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Summary. Let X andY be topological spaces and Mt and X, be subspaces of.

Let f : X3 UXp — Y be a mapping defined on the unionXaf and X, such that the restriction
mappingsf x, andf)y, are continuous. Itis well known thati andX; are both open (closed)
subspaces of, thenf is continuous (see e.d./[7, p.106]).

The aim is to show, using Mizar System, the following theorem (see Sectidfg)and
Xz are weakly separated, then f is continudqaempare alsd [14, p.358] for related results).
This theorem generalizes the preceding one becaugeaifid X, are both open (closed), then
these subspaces are weakly separated((see [6]). However, the following problem remains open.

Problem 1. Characterize the class of pairs of subspa¥gsnd X, of a topological
spaceX such that £) for any topological spacé and for any mapping : X1 UXp — Y,
f is continuous if the restriction§y, andf|x, are continuous.

In some special case we have the following characterizalgrand X% are separated iff X
misses X and the condition(x) is fulfilled. In connection with this fact we hope that the
following specification of the preceding problem has an affirmative answer.

Problem 2. Suppose the condition)is fulfilled. MustX; andX, be weakly separated
?

Note that in the last section the concept of the union of two mappings is introduced and stud-
ied. In particular, all results presented above are reformulated using this notion. In the remain-
ing sections we introduce concepts needed for the formulation and the proof of theorems on
properties of continuous mappings, restriction mappings and modifications of the topology.

MML Identifier: TMAP_1.

WWW: http://mizar.orqg/JFM/Vold/tmap_1.html

The articles|[[11],T4],[1B],115],01],13],12], 5], 1101, 9], [12],[18], and_[6] provide the notation
and terminology for this paper.

1. SET-THEORETICPRELIMINARIES

Let X be a non empty topological space andXgt X, be non empty subspacesXf Observe that
X1 U X; is topological space-like.

In the sequeA, B denote non empty sets.

The following propositions are true:

(1) Letf be a function fromA into B, Ag be a subset oA, andBy be a subset oB. Then
f°Ag C By if and only if Ay C f~1(By).

(2) Letf be afunction fromAinto B, Ag be a non empty subset Af and fg be a function from
A into B. If for every element of A such that € Ag holds f(c) = fo(c), thenf [Ag = fo.

1 © Association of Mizar Users
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(4E] Let f be a function fromA into B, Ag be a non empty subset 8f andC be a subset oA.
If C C Ag, thenf°C = (f]Ag)°C.

(5) Letf be afunction fromA into B, Ag be a non empty subset 8f andD be a subset dB.
If £-1(D) C Ao, thenf~1(D) = (f]Ag) 1(D).

Let A, B be non empty sets, lét, Ay be non empty subsets &f let f; be a function fromA;
into B, and letf, be a function fromA; into B. Let us assume thdi [(A1NA2) = f2[(A1NA2). The
functor f1 U f; yielding a function fromA; U Az into B is defined by:

(Def. 1) (flU fz) [Ar = 1 and(flu fz) [A = T

One can prove the following proposition

(6) LetA, Bbe non empty sets arl, Ay be non empty subsets 8f Supposed; missesAy.
Let f; be a function fromA; into B and f, be a function fromA; into B. Thenf; [(A1NA2) =
fo [(AlﬂAz) and(fl U fz) [Ar =Ty and( fiU fz) [Ao = fo.

We use the following conventiom, B are non empty sets ad, Az, Az are hon empty subsets
of A,

The following four propositions are true:

(7) Letg be a function fromA; UA; into B, g1 be a function from4; into B, andg, be a
function fromA; into B. If gJA1 = g1 andg[A2 = g2, theng = g1 U Q.

(8) For every functionf; from A; into B and for every functionf, from Ay into B such that
fl[(AlﬁAz) = fz[(AlﬂAz) holdsf,U fo, = fo U fy.

(9) LetAs2, Axz be non empty subsets Af Supposeéd; = A1 UA andAgz = Ay UAg. Let f
be a function fronA; into B, fo> be a function fromA, into B, andf; be a function fronAz into
B. Supposd1[(A1NAz) = fal(A1NA2) and fa[ (A2 NAg) = fa[(AxNAg) and f1[ (AL NAg) =
fa[(ALNAg). Let f12 be a function fromA2 into B and f,3 be a function fromAyz into B. If
fio= f1U fy andfyg = frU f3, thenfioU f3 = fi U fos.

(10) Letfq be a function fromA; into B and f; be a function fromA; into B such thatf; [(A; N
Az) = fzf(AlﬂAz). Then
(i) Agisasubsetoh;iff fyUf, = fp, and
(i) Azisasubsetof iff fyu fp = f1.

2. SELECTEDPROPERTIES OFSUBSPACES OFTOPOLOGICAL SPACES

In the sequeK is a non empty topological space.
Next we state four propositions:

(11) For every non empty subspakg of X holds the topological structure of is a strict
subspace oX.

(12) LetX, X2 be non empty topological spaces. Suppxse- the topological structure of;.
ThenX; is a subspace of if and only if X, is a subspace of.

