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The articles [14], [18], [2], [15], [11], [1], [19], [5], [3], [6], [4], [13], [16], [7], [17], [12], [8], [9],
and [10] provide the notation and terminology for this paper.

1. REAL NUMBERS PRELIMINARIES

For simplicity, we adopt the following rules:p, p1, p2, p3, q denote points ofE2
T, f , h denote finite

sequences of elements ofE2
T, r, r1, r2, s, s1, s2 denote real numbers,u, u1, u2 denote points ofE2,

n, m, i, j denote natural numbers, andx, y, z denote sets.
We now state the proposition

(3)1 If r < s, thenr < r+s
2 and r+s

2 < s.

2. PROPERTIES OFL INE SEGMENTS

The following propositions are true:

(6)2 1∈ dom〈x,y,z〉 and 2∈ dom〈x,y,z〉 and 3∈ dom〈x,y,z〉.

(7) (p1 + p2)1 = (p1)1 +(p2)1 and(p1 + p2)2 = (p1)2 +(p2)2.

(8) (p1− p2)1 = (p1)1− (p2)1 and(p1− p2)2 = (p1)2− (p2)2.

(9) (r · p)1 = r · p1 and(r · p)2 = r · p2.

(10) If p1 = 〈r1,s1〉 andp2 = 〈r2,s2〉, thenp1 + p2 = 〈r1 + r2,s1 +s2〉 andp1− p2 = 〈r1− r2,
s1−s2〉.

(11) If p1 = q1 andp2 = q2, thenp = q.

(12) If u1 = p1 andu2 = p2, thenρ2(u1, u2) =
√

((p1)1− (p2)1)2 +((p1)2− (p2)2)2.

1 The propositions (1) and (2) have been removed.
2 The propositions (4) and (5) have been removed.
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(13) The carrier ofEn
T = the carrier ofEn.

In the sequelr, r1, r2, s, s1, s2 are real numbers.
Next we state a number of propositions:

(15)3 If r1 < s1, then{p1 : (p1)1 = r ∧ r1 ≤ (p1)2 ∧ (p1)2 ≤ s1}= L([r, r1], [r,s1]).

(16) If r1 < s1, then{p1 : (p1)2 = r ∧ r1 ≤ (p1)1 ∧ (p1)1 ≤ s1}= L([r1, r], [s1, r]).

(17) If p∈ L([r, r1], [r,s1]), thenp1 = r.

(18) If p∈ L([r1, r], [s1, r]), thenp2 = r.

(19) If p1 6= q1 andp2 = q2, then[ p1+q1
2 , p2] ∈ L(p,q).

(20) If p1 = q1 andp2 6= q2, then[p1,
p2+q2

2 ] ∈ L(p,q).

(21) If f = 〈p, p1,q〉 andi 6= 0 and j > i +1, thenL( f , j) = /0.

(23)4 If f = 〈p1, p2, p3〉, thenL̃( f ) = L(p1, p2)∪L(p2, p3).

(24) If i ∈ dom f and j ∈ dom( f �i) and j +1∈ dom( f �i), thenL( f , j) = L( f �i, j).

(25) If j ∈ dom f and j +1∈ dom f , thenL( f a h, j) = L( f , j).

(26) For every finite sequencef of elements ofEn
T and for every natural numberi holdsL( f , i)⊆

L̃( f ).

(27) L̃( f �i)⊆ L̃( f ).

(28) Let r be a real number,p1, p2 be points ofEn
T, andu be a point ofEn. If p1 ∈ Ball(u, r)

andp2 ∈ Ball(u, r), thenL(p1, p2)⊆ Ball(u, r).

(29) If u = p1 and p1 = [r1,s1] and p2 = [r2,s2] and p = [r2,s1] and p2 ∈ Ball(u, r), then p∈
Ball(u, r).

(30) If [s, r1] ∈ Ball(u, r) and[s,s1] ∈ Ball(u, r), then[s, r1+s1
2 ] ∈ Ball(u, r).

(31) If [r1,s] ∈ Ball(u, r) and[s1,s] ∈ Ball(u, r), then[ r1+s1
2 ,s] ∈ Ball(u, r).

