealt with trees decorated by Cartesian product, i.e. we showed some lemmas on
joining operations applied to such trees.

MML Identifier: TREES_4.

WWW: http://mizar.org/JFM/Vol5/trees_4.html

The articles [13], [9], [15], [14], [1], [16], [8], [10], [12], [11], [7], [6], [2], [4], [3], and [5] provide
the notation and terminology for this paper.

1. JOINING OF DECORATEDTREE

Let T be a decorated tree. A node ofT is an element of domT.
We adopt the following convention:x, y are sets,i, j, n are natural numbers, andp, q are finite

sequences.
Let T1, T2 be decorated trees. Let us observe thatT1 = T2 if and only if:

(Def. 1) domT1 = domT2 and for every nodep of T1 holdsT1(p) = T2(p).

One can prove the following propositions:

(1) For all natural numbersi, j such that the elementary tree ofi ⊆ the elementary tree ofj
holdsi ≤ j.

(2) For all natural numbersi, j such that the elementary tree ofi = the elementary tree ofj
holdsi = j.

Let us considerx. The root tree ofx is a decorated tree and is defined as follows:

(Def. 2) The root tree ofx = (the elementary tree of 0)7−→ x.

Let D be a non empty set and letd be an element ofD. Then the root tree ofd is an element of
FinTrees(D).

One can prove the following four propositions:

(3) dom(the root tree ofx) = the elementary tree of 0 and (the root tree ofx)( /0) = x.

(4) If the root tree ofx = the root tree ofy, thenx = y.
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(5) For every decorated treeT such that domT = the elementary tree of 0 holdsT = the root
tree ofT( /0).

(6) The root tree ofx = {〈〈 /0, x〉〉}.

Let us considerx and letp be a finite sequence. The flat tree ofx andp is a decorated tree and
is defined by the conditions (Def. 3).

(Def. 3)(i) dom(the flat tree ofx andp) = the elementary tree of lenp,

(ii) (the flat tree ofx andp)( /0) = x, and

(iii) for every n such thatn < lenp holds (the flat tree ofx andp)(〈n〉) = p(n+1).

Next we state three propositions:

(7) If the flat tree ofx andp = the flat tree ofy andq, thenx = y andp = q.

(8) If j < i, then (the elementary tree ofi)�〈 j〉= the elementary tree of 0.

(9) If i < lenp, then (the flat tree ofx andp)�〈i〉= the root tree ofp(i +1).

Let us considerx, p. Let us assume thatp is decorated tree yielding. The functorx-tree(p)
yields a decorated tree and is defined by the conditions (Def. 4).

(Def. 4)(i) There exists a decorated tree yielding finite sequenceq such that p = q and

dom(x-tree(p)) =
︷ ︸︸ ︷
dom

κ
q(κ),

(ii) (x-tree(p))( /0) = x, and

(iii) for every n such thatn < lenp holds(x-tree(p))�〈n〉= p(n+1).

Let us considerx and letT be a decorated tree. The functorx-tree(T) yields a decorated tree
and is defined by:

(Def. 5) x-tree(T) = x-tree(〈T〉).

Let us considerx and letT1, T2 be decorated trees. The functorx-tree(T1,T2) yields a decorated
tree and is defined by:

(Def. 6) x-tree(T1,T2) = x-tree(〈T1,T2〉).

One can prove the following propositions:

(10) For every decorated tree yielding finite sequencep holds dom(x-tree(p)) =
︷ ︸︸ ︷
dom

κ
p(κ) .

(11) Let p be a decorated tree yielding finite sequence. Theny∈ dom(x-tree(p)) if and only if
one of the following conditions is satisfied:

(i) y = /0, or

(ii) there exists a natural numberi and there exists a decorated treeT and there exists a nodeq
of T such thati < lenp andT = p(i +1) andy = 〈i〉a q.

(12) Let p be a decorated tree yielding finite sequence,i be a natural number,T be a decorated
tree, andq be a node ofT. If i < lenp andT = p(i +1), then(x-tree(p))(〈i〉a q) = T(q).

(13) For every decorated treeT holds dom(x-tree(T)) =
︷ ︸︸ ︷
domT .

(14) For all decorated treesT1, T2 holds dom(x-tree(T1,T2)) =
︷ ︸︸ ︷
domT1,domT2 .

(15) For all decorated tree yielding finite sequencesp, q such thatx-tree(p) = y-tree(q) holds
x = y andp = q.
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(16) If the root tree ofx = the flat tree ofy andp, thenx = y andp = /0.

(17) If the root tree ofx = y-tree(p) andp is decorated tree yielding, thenx = y andp = /0.

(18) Suppose the flat tree ofx and p = y-tree(q) andq is decorated tree yielding. Thenx = y
and lenp = lenq and for everyi such thati ∈ domp holdsq(i) = the root tree ofp(i).

(19) Let p be a decorated tree yielding finite sequence,n be a natural number, andq be a finite
sequence. If〈n〉a q∈ dom(x-tree(p)), then(x-tree(p))(〈n〉a q) = p(n+1)(q).

(20) The flat tree ofx and /0 = the root tree ofx andx-tree( /0) = the root tree ofx.

(21) The flat tree ofx and 〈y〉 = ((the elementary tree of 1)7−→ x)with-replacement(〈0〉, the
root tree ofy).

(22) For every decorated treeT holds x-tree(〈T〉) = ((the elementary tree of 1)7−→
x)with-replacement(〈0〉,T).

Let D be a non empty set, letd be an element ofD, and letp be a finite sequence of elements of
D. Then the flat tree ofd andp is a tree decorated with elements ofD.