(13) LetX;, X2 be non empty topological spaces. Supp¥se- the topological structure of;.
ThenX; is a closed subspace Xfif and only if X, is a closed subspace Xf

(14) LetX1, X2 be non empty topological spaces. Supp¥se- the topological structure of;.
ThenX; is an open subspace ¥fif and only if X, is an open subspace Xt

In the sequek;, Xo are non empty subspacesXf
The following propositions are true:

1 The proposition (3) has been removed.
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(15) If Xy is a subspace ofy, then for every poink; of X; there exists a point, of X, such that
X2 = X1.

(16) For every poink of X; U Xz holds there exists a point of X; such thatx; = x or there
exists a poinky of X, such that, = x.

(17) Suppos&; meetsX,. Letx be a point ofX; N X;. Then there exists a poimg of X; such
thatx; = x and there exists a poirg of X, such thak, = x.

(18) Letx be a point ofX; UX;, F1 be a subset oX;, andF; be a subset aX;. Supposd; is
closed and € F; andFR; is closed anc € F,. Then there exists a subdétof X; U X, such
thatH is closed anck € H andH C F{UF.

(19) Letxbe a point ofX; U Xy, Uy be a subset ak;, andU, be a subset aX;. SupposdJ; is
open ank € U; andUs is open anc € U,. Then there exists a subdéof X; U X, such that
V is open anck €V andV C U UUs.

(20) Letxbe a point ofX; U Xy, X1 be a point ofX;, andx, be a point ofX,. Suppose; = x and
X2 = X. Let A1 be a neighbourhood of andA; be a neighbourhood o6. Then there exists
a subseV of X; UX; such tha¥ is open anck € V andV C A UA;.

(21) Letxbe a point ofX; U Xy, X1 be a point ofX;, andx, be a point 0fX,. Suppose; = x and
X2 = X. Let A1 be a neighbourhood of andA; be a neighbourhood o%. Then there exists
a neighbourhood of x such thatA C A; U A,.

In the sequeky, X1, X2, Y1, Y2 are non empty subspacesXf
The following propositions are true:

(22) If Xp is a subspace 0f;, thenXy meetsX; andX; meetsXp.

(23) If Xpis a subspace of; and if Xo meetsX; or X, meetsXp, thenX; meetsX; andX; meets
X1.

(24) If X is a subspace of; and if X; missesX, or Xo missesX;, thenXy missesX; and X,
missesXg.

(25) XoUXp = the topological structure ofp.
(26) XoNXp = the topological structure ofy.
(27) IfYyis a subspace of; andY; is a subspace of,, thenY; UY; is a subspace of; U Xs.

(28) If Y1 meetsY, andY; is a subspace of; andY; is a subspace okp, thenY;NY; is a
subspace 0Ky N X.

(29) If Xy is a subspace 0fy andX; is a subspace 0fy, thenX; U X; is a subspace ofp.

(30) If X3 meetsX; andX; is a subspace oy and X, is a subspace ofp, thenX; N Xz is a
subspace oXo.

(BL)(i) If X3 missesXp or Xy missesX; and if X, meetsXp or Xp meetsXy, then(Xs UXz) N X =
XoNXgandXgN (Xl U Xz) = XN X, and
(i) if Xg meetsXy or Xp meetsX; and if Xy missesXy or Xg missesXy, then(Xi UXp) NXp =
X1NXg andXgN (X1UX2) = XoNX;.
(32) Suppos&; meetsXy. Then
(i) if Xy is a subspace 0ofp, thenX; N X5 is a subspace ofgN X;, and
(i) if Xz is a subspace ofp, thenX; N Xz is a subspace of; N Xo.

(33) Suppose; is a subspace ofy but Xy missesX; or X, missesXy. ThenXyN (X3 UXp) =the
topological structure X3 andXp N (X2 U X;) = the topological structure of;.
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(34) Suppos&; meetsXy. Then
(i) if Xz is a subspace ofp, thenXy N X, meetsxX; andX; N Xy meetsX;, and
(i) if Xz is a subspace ofp, thenX; N Xg meetsX; andXgN X3 meetsX,.
(35) Suppos«; is a subspace of; but X, is a subspace of butY; missesy, or Y1 MY, misses
X1 UXz. ThenY; missesXo andY, missesX;.
(86) Suppose that
(i) Xqisnota subspace ob,
(i) Xz is not a subspace of,
(i)  XgUXyis a subspace of, U Yo,
(iv) Yin(XiUXy) is a subspace of;, and
(V)  Yan(XpUXp) is a subspace of;.
ThenY; meetsX; U X, andY, meetsXy U Xs.
(37) Suppose that; meetsX; andX; is not a subspace 0, andX; is not a subspace of;
and the topological structure &f =Y; UY, U Xy andY; N (X3 UXy) is a subspace of; and

Yo N (X1 UXy) is a subspace of; andXp N (X1 UXy) is a subspace of; N X;. ThenY; meets
X1 UXz andY, meetsX; U Xo.