(32) If r1 6= s1 ands2 6= r2 and[r1, r2]∈Ball(u, r) and[s1,s2]∈Ball(u, r), then[r1,s2]∈Ball(u, r)
or [s1, r2] ∈ Ball(u, r).

(33) Supposef1 /∈ Ball(u, r) and 1≤ m and m≤ len f − 1 andL( f ,m) meets Ball(u, r) and
for every i such that 1≤ i and i ≤ len f − 1 andL( f , i)∩Ball(u, r) 6= /0 holdsm≤ i. Then
fm /∈ Ball(u, r).

(34) For allq, p2, p such thatq2 = (p2)2 andp2 6= (p2)2 holds(L(p2, [(p2)1, p2])∪L([(p2)1,
p2], p))∩L(q, p2) = {p2}.

(35) For all q, p2, p such thatq1 = (p2)1 and p1 6= (p2)1 holds (L(p2, [p1,(p2)2])∪L([p1,
(p2)2], p))∩L(q, p2) = {p2}.

(36) L(p, [p1,q2])∩L([p1,q2],q) = {[p1,q2]}.

(37) L(p, [q1, p2])∩L([q1, p2],q) = {[q1, p2]}.

(38) If p1 = q1 andp2 6= q2, thenL(p, [p1,
p2+q2

2 ])∩L([p1,
p2+q2

2 ],q) = {[p1,
p2+q2

2 ]}.

(39) If p1 6= q1 andp2 = q2, thenL(p, [ p1+q1
2 , p2])∩L([ p1+q1

2 , p2],q) = {[ p1+q1
2 , p2]}.

(40) If i > 2 andi ∈ dom f and f is a special sequence, thenf �i is a special sequence.

3 The proposition (14) has been removed.
4 The proposition (22) has been removed.
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(41) If p1 6= q1 andp2 6= q2 and f = 〈p, [p1,q2],q〉, then f1 = p and flen f = q and f is a special
sequence.

(42) If p1 6= q1 andp2 6= q2 and f = 〈p, [q1, p2],q〉, then f1 = p and flen f = q and f is a special
sequence.

(43) If p1 = q1 and p2 6= q2 and f = 〈p, [p1,
p2+q2

2 ],q〉, then f1 = p and flen f = q and f is a
special sequence.

(44) If p1 6= q1 and p2 = q2 and f = 〈p, [ p1+q1
2 , p2],q〉, then f1 = p and flen f = q and f is a

special sequence.

(45) If i ∈ dom f andi +1∈ dom f , thenL̃( f �(i +1)) = L̃( f �i)∪L( fi , fi+1).

(46) If len f ≥ 2 andp /∈ L̃( f ), then for everyn such that 1≤ n andn≤ len f holds fn 6= p.

(47) If q 6= p andL(q, p)∩ L̃( f ) = {q}, thenp /∈ L̃( f ).

(48) Supposef is a special sequence andf1 /∈ Ball(u, r) andq∈ Ball(u, r) and flen f ∈ L( f ,m)
and 1≤m andm+1≤ len f andL( f ,m) meets Ball(u, r). Thenm+1 = len f .

(49) Supposep1 /∈ Ball(u, r) andq∈ Ball(u, r) andp∈ Ball(u, r) andp /∈ L(p1,q) andq1 = p1
andq2 6= p2 or q1 6= p1 andq2 = p2 and(p1)1 = q1 or (p1)2 = q2. ThenL(p1,q)∩L(q, p) =
{q}.

(50) Supposep1 /∈ Ball(u, r) and p∈ Ball(u, r) and[p1,q2] ∈ Ball(u, r) andq∈ Ball(u, r) and
[p1,q2] /∈ L(p1, p) and(p1)1 = p1 and p1 6= q1 and p2 6= q2. Then(L(p, [p1,q2])∪L([p1,
q2],q))∩L(p1, p) = {p}.

(51) Supposep1 /∈ Ball(u, r) and p∈ Ball(u, r) and[q1, p2] ∈ Ball(u, r) andq∈ Ball(u, r) and
[q1, p2] /∈ L(p1, p) and(p1)2 = p2 and p1 6= q1 and p2 6= q2. Then(L(p, [q1, p2])∪L([q1,
p2],q))∩L(p1, p) = {p}.
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