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Summary. The article consists of two parts: the first one deals with the concept of
the prefixes of a finite sequence, the second one introduces and deals with the concept of tree.
Besides some auxiliary propositions concerning finite sequences are presented. The trees
are introduced as non-empty sets of finite sequences of natural numbers which are closed on
prefixes and on sequences of less numbers (i.@1ifny, ..., nk) is a vertex (element) of a
tree andm < nj fori=1, 2,..., k, then(mg, mp, ..., m) also is). Finite trees, elementary
trees withn leaves, the leaves and the subtrees of a tree, the inserting of a tree into another
tree, with a node used for determining the place of insertion, antichains of prefixes, and height
and width of finite trees are introduced.

MML Identifier: TREES_1.

WWW: http://mizar.org/JFM/Voll/trees_1.html

The articlesl[6],[[8],[2], 7], [9], [4], [3], [5], and[] provide the notation and terminology for this
paper.

For simplicity, we adopt the following conventiol denotes a non empty set, x, y denote
setsk, n denote natural numbers, apdq, r denote finite sequences of element&Nof

The following propositions are true:

(1) For all finite sequencgs g such thaty = p[ Segn holds lerg < n.
(2) For all finite sequencegs, q such thaty= p[ Segn holds lerg < lenp.

(3) For all finite sequencas, r such that = p| Segn there exists a finite sequengsuch that
p=r—gq.

@) 0#(x).

(5) For all finite sequences, g such thap=p~qor p=q~ pholdsq= 0.

(6) For all finite sequencesg, g such thatp™ g = (x) holdsp = (x) andq= 0 or p= 0 and
q=(x).

Let p, g be finite sequences. Let us observe fhat g if and only if:

(Def. 1) There exista such thatp = g Segn.

We introducep < q as a synonym op C @.
We now state three propositions:

(SH For all finite sequencep, q holds p < q iff there exists a finite sequencesuch that
g=p_r
(15E] For all finite sequencegs, q such thatp < g and lernp = leng holdsp = q.

1 The proposition (7) has been removed.
2 The propositions (9)—-(14) have been removed.
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(16) (x) = (y)iff x=y.

Let p, q be finite sequences. We introdupe< g as a synonym op C .
One can prove the following proposition

(19E] For all finite set9, q such thatp andq are C-comparable and cap= cardg holdsp = q.

In the sequeps, p2 denote finite sequences.
Next we state a number of propositions:

(23@ (x) and(y) areC-comparable ifix =y.

(24) For all finite setg, g such thatp C g holds carg < cardg.

(25) Itis not true that there exists a finite sequepseich thatp < 0 or p < €p.
(26) Itis not true that there exist finite sequenpeq such thatp < g andq < p.

(27) For all finite sequences g, r such thatp < gandg<r or p<qgandg=r or p=<qgand
g=<rholdsp=<r.

(28) If p1 = p2, thenpz A pa.

30f| If p1™ (X) < p2, thenpy < pe.

(31) If pp X pz,thenpy < p2~ (X).

(32) If pr<p2~ (X), thenpy < py.

(33) IfO0< ppor0+# py, thenpy < p1~ po.
Let p be afinite sequence. The functor S¢p) yields a set and is defined by:

(Def. 4@ x € Segq.(p) iff there exists a finite sequengesuch thak = g andq < p.

Next we state several propositions:

(35 For every finite sequengesuch thaik € Seg (p) holdsx is a finite sequence.

(36) For all finite sequences g holdsp € Seg;(q) iff p<q.

(37) For all finite sequences g such thatp € Seg.(q) holds lenp < leng.

(38) For all finite sequences g, r such thag ™ r € Seg,(p) holdsq € Seg;(p).

(39) Seg(0)=0.

(40) Seg((x)) ={0}.

(41) For all finite sequences q such thatp < g holds Seg (p) € Seg(q).

(42) For all finite sequences, g, r such thaig € Seg;(p) andr € Seg.(p) holdsq andr are
C-comparable.

Let us consideK. We say thaK is tree-like if and only if:

(Def. 5) X C N* and for everyp such thatp € X holds Seg(p) € X and for allp, k, n such that
p~ (k) € X andn < kholdsp~ (n) € X.

3 The propositions (17) and (18) have been removed.

4 The propositions (20)—(22) have been removed.

5 The proposition (29) has been removed.

6 The definitions (Def. 2) and (Def. 3) have been removed.
7 The proposition (34) has been removed.
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One can check that there exists a set which is non empty and tree-like.
A tree is a tree-like non empty set.

In the sequeT, T; are trees.

The following proposition is true

(44@ If xe T, thenx s a finite sequence of elementshof

Let us considel . We see that the element fis a finite sequence of elementshof
The following propositions are true:

(45) For all finite sequencegs g such thap e T andq < pholdsqge T.
(46) For every finite sequencesuch thag™r € T holdsq e T.