(838) Suppose that; meetsX, andX; is not a subspace of; andX; is not a subspace of;
and X; U Xz is a subspace of; UY, and the topological structure & = Y1 UY> U Xy and
Y1N (X1 UXz) is a subspace of; andY>N (X1 UXz) is a subspace of; andXo N (Xg U Xp) is
a subspace 0f; N Xz. ThenY; UY, meetsX; U Xe andXg meetsXy U Xo.

(39)(1)) X1UXz meetsXg iff X3 meetsXy or X, meetsXg, and

(i)  Xp meetsXy U X iff Xp meetsX; or Xg meetsXs.

(40)(i) XpUXo missesXy iff X3 missesXy andX; missesXg, and
(iiy  Xp missesXs U X, iff Xg missesX; andXy missesXs.

(41) Suppose&; meetsXy. Then
(i) if XgN Xz meetsXy, thenX; meetsXy andX; meetsXp, and
(i) if Xp meetsX; N Xz, thenXy meetsX; andXg meetsXs.

(42) Suppose&; meetsXy. Then
(i) if Xz missesXy or X missesXg, thenX; N X, missesXg, and
(i) if Xp missesX; or Xg missesXy, thenXg missesX; N Xo.

(43) For every closed non empty subspageof X such thatXy meetsX; holdsXgNX; is a
closed subspace of;.

(44) For every open non empty subspXgef X such thaiXo meetsX; holdsXynX; is an open
subspace oX;.

(45) LetXy be a closed non empty subspacXofSupposeX; is a subspace ofy andXy misses
Xo. ThenX; is a closed subspace ¥f U X, and a closed subspaceXfu X;.

(46) LetXg be an open non empty subspaceofSupposeX; is a subspace ofy andXy misses
X2. ThenX; is an open subspace ¥f U X, and an open subspaceXfu X;.
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3. CONTINUITY OF MAPPINGS

Let X, Y be non empty topological spaces, febe a map fronX into Y, and letx be a point ofX.
We say thatf is continuous ax if and only if:

(Def. 2) For every neighbourhodslof f(X) there exists a neighbourhobbof x such thatf°H C G.

We introducef is not continuous at as an antonym of is continuous ax.
In the sequek, Y are non empty topological spaces anig a map fromX into Y.
The following propositions are true:

(47) Letx be a point ofX. Thenf is continuous ax if and only if for every neighbourhoo@
of f(x) holdsf~1(G) is a neighbourhood of.

(48) Letxbe a point ofX. Thenf is continuous ax if and only if for every subse® of Y such
thatG is open andf (x) € G there exists a subskt of X such thaH is open anck € H and
f°H C G.

(49) fis continuous iff for every poirnt of X holds f is continuous ax.

(50) LetX,Y, Z be non empty topological spaces. Suppose the carriér-othe carrier ofZ
and the topology of C the topology ofY. Let f be a map fronX intoY andg be a map from
X into Z. Supposef = g. Let x be a point ofX. If f is continuous ax, theng is continuous
atx.

(51) LetX,Y, Z be non empty topological spaces. Suppose the carri¥ér-etthe carrier ofy
and the topology o¥ C the topology ofX. Let f be a map fronX into Z andg be a map
fromY into Z. Supposd = g. Let x be a point ofX andy be a point ofY. If x=Yy, then ifg
is continuous ay, thenf is continuous ax.

We adopt the following rulesX, Y, Z denote non empty topological spacésjenotes a map
from X into Y, andg denotes a map froM into Z.
Next we state several propositions:

(52) Letxbe a point ofX andy be a point ofY. Suppose/ = f(x). If f is continuous ax andg
is continuous ay, theng- f is continuous ax.

(53) Letybe a point ofY. Supposd is continuous and is continuous ay. Letx be a point of
X. If xe f71({y}), theng- f is continuous ax.

(54) For every poini of X such thatf is continuous ak andg is continuous holdg- f is
continuous axk.

(55) fis acontinuous map froX into Y iff for every pointx of X holds f is continuous ax.

(56) LetX,Y, Z be non empty topological spaces. Suppose the carriér-othe carrier ofZ
and the topology o C the topology ofY. Then every continuous map frokinto Y is a
continuous map fronX into Z.

(57) LetX,Y, Z be non empty topological spaces. Suppose the carri¥r-ethe carrier ofy
and the topology o¥ C the topology ofX. Then every continuous map frovhinto Z is a
continuous map fronX into Z.

Let X, Y be non empty topological spaces, ¥gtbe a subspace &, and letf be a map fronX
into Y. The functorf [Xg yields a map fronXp into Y and is defined as follows:

(Def. 3) f[Xg = f[the carrier ofXp.

In the sequek, Y denote non empty topological spacksdenotes a non empty subspace&of
andf denotes a map frol into Y.
Next we state several propositions:
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(58) For every poink of X such thai € the carrier ofXg holds f(x) = (f[Xp)(X).

(59) Letfybeamap fronXpintoY. Suppose that for every poirbf X such thak € the carrier
of Xp holds f(x) = fo(X). Thenf [ Xy = fo.