Let D be a non empty set, letF be a non empty set of trees decorated with elements ofD, let
d be an element ofD, and letp be a finite sequence of elements ofF . Thend-tree(p) is a tree
decorated with elements ofD.

Let D be a non empty set, letd be an element ofD, and letT be a tree decorated with elements
of D. Thend-tree(T) is a tree decorated with elements ofD.

Let D be a non empty set, letd be an element ofD, and letT1, T2 be trees decorated with
elements ofD. Thend-tree(T1,T2) is a tree decorated with elements ofD.

Let D be a non empty set and letp be a finite sequence of elements of FinTrees(D). Then
domκ p(κ) is a finite sequence of elements of FinTrees.

Let D be a non empty set, letd be an element ofD, and letp be a finite sequence of elements of
FinTrees(D). Thend-tree(p) is an element of FinTrees(D).

Let D be a non empty set and letx be a subset ofD. We see that the finite sequence of elements
of x is a finite sequence of elements ofD.

Let D be a non empty constituted of decorated trees set and letX be a subset ofD. Note that
every finite sequence of elements ofX is decorated tree yielding.

2. EXPANDING OF DECORATEDTREE BY SUBSTITUTION

The schemeExpandTreedeals with a treeA , a treeB, and a unary predicateP , and states that:
There exists a treeT such that for everyp holds p ∈ T if and only if one of the
following conditions is satisfied:

(i) p∈ A , or
(ii) there exists an elementq of A and there exists an elementr of B such that

P [q] andp = qa r
for all values of the parameters.

Let T, T ′ be decorated trees and letx be a set. The functorTx←T ′ yielding a decorated tree is
defined by the conditions (Def. 7).

(Def. 7)(i) For everyp holdsp∈ dom(Tx←T ′) iff p∈ domT or there exists a nodeq of T and there
exists a noder of T ′ such thatq∈ Leaves(domT) andT(q) = x andp = qa r,

(ii) for every nodep of T such thatp /∈ Leaves(domT) or T(p) 6= x holdsTx←T ′(p) = T(p),
and

(iii) for every nodep of T and for every nodeq of T ′ such thatp∈ Leaves(domT) andT(p) = x
holdsTx←T ′(pa q) = T ′(q).

Let D be a non empty set, letT, T ′ be trees decorated with elements ofD, and letx be a set.
ThenTx←T ′ is a tree decorated with elements ofD.

In the sequelT, T ′ are decorated trees andx, y are sets.
Next we state the proposition
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(23) If x /∈ rngT or x /∈ Leaves(T), thenTx←T ′ = T.

3. DOUBLE DECORATEDTREES

For simplicity, we adopt the following convention:D1, D2 denote non empty sets,T denotes a tree
decorated with elements ofD1 andD2, d1 denotes an element ofD1, d2 denotes an element ofD2,
F denotes a non empty set of trees decorated with elements ofD1 andD2, F1 denotes a non empty
set of trees decorated with elements ofD1, andF2 denotes a non empty set of trees decorated with
elements ofD2.

We now state several propositions:

(24) For allD1, D2, T holds dom(T1) = domT and dom(T2) = domT.

(25) (the root tree of〈〈d1, d2〉〉)1 = the root tree ofd1 and (the root tree of〈〈d1, d2〉〉)2 = the root
tree ofd2.

(26) 〈the root tree ofx, the root tree ofy〉= the root tree of〈〈x, y〉〉.

(27) Let givenD1, D2, d1, d2, F , F1, p be a finite sequence of elements ofF , andp1 be a finite
sequence of elements ofF1. Suppose domp1 = domp and for everyi such thati ∈ domp and
for everyT such thatT = p(i) holdsp1(i) = T1. Then(〈〈d1, d2〉〉-tree(p))1 = d1-tree(p1).

(28) Let givenD1, D2, d1, d2, F , F2, p be a finite sequence of elements ofF , andp2 be a finite
sequence of elements ofF2. Suppose domp2 = domp and for everyi such thati ∈ domp and
for everyT such thatT = p(i) holdsp2(i) = T2. Then(〈〈d1, d2〉〉-tree(p))2 = d2-tree(p2).

(29) Let givenD1, D2, d1, d2, F and p be a finite sequence of elements ofF . Then there
exists a finite sequencep1 of elements of Trees(D1) such that domp1 = domp and for every
i such thati ∈ domp there exists an elementT of F such thatT = p(i) and p1(i) = T1 and
(〈〈d1, d2〉〉-tree(p))1 = d1-tree(p1).

(30) Let givenD1, D2, d1, d2, F and p be a finite sequence of elements ofF . Then there
exists a finite sequencep2 of elements of Trees(D2) such that domp2 = domp and for every
i such thati ∈ domp there exists an elementT of F such thatT = p(i) and p2(i) = T2 and
(〈〈d1, d2〉〉-tree(p))2 = d2-tree(p2).

(31) Let givenD1, D2, d1, d2 and p be a finite sequence of elements of FinTrees([:D1, D2 :]).
Then there exists a finite sequencep1 of elements of FinTrees(D1) such that domp1 = domp
and for everyi such thati ∈ domp there exists an elementT of FinTrees([:D1, D2 :]) such that
T = p(i) andp1(i) = T1 and(〈〈d1, d2〉〉-tree(p))1 = d1-tree(p1).

(32) Let givenD1, D2, d1, d2 and p be a finite sequence of elements of FinTrees([:D1, D2 :]).
Then there exists a finite sequencep2 of elements of FinTrees(D2) such that domp2 = domp
and for everyi such thati ∈ domp there exists an elementT of FinTrees([:D1, D2 :]) such that
T = p(i) andp2(i) = T2 and(〈〈d1, d2〉〉-tree(p))2 = d2-tree(p2).
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