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Summary. Connections between Minor Desargues Axiom and the transitivity of trans-
lation groups are investigated. A formal proof of the theorem which establishes the equiva-
lence of these two properties of affine planes is given. We also prove that, under additional
requirement, the plane in question satisfies Fano Axiom; its translation group is uniquely two-
divisible.

MML Identifier: TRANSLAC.

WWW: http://mizar.org/JFM/Vol2/translac.html

The articles [2], [1], [3], [5], [6], [4], and [7] provide the notation and terminology for this paper.
We follow the rules:A1 is an affine space anda, b, c, d, p, q, r are elements ofA1.
Let us considerA1. We say thatA1 is Fanoian if and only if:

(Def. 1) For alla, b, c, d such thata,b ��‖ c,d anda,c ��‖ b,d anda,d ��‖ b,c holdsL(a,b,c).

We introduceA1 satisfies Fano Axiom as a synonym ofA1 is Fanoian.
We now state the proposition

(2)1 Givena, b, c such thatL(a,b,c) anda 6= b anda 6= c andb 6= c. Let givenp, q. If p 6= q,
then there existsr such thatL(p,q, r) andp 6= r andq 6= r.

We adopt the following rules:A2 is an affine plane,a, a′, b, b′, c, c′, d, p, q, r, x, y are elements
of A2, and f , g, f1, f2 are permutations of the carrier ofA2.

We now state a number of propositions:

(4)2 If A2 satisfies Fano Axiom anda,b ��‖ c,d anda,c ��‖ b,d and notL(a,b,c), then there exists
p such thatL(b,c, p) andL(a,d, p).

(5) If f is a translation and notL(a, f (a),x) anda, f (a) ��‖ x,y anda,x ��‖ f (a),y, theny= f (x).

(6) A2 satisfiesdes if and only if for all a, a′, b, c, b′, c′ such that notL(a,a′,b) and
notL(a,a′,c) anda,a′ ��‖ b,b′ anda,a′ ��‖ c,c′ anda,b ��‖ a′,b′ anda,c ��‖ a′,c′ holdsb,c ��‖ b′,c′.

(7) There existsf such thatf is a translation andf (a) = a.

(8) If for all p, q, r such thatp 6= q andL(p,q, r) holds r = p or r = q anda,b ��‖ p,q and
a, p ��‖ b,q and notL(a,b, p), thena,q ��‖ b, p.

(9) If A2 satisfiesdes, then there existsf such thatf is a translation andf (a) = b.

1Supported by RPBP.III-24.C2.
1 The proposition (1) has been removed.
2 The proposition (3) has been removed.
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(10) If for all a, b there existsf such thatf is a translation andf (a) = b, thenA2 satisfiesdes.

(11) If f is a translation andg is a translation and notL(a, f (a),g(a)), then f ·g = g· f .

(12) If A2 satisfiesdesand f is a translation andg is a translation, thenf ·g = g· f .

(13) If f is a translation andg is a translation andp, f (p) ��‖ p,g(p), thenp, f (p) ��‖ p,( f ·g)(p).

(14) SupposeA2 satisfies Fano Axiom andA2 satisfiesdesand f is a translation. Then there
existsg such thatg is a translation andg·g = f .

(15) If A2 satisfies Fano Axiom andf is a translation andf · f = idthe carrier ofA2, then f =
idthe carrier ofA2.

(16) Suppose thatA2 satisfiesdesandA2 satisfies Fano Axiom andg is a translation andf1 is a
translation andf2 is a translation andg = f1 · f1 andg = f2 · f2. Then f1 = f2.
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