(60) If the topological structure ofy = the topological structure of, thenf = f [ Xp.
(61) For every subsét of X such thatA C the carrier ofX holds f°A = (f[Xp)°A.
(62) For every subsd of Y such thatf ~1(B) C the carrier 0iXo holdsf~1(B) = (f[X9)~1(B).

(63) For every mapg from Xg into Y there exists a mapfrom X into'Y such thah[Xy = g.

In the sequef denotes a map froid into Y andXy denotes a non empty subspaceXof
Next we state several propositions:

(64) Letx be a point ofX andxg be a point ofXy. If X = xg, then if f is continuous ak, then
f [ Xp is continuous axp.

(65) LetAbe a subset oX, x be a point ofX, andxy be a point 0fXy. Suppose\ C the carrier
of Xp andA is a neighbourhood of andx = xg. Then f is continuous ax if and only if f [Xg
is continuous axg.

(66) LetA be a subset oX, x be a point ofX, andxg be a point 0fXy. SupposeA is open and
x € AandA C the carrier ofXg andx = xo. Then f is continuous ax if and only if f[Xg is
continuous axg.

(67) LetXy be an open non empty subspaceXeik be a point ofX, andxy be a point ofXg. If
X = Xp, thenf is continuous ax iff f[Xg is continuous axo.

(68) Letf be acontinuous map frodiintoY andXg be a non empty subspaceXf Thenf [ X
is a continuous map frondp into Y.

(69) LetX,Y,Zbe non empty topological spaceg,be a non empty subspaceXff be a map
from X into Y, andg be a map fronY into Z. Then(g- f)[Xo = g- (f[Xo).

(70) LetX,Y, Z be non empty topological space®,be a non empty subspaceXfg be a map
fromY into Z, andf be a map fronX into Y. If gis continuous and [Xg is continuous, then
(g- f)Xo is continuous.

(71) LetX,Y, Z be non empty topological space§ be a non empty subspace ¥f g be a
continuous map fronY into Z, and f be a map fronX into Y. Suppos€ | Xg is a continuous
map fromXp into Y. Then(g- ) [Xo is a continuous map frorgy into Z.

Let X, Y be non empty topological spaces, ¥gt X1 be subspaces &, and letg be a map from
Xpinto Y. Let us assume thag is a subspace ofy. The functorg[X; yielding a map fronX; into
Y is defined by:

(Def. 4) g[X1 = gfthe carrier ofX;.

For simplicity, we use the following conventioX:, Y are non empty topological spacég, X1
are non empty subspacesXff is a map fromX into Y, andg is a map fromXp into Y.
We now state several propositions:

(72) If Xy is a subspace ofy, then for every poinkg of Xg such thaig € the carrier ofX; holds
9(Xo0) = (91%1) (X0)-

(73) Suppose; is a subspace ofy. Letg; be a map fron¥X; into Y. Suppose that for every
pointxg of Xo such thatg € the carrier 0iX; holdsg(Xo) = g1(Xo). Theng[X; = gs.

(74) g=glXo.
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(75) If Xy is a subspace ofy, then for every subset of Xy such thaiA C the carrier ofX; holds
g°A=(gI%)°A.

(76) If Xy is a subspace 0fp, then for every subsé of Y such thag=1(B) C the carrier ofX;
holdsg~*(B) = (g/X1) *(B).

(77) For every mag from Xp into Y such thatg = f [Xp holds if X; is a subspace ofp, then
giX = fIX.

(78) If Xy is a subspace ofy, thenf [Xp[ X1 = f[X;.

(79) LetXg, X1, X2 be non empty subspacesXf SupposeX; is a subspace ofy andX; is a
subspace oX;. Letg be a map fronXp into Y. Theng[Xz1[Xz = g[Xo.

(80) Letf be amap fronX intoY, fg be a map fron¥X; intoY, andg be a map fronXp into Y.
If Xo =X andf = g, theng|X; = foiff f[Xy = fo.

We use the following conventiorxy, X1, X, denote non empty subspaces<off denotes a map
from X into Y, andg denotes a map froidp into Y.
Next we state a number of propositions:

(81) Letxg be a point ofXg andx; be a point ofX;. Supposeg = X1. SupposeX; is a subspace
of Xp andg is continuous axg. Theng|X; is continuous ax;.

(82) Suppos«; is a subspace ofy. Let xg be a point ofXg andx; be a point ofX;. If Xo = X1,
then if f [Xg is continuous axg, thenf [X; is continuous ax;.

(83) Suppose; is a subspace 0fy. Let A be a subset aKg, Xp be a point ofXy, andx; be a
point of X;. SupposeA C the carrier ofX; andA is a neighbourhood ofy andxg = x;. Then
g is continuous axg if and only if g[X; is continuous ax;.

(84) Suppose; is a subspace ofy. Let A be a subset aKg, Xg be a point ofXp, andx; be a
point of X;. SupposeA is open and € A andA C the carrier ofX; andxg = x1. Theng is
continuous akg if and only if g[X; is continuous ax;.

(85) Suppose&; is a subspace ofy. Let A be a subset oK, Xy be a point ofXy, andx; be a
point of X;. SupposeA is open andg € A andA C the carrier ofX; andxg = x;3. Theng is
continuous akg if and only if g[X; is continuous ax;.

