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Summary. Some properties of line segments in 2-dimensional Euclidean space and
some relations between line segments and balls are proved.
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The articles[[14],[[18],[12],[[15],[[12] ]2 ],[[19],[[5],[18].[15],[[4], ([1B],[[16],[[7], [[2ir],[112] /8], [[0],
and [10] provide the notation and terminology for this paper.

1. REAL NUMBERSPRELIMINARIES

For simplicity, we adopt the following rulegs, pz1, p2, ps, q denote points of=2, f, h denote finite
sequences of elements BE, r, r1, 12, s, 51, S denote real numbers, uy, U, denote points of£2,
n, m, i, j denote natural numbers, ardy, zdenote sets.

We now state the proposition

(BH If r <s, thenr < 2 and5® <s.

2. PROPERTIES OFLINE SEGMENTS
The following propositions are true:
(6F 1€ dom(x,y,2) and 2€ dom(x,y,z) and 3¢ dom(x,y,2).
(7) (pr+ p2)1=(P1)1+ (P2)1 and(p1+ p2)2 = (Pr)2+ (P2)2.
(8) (Pr—p2)1=(P1)1— (P2)1and(p1— p2)2 = (P1)2 — (P2)2-
©) (r-pa=r-prand(r-p)2=r-py.

(10) If pp=(r1,s1) andpy = (rz, %), thenpy + pz = (r1+r2,81 + ) andpy — p2 = (ry —ra,
S1—S2).

(11) If pp=qg;andp; =0qp, thenp=gq.
(12) Ifup = pr andup = py, thenp?(uy, Uz) = /((P1)1— (P2)1)2+ ((P1)2 — (P2)2)2.

1 The propositions (1) and (2) have been removed.
2 The propositions (4) and (5) have been removed.
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(13) The carrier of£f = the carrier ofE".

In the sequet, ry, ra, S, s1, S are real numbers.
Next we state a number of propositions:

(15 Ifri<si,then{pi: (pr)i=r Ar1<(p1)2 A (p1)2 <si} = L([r,ra],[r,s1]).
(16) Ifri<sy, then{pi:(p)2=r A ri<(pi)1 A (P11 < s} = L([rer],[st,r])-
a7y Ifpe L(r,ra],[r,s1]), thenpy =r.

(18) If pe L([r1,r],[s1,r]), thenpy =r.

(19) If py# cu andpz = G, then[B3% py) € £(p,q).

(20) If p1 = a1 andp; # 0z, then[py, 25%] € L(p,q).

(21) If f=(p,p1,q) andi #0andj >i+1, thens(f,j)=0.

(23F] 1f f=(ps, P2, ps). thenZ(f) = L(p1, p2) U L(p, ps).

(24) Ifi edomf andj e dom(fli)andj+1edom(fli),thent(f,j)=L(f]i,]).
(25) If jedomfandj+1edomf,thent(f~h,j)=L(f,]).

(26) For every finite sequendeof elements of£y and for every natural numbeholdsL(f,i) C
L(f).

@7) L(f]i)< L(f).

(28) Letr be areal numbem;, p2 be points of£f, andu be a point ofE". If p; € Ball(u,r)
andpy € Ball(u,r), then L(py, p2) C Ball(u,r).

(29) Ifu=psandp; =[r1,s1) andpz = [r2,s] andp = [r2,s1] and p2 € Ball(u,r), thenp €
Ball(u,r).

30) If[s,r1) € Ball(u,r) and[s,s;] € Ball(u,r), then[s, “5L] € Ball(u,r).
2

(31) If[r1, € Ball(u,r) and[s;,s| € Ball(u,r), then["52 5| € Ball(u,r).

(32) Ifry#s ands, #rpand[rq,r»] € Ball(u,r) and[s;,s;] € Ball(u,r), then[r1, ;] € Ball(u,r)
or [s,r2] € Ball(u,r).

(33) Supposef; ¢ Ball(u,r) and 1< mandm < lenf —1 and £(f,m) meets Ballu,r) and
for everyi such that 1< i andi <lenf —1 and£(f,i)nBall(u,r) # 0 holdsm <'i. Then
fm ¢ Ball(u,r).

(34) For allg, pz, p such thaty, = (p2)2 andpz # (p2)2 holds (L(pz, [(P2)1, P2]) U L([(P2)1,
P2),P)) N L(Q, p2) = { P2}

(35) For allg, pz2, p such thatg; = (pz)1 and py # (p2)1 holds (L(pz, [p1, (p2)2]) U L([p1,
(P2)2], P)) N L(q, p2) = {p2}-

(36)  L(p,[P1,02]) N L([P1, 2], q) = {[P1, o] }-
(37)  L(p,[ar, p2]) N L([a1, P2],q) = {[o. p2]}-
(38) If py =01 andpy # 0, thenL(p, [p1, 25%]) N L([p1, 2252],0) = {[p1, 225%2]}.
(39) If p1# ar andpy = gz, then£L(p, [*5%, po) N L([P5%, p2],0) = {[P5%, p2l}-

(40) Ifi > 2andi € domf andf is a special sequence, théfi is a special sequence.

3 The proposition (14) has been removed.
4 The proposition (22) has been removed.
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(41) If pr# quandpy # gz andf = (p,[p1, 0], ), thenf, = pandfiens = gandf is a special

sequence.

(42) If p1#quandp; # Geandf = (p, (o1, 2|, ), thenf, = pandfient = gandf is a special

sequence.

(43) If py =01 andpz # gz and f = (p, [p1, 25%],q), then fy = p and fiens = g and f is a

special sequence.

44) IfprAqandp,=qandf = (p,[%, p2],q), thenfi = pand fiens = qandf is a

special sequence.

(45) Ifi € domf andi+1 € domf, thenZ(f[(i+1)) = L(f[i)UL(f;,fii1).

(46) Iflenf > 2 andp ¢ L(f), then for everyn such that I< nandn < lenf holds f,  p.

(47) Ifq+# pandL(g,p)NL(f) ={q}, thenp ¢ L(f).
(48) Supposd is a special sequence affid¢ Ball(u,r) andqg € Ball(u,r) and fiens € L(f,m)

and 1< mandm+ 1 <lenf and£(f,m) meets Ballu,r). Thenm+1=lenf.

(49) Suppose; ¢ Ball(u,r) andq € Ball(u,r) andp € Ball(u,r) andp ¢ £(p1,q) andgs = p1

ando # pz orgu # p1 andgz = P2 and(p1)1 = g1 Or (P1)2 = Go. ThenL(p1,q) N L(q, p) =
{a}.

(50) Suppose; ¢ Ball(u,r) and p € Ball(u,r) and[p1,q] € Ball(u,r) andq € Ball(u,r) and

[p1,02] ¢ L(p1,p) and (p1)1 = p1 and py # g1 and p2 # dp. Then (L(p, [p1,92]) U L([p1,
2], d)) N L(p1, p) = {p}-

(51) Suppose; ¢ Ball(u,r) andp € Ball(u,r) and[qs, p2] € Ball(u,r) andq € Ball(u,r) and
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(1, P2] € L(p1,p) and(p1)2 = p2 and py # g and pz2 # d2. Then (L(p, (a1, P2]) U L([0s,
P2],9)) N L(p1, p) = {P}.
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