(47) 0eTandeyeT.

(48) {0} isatree.

(49) TUTyis atree.

(50) TNTyisatree.

Let us note that there exists a tree which is finite.
In the sequel,, f, denote finite trees.
One can prove the following propositions:

(52 f1uf,is afinite tree.
(53) f1NT is afinite tree and N fy is a finite tree.
Let us considen. The elementary tree afyielding a finite tree is defined as follows:
(Def. 7§19 The elementary tree af= {(k) : k < n} U{0}.
Next we state three propositions:
(SSE If k< n, then(k) € the elementary tree of
(56) The elementary tree of-8 {0}.
(57) If pethe elementary tree of, thenp = 0 or there exist& such thak < nandp = (k).
Let us considel. The functor Leaved) yielding a subset of is defined by:
(Def. 8) peLeavesT) iff pe T and it is not true that there exisgsuch thag € T andp < g.
Let us considep. Let us assume thagte T. The functorT [p yielding a tree is defined as follows:
(Def.9) gqeTlpiff p~geT.
The following proposition is true
(603 Tren=T.

LetT be afinite tree and lgi be an element of . One can check that[pis finite.
Let us considel. Let us assume that Leayds # 0. An element ofT is called a leaf of if:

(Def. 10) lte LeavesT).

8 The proposition (43) has been removed.

9 The proposition (51) has been removed.

10 The definition (Def. 6) has been removed.

11 The proposition (54) has been removed.

12 The propositions (58) and (59) have been removed.
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Let us considell . A tree is called a subtree ofif:
(Def. 11) There exists an elemembf T such that i="T[p.

In the sequet denotes an element &f.
Let us consideiT, p, T1. Let us assume thai € T. The functorT with-replacemertip, T )
yielding a tree is defined as follows:

(Def. 12) q e Twith-replacemerip, T) iff g€ T and p £ q or there exists such that € T; and
g=p_r.
We now state two propositions:

(64 If pe T, thenT with-replacemertp, T1) = {t1;t1 ranges over elements &f p At} U
{p~ s;sranges over elements &f: s= s}.

(66@ If pe T, thenTy = (T with-replacemerip, T1)) I p.

Let T be a finite tree, let be an element of , and letT; be a finite tree. One can verify that
T with-replacemertt, Ty ) is finite.

In the sequelv denotes a finite sequence.

The following proposition is true

(67) For every finite sequengeholds Seg (p) ~ domp.

Let p be a finite sequence. Note that Sép) is finite.
Next we state the proposition

(68) For every finite sequengeholds card Seg(p) = lenp.

Letl; be a set. We say thét is antichain of prefixes-like if and only if the conditions (Def. 13)
are satisfied.

(Def. 13)(i) For every such thai € |1 holdsx is a finite sequence, and

(i) for all p1, p2 such thatp; € 11 and p2 € 11 and p1 # p2 holds p; and p, are notC-
comparable.

Let us mention that there exists a set which is antichain of prefixes-like.
An antichain of prefixes is an antichain of prefixes-like set.
Next we state two propositions:

(70@ {w} is antichain of prefixes-like.
(71) If pp andpy are notC-comparable, thefips, p2} is antichain of prefixes-like.
Let us considell. An antichain of prefixes is said to be an antichain of prefixeb if
(Def.14) ItCT.

In the sequet;, t, denote elements df.
We now state three propositions:

(73@ 0is an antichain of prefixes df and{0} is an antichain of prefixes df.
(74) {t} is an antichain of prefixes af.

(75) Ifty andty are notC-comparable, theffts,to} is an antichain of prefixes af.

13 The propositions (61)—(63) have been removed.
14 The proposition (65) has been removed.
15 The proposition (69) has been removed.
16 The proposition (72) has been removed.
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Let T be afinite tree. Observe that every antichain of prefixes isffinite.
LetT be afinite tree. The functor heightyielding a natural number is defined as follows:

(Def. 15) There existp such thatp € T and lenp = heighfT and for everyp such thatp € T holds
lenp < heightT.

The functor widthrl yields a natural number and is defined by:

(Def. 16) There exists an antichalif of prefixes of T such that widtil = cardX and for every
antichainY of prefixes ofT holds cardy < cardX.

The following propositions are true:
(78 1< widthfy.
(79) height(the elementary tree of 8)0.
(80) If heightf; = 0, then f; = the elementary tree of 0.
(81) height(the elementary treeof 1) = 1.
(82) width(the elementary tree of &) 1.
(83) width(the elementary tree of+ 1) = n+ 1.
(84) For every elemertof f; holds heightf1[t) < heightf;.
(85) For every elemerttof f; such that # 0 holds heightf1[t) < heightf;.

The schemdree Indconcerns a unary predicate and states that:
For everyf; holdsP[f4]
provided the following requirement is met:
e For everyf; such that for every such thatn) € f; holds®[f1[(n)] holds®[f].
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