(86) Suppose; is an open subspace ¥§. Let xg be a point 0fXg andx; be a point ofX;. If
Xo = X1, theng is continuous axy iff gX; is continuous ax;.

(87) Suppose; is an open subspace ¥fand a subspace 0%. Let %y be a point 0fXy andxg
be a point ofX;. If Xg = X1, theng is continuous axg iff g/X; is continuous ax;.

(88) Suppose the topological structureXaf= Xg. Let Xg be a point ofXg andx; be a point of
X1. If Xo = Xq, then ifg[ Xy is continuous ax;, theng is continuous akg.

(89) Letgbe a continuous map frod into Y. SupposeX; is a subspace ofy. Theng| Xz is a
continuous map fronxy into'Y.

(90) Suppose; is a subspace 0fy andX; is a subspace of;. Letg be a map fronXp into Y.
Supposa[X; is a continuous map fror; into Y. Theng[X; is a continuous map frorK;
intoY.

(91) For every non empty 1-sorted structdr@and for every elementof X holds id (x) = x.

(92) LetX be anon empty 1-sorted structure anide a map fronX into X. If for every element
x of X holds f (x) = x, thenf = idx.

(93) LetX,Y be non empty 1-sorted structures ahbe a function from the carrier of into
the carrier ofY. Thenf-idx = fandid, - f = f.



CONTINUITY OF MAPPINGS OVER THE UNION OF. .. 8

(94) idy is a continuous map fror into X.

Let X be a non empty topological space andXgte a subspace &f. The functorﬁ yields a
map fromX; into X and is defined as follows:

(Def. 6f X0 =idx [Xo.

We introduceXp — X as a synonym oﬁ.
One can prove the following four propositions:

(95) For every non empty subspaxgof X and for every poink of X such thaix € the carrier
of Xo holds(0)(x) = x.

(96) LetXy be a non empty subspace Xfand fo be a map fromXg into X. Suppose that for
every pointx of X such thak € the carrier ofXg holdsx = fg(X). Then ﬁ = fo.

97) F>c<)0r every non empty subspaXgof X and for every magf from X into Y holds f [ Xy =

(98) For every non empty subspa¥gof X holds ﬁ is a continuous map frong into X.

4, A MODIFICATION OF THE TOPOLOGY OFTOPOLOGICAL SPACES

In the sequeK is a non empty topological space addG are subsets of.
Let us consideK and letA be a subset oK. The A-extension of the topology of yielding a
family of subsets oK is defined by:

(Def. 7) TheA-extension of the topology of = {HUGNA: H € the topology ofX A G € the
topology ofX}.

We now state several propositions:
(99) For every subse¥ of X holds the topology oK C the A-extension of the topology of.

(100) LetA be a subset oK. Then{GnNA;G ranges over subsets ¥ G < the topology of
X} C the A-extension of the topology of.

(101) LetA be a subset oK andC, D be subsets oK. SupposeC € the topology ofX and
D € {GNA; Granges over subsetsXf G € the topology oiX }. ThenCUD € theA-extension
of the topology ofX andCN D & the A-extension of the topology of.

(102) For every subsét of X holdsA < the A-extension of the topology of.

(103) LetAbe a subset oK. ThenA < the topology ofX if and only if the topology oX = the
A-extension of the topology of.

Let X be a non empty topological space andAetbe a subset oK. The X modified w.r.t. A
yields a strict topological space and is defined as follows:

(Def. 8) TheX modified w.r.t.A = (the carrier ofX, the A-extension of the topology of).

Let X be a non empty topological space andAdie a subset oK. One can verify that th&X
modified w.r.t.Ais non empty.

In the sequeA is a subset oK.

One can prove the following three propositions:
(104)(i) The carrier of th& modified w.r.t. A = the carrier ofX, and

(i)  the topology of theX modified w.r.t.A = the A-extension of the topology of.
(105) For every subsé& of the X modified w.r.t.A such thaB = A holdsB is open.

2 The definition (Def. 5) has been removed.
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(106) LetAbe asubset ok. ThenAis open if and only if the topological structure Xf= the X
modified w.r.t.A.

Let X be a non empty topological space andAebe a subset oK. The functor modig a
yielding a map fronX into theX modified w.r.t.A is defined by:

(Def. 9)  modit A = idine carrier ofx-
The following propositions are true:
(107) For every subsétof X such thatA is open holds modigda = idx.
(108) For every poink of X such thak ¢ A holds modig a is continuous ax.

(109) LetXp be a non empty subspaceXf Suppose the carrier 0 missesA. Letxg be a point
of Xo. Then modig A[Xg iS continuous ako.

(110) LetXy be a non empty subspaceXf Suppose the carrier 0§ = A. Let Xy be a point of
Xo. Then modict a[Xo is continuous axo.

(111) LetXy be a non empty subspace ®f Suppose the carrier ofp missesA. Then
modidk a[Xo is a continuous map frondg into the X modified w.r.t.A.

(112) LetXg be a non empty subspaceXf Suppose the carrier 8 = A. Then modig A[Xg is
a continuous map frorKg into theX modified w.r.t.A.

(113) LetAbe asubsetaX. ThenAis open if and only if modig a is a continuous map frord
into theX modified w.r.t.A.

Let X be a non empty topological space and{gbe a subspace &f. TheX modified w.r.t. Xy
yielding a strict topological space is defined by the condition (Def. 10).

(Def. 10) LetAbe a subset oK. Suppose\ = the carrier oXy. Then theX modified w.r.t.Xg = the
X modified w.r.t.A.

Let X be a non empty topological space anddgbe a subspace of. Note that theX modified
w.r.t. Xg is non empty.

In the sequeky is a non empty subspace Xf

Next we state three propositions:

(114)(i) The carrier of th&X modified w.r.t.Xg = the carrier ofX, and

(i) for every subseA of X such thatA = the carrier ofXg holds the topology of th& modified
w.r.t. Xo = the A-extension of the topology of.

(115) LetYp be a subspace of the modified w.r.t.Xg. Suppose the carrier & = the carrier of
Xo. ThenYy is an open subspace of themodified w.r.t.Xp.

(116) Xpis an open subspace Xfiff the topological structure oK = the X modified w.r.t.Xg.

Let X be a non empty topological space andigte a subspace of. The functor modig x,
yielding a map fronX into theX modified w.r.t.Xg is defined by:

(Def. 11) For every subsétof X such thatA = the carrier 0iXy holds modicg x, = modidy a.
We now state several propositions:
(117) 1f Xo is an open subspace ¥f then modiet x, = idx.

(118) For all non empty subspackg, X; of X such thatXo missesX; and for every poink; of
X1 holds modig x, [ Xy is continuous ax;.

(119) For every non empty subspaggof X and for every poinkg of Xo holds modigk x, [Xo is
continuous axg.
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(120) LetXp, X1 be non empty subspacesXf SupposeXg missesX;. Then modigt x, [ Xy is a
continuous map fronx; into theX modified w.r.t.Xg.

(121) For every non empty subspaXgof X holds modidg x,[Xo is a continuous map frorkp
into theX modified w.r.t.Xg.

(122) LetXp be a subspace of. ThenXg is an open subspace ¥fif and only if modid x, is a
continuous map fronX into theX modified w.r.t. Xg.

5. CONTINUITY OF MAPPINGS OVER THEUNION OF SUBSPACES

In the sequek, Y are non empty topological spaces.
The following three propositions are true:

(123) LetXy, X2 be non empty subspacesXfg be a map fronX; UXz into 'Y, x; be a point of
X1, X2 be a point ofXz, andx be a point ofX; U X;. Supposex = x; andx = Xz. Theng is
continuous ak if and only if g[X; is continuous ax; andg| Xz is continuous axs.

(124) Letf beamap fronX intoY, Xz, X, be non empty subspacesXfx be a point ofX; U Xy,
x1 be a point ofX;, andxs be a point ofX,. Supposex=x; andx = X. Thenf[(X U Xp) is
continuous ak if and only if f [X; is continuous ax; and f [X; is continuous axs.

(125) Letf be a map fromX into Y andX;, X, be non empty subspaces Xf SupposeX =
X1 UXs. Let x be a point ofX, x; be a point ofX;, andx; be a point ofX;. Suppose = x;
andx = xz. Then f is continuous ak if and only if f[X; is continuous ak; and f [X; is
continuous ako.

In the sequeK;, X, are non empty subspacesXf
We now state a number of propositions:

(126) Suppos&; andX; are weakly separated. Lgthe a map fronK; U X, intoY. Thengis a
continuous map fronX; U Xz into Y if and only if g[X; is a continuous map frorK; into Y
andg| Xz is a continuous map froid, into Y.

(127) LetXy, X2 be closed non empty subspaceXadndg be a map fronX; U Xz intoY. Then
g is a continuous map froXy U Xz into Y if and only if g[X; is a continuous map frorK;
intoY andg[ Xz is a continuous map frotd, into Y.

(128) LetXz, X2 be open non empty subspacesoandg be a map fronX; U X, intoY. Theng
is a continuous map frong U Xz intoY if and only if g[X; is a continuous map fror¥; into
Y andg[X; is a continuous map frork, into Y.

(129) Suppos&; andX, are weakly separated. Létbe a map fronX into Y. Thenf [(X;UXp)
is a continuous map frond; U Xz into Y if and only if f [X; is a continuous map frond; into
Y andf [ X5 is a continuous map froid, into Y.

(130) Letf be a map fromX into Y and X3, Xz be closed non empty subspacesxof Then
f[(X1UXp) is a continuous map frotds U X, into Y if and only if f [X; is a continuous map
from Xz intoY and f [X; is a continuous map from; into Y.

(131) Letf be a map fromX into Y and X1, X, be open non empty subspacesxaf Then
f[(X1UXp) is a continuous map frody U X, into Y if and only if f [X; is a continuous map
from Xz intoY and f [X; is a continuous map from; into Y.

(132) Letf beamap fronX intoY andXz, X, be non empty subspacesxXf SupposeX = Xy UXz
andX; andX; are weakly separated. Théns a continuous map froid into Y if and only if
f X1 is a continuous map frond; intoY and f [X; is a continuous map frork; into Y.

(133) Letf be a map fronX into Y andX;, Xz be closed non empty subspaceskofSuppose
X =X1UXz. Thenf is a continuous map frorK into Y if and only if f [X; is a continuous
map fromX; intoY and f [X; is a continuous map from, into Y.
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(134) Letf be a map fronX into Y andX;, X, be open non empty subspacesXof Suppose
X =X1UXz. Thenf is a continuous map frorK into Y if and only if f [X; is a continuous
map fromX; intoY and f [X; is a continuous map fromk; into Y.

(135) X; andX; are separated if and only if the following conditions are satisfied:
(i) X; missesXp, and

(i) for every non empty topological spa¥eand for every mag from X; U Xz intoY such that
g[X is a continuous map frord; into Y andg[X; is a continuous map fromd; into Y holds
gis a continuous map frody U X, into Y.

(136) X; andX; are separated if and only if the following conditions are satisfied:
(i) X1 missesXy, and

(i)  for every non empty topological spadtand for every mag from X into Y such that
f X1 is a continuous map frondg; intoY and f [ X, is a continuous map fromd, into Y holds
f[(X1UXp) is a continuous map frotg U X into'Y.

(137) LetX1, X2 be non empty subspaces ¥f SupposeX = X; U Xz. ThenX; and X, are
separated if and only if the following conditions are satisfied:
(i) X1 missesXp, and

(i) for every non empty topological spa¥eand for every mag from X intoY such thatf [ X3
is a continuous map frond; intoY and f [X; is a continuous map frotd, into Y holdsf is a
continuous map fronxX into Y.

6. THE UNION OF CONTINUOUS MAPPINGS

Let X, Y be non empty topological spaces, Kt X, be non empty subspaces Xf let f; be a
map fromXy into Y, and letf, be a map fromX; into Y. Let us assume thaf; missesX, or

fil(XeNX2) = f2] (X1 N X2). The functorf, U fo yielding a map fromX; UX; into Y is defined as
follows:

(Def. 12) (fl @] fz) [X1=f1 and(flu fz) [Xo = fo.

In the sequek, Y denote non empty topological spaces.
We now state a number of propositions:

(138) For all non empty subspacks, X, of X and for every mayg from X; U Xz into Y holds
g=glXiuglXe.

(139) For all non empty subspack¥s, X, of X such thatX = X; UX; and for every mag from
X intoY holdsg = g[X1 Ug[Xs.

(140) LetX;, X2 be non empty subspacesXf Supposes; meetsXy. Let f; be a map fronk;
intoY and f, be a map fronX; into Y. Then(fiU f2)[ Xy = f1 and(f1 U f2) [ Xz = f2 if and
only if f1 [(Xl n Xz) =f, [(Xl N Xz).

(141) LetX;, X be non empty subspacesxf f; be a map fronX; intoY, andf, be a map from
Xz into'Y such thatf1 [(XgNX2) = f2[ (X1 NX2). Then

(i) Xjis asubspace of, iff fuU f, = f,, and
(i) Xz is asubspace of; iff fyU fp = fq.

(142) LetX;, X2 be non empty subspacesXf f; be a map fronX; into Y, andf, be a map from
X into Y. If X3 missesX; or f1[(XpNXp) = fzf(xlﬂXZ), thenfiU fo = foU fq.

(143) LetX;, X2, X3 be non empty subspaces X¥f f; be a map fromX; into Y, f, be a map
from X, into Y, and f3 be a map fromX; into Y. SupposexX; missesX, or f1[(Xyg NXp) =
f2l (X2 N Xp) but X3 missesXs or f1[(Xg NXg3) = f3[(Xy N X3) but X, missesXs or fa[ (XN
X3) = fg[(XZQX’g). Then(f1U fz) Ufs=fu (fo f3)‘
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(144) LetX;, X2 be non empty subspaces ¥f SupposeX; meetsX,. Let f; be a continuous
map fromX; into Y and f; be a continuous map frond; into Y. Supposef;[(X1NXp) =
f2l(Xa N X2). SupposeX; and X, are weakly separated. ThdpU f, is a continuous map
from X UXs intoY.

(145) LetX;, X2 be non empty subspacesXf SupposeX; missesXp. Let f; be a continuous
map fromX; into Y and f, be a continuous map from; into Y. SupposeX; and X, are
weakly separated. Thefa U f, is a continuous map frotd; U Xz into Y.

(146) LetX;, X2 be closed non empty subspacesXof SupposeX; meetsX,. Let f; be a con-
tinuous map fronX; into Y and f, be a continuous map frog into Y. If f1[(X3NXp) =
f2[ (X1 NXz), thenfy U fy is a continuous map frotg U Xz into'Y.

(147) LetXq, X2 be open non empty subspaceXofSuppos&; meetsx,. Let f; be a continuous
map fromXy intoY andf; be a continuous map frodg into Y. If f1[(XpNXz) = f2[ (X1 NX2),
then fy U f, is a continuous map frond; U Xz into Y.

(148) LetX;, Xz be closed non empty subspacesXof Supposex; missesX,. Let f; be a
continuous map fronx; into Y and f, be a continuous map froiy intoY. Thenf; U fis a
continuous map fronXg U X, into'Y.

(149) LetX;, X2 be open non empty subspacesXof SupposeX; missesX. Let f; be a con-
tinuous map fromX; into Y and f, be a continuous map frodg intoY. Thenf, U fy is a
continuous map fronX; U Xy into Y.

(150) LetX;, Xo be non empty subspacesXf ThenX; andX; are separated if and only if the
following conditions are satisfied:

(i) X1 missesXp, and

(i) for every non empty topological spadeand for every continuous mafa from X; into
Y and for every continuous maf» from X, into Y holds f1 U f; is a continuous map from
X1UXzintoY.

(151) LetX;, X2 be non empty subspaces Xf SupposeX = X3 U X,. Let f; be a continuous
map fromX; into'Y and f, be a continuous map froix, into Y. Suppose f1 U f2) [ Xy = f1
and(fi U f2) [Xo = fo. SupposeX; andX; are weakly separated. Thépu f; is a continuous
map fromX intoY.

(152) LetXq, X2 be closed non empty subspaces<off; be a continuous map frodg, into Y,
and f, be a continuous map froi into Y. SupposeX = X3 UXp and(fiU f2)[X; = f1 and
(fLU f2)[Xp = fo. Thenf U f, is a continuous map froiK into Y.

(153) LetX;, X2 be open non empty subspacesXqff; be a continuous map frond; into Y,
and f, be a continuous map frobg into Y. SupposeX = X3 UX; and(fiU f2) X, = f1 and
(frU f2)[Xo = fo. Thenfy U fy is a continuous map froi into Y.

ACKNOWLEDGMENTS

I would like to express my thanks to Professors A. Trybulec and CzhBiilifor their active interest
in the publication of this article and for elucidating to me new advanced Mizar constructions.

REFERENCES

[1] Czestaw Bylhski. Functions and their basic propertidsurnal of Formalized Mathematic, 1989 /http://mizar.org/JFM/Voll/
funct_1.html.

[2] Czestaw Bylhski. Functions from a set to a séburnal of Formalized Mathematic&, 1989/http://mizar.org/JFM/Voll/funct_|
2.htmll

[3] Czestaw Bylhski. Partial functionsJournal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/partfunl.html}


http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/partfun1.html

CONTINUITY OF MAPPINGS OVER THE UNION OF. .. 13

[4] Czestaw Bylhski. Some basic properties of setdournal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
zfmisc_1.html,

[5] Czestaw Bylhski. The modification of a function by a function and the iteration of the composition of a funddamal of Formalized
Mathematics2, 1990/http://mizar.orqg/JFM/Vol2/funct_4.htmll

[6] Zbigniew Karno. Separated and weakly separated subspaces of topological spagesal of Formalized Mathematicg, 1992.
http://mizar.org/JFM/Vold/tsep_1.htmll

[7] Kazimierz Kuratowski. Topology volume I. PWN - Polish Scientific Publishers, Academic Press, Warsaw, New York and London,
1966.

[8] Michat Muzalewski. Categories of groupdournal of Formalized Mathematic8, 1991.http://mizar.org/JFM/Vol3/grcat_1.
htmll

[9] Beata Padlewska. Locally connected spacksirnal of Formalized Mathematic®, 1990.http://mizar.org/JFM/Vol2/connsp_|
2.htmll

[10] Beata Padlewska and Agata Darmochwat. Topological spaces and continuous funldingl of Formalized Mathematic, 1989.
http://mizar.org/JFM/Voll/pre_topc.htmll

[11] Andrzej Trybulec. Tarski Grothendieck set theodgurnal of Formalized MathematicAxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.htmll

[12] Andrzej Trybulec. A Borsuk theorem on homotopy typdeurnal of Formalized Mathematic8, 1991./http://mizar.org/JFM/
Vol3/borsuk_1.htmll

[13] Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/subset_1.html.
[14] Eduardéech.TopoIogical SpacesAcademia, Publishing House of the Czechoslovak Academy of Sciences, Prague, 1966.

[15] Edmund Woronowicz. Relations and their basic propertiesirnal of Formalized Mathematicg, 1989.http://mizar.org/JFM/
Voll/relat_1.html.

Received May 22, 1992

Published January 2, 2004


http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol2/funct_4.html
http://mizar.org/JFM/Vol4/tsep_1.html
http://mizar.org/JFM/Vol3/grcat_1.html
http://mizar.org/JFM/Vol3/grcat_1.html
http://mizar.org/JFM/Vol2/connsp_2.html
http://mizar.org/JFM/Vol2/connsp_2.html
http://mizar.org/JFM/Vol1/pre_topc.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol3/borsuk_1.html
http://mizar.org/JFM/Vol3/borsuk_1.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	continuity of mappings over the union of … By zbigniew karno

