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Summary. LetX be atopological space and M be a subspace of with the carrier

A. Xg is calledboundary(densgin X if Ais boundary (dense), i.e., lAt= 0 (A = the carrier
of X); Xg is callednowhere densgeverywhere denyén X if Ais nowhere dense (everywhere
dense), i.e., IM = 0 (IntA = the carrier ofX) (see[[6] and comp[]7]).

Our purpose is to list, using Mizar formalism, a number of properties of such subspaces,
mostly in non-discrete (non-almost-discrete) spaces (comp. [6]). RecaX tisatalleddis-
creteif every subset oKX is open (closed)X is calledalmost discretdf every open subset of
is closed; equivalently, if every closed subseXak open (se€ [1][[5] and comp.|[7]/[8]). We
have the following characterization of non-discrete spagess non-discrete iff there exists
a boundary subspace in.XHence X is non-discrete iff there exists a dense proper subspace
in X. We have the following analogous characterization of non-almost-discrete spaces:
non-almost-discrete iff there exists a nowhere dense subspaceHience X is non-almost-
discrete iff there exists an everywhere dense proper subspace in X

Note that some interdependencies between boundary, dense, nowhere and everywhere
dense subspaces are also indicated. These have the form of observations in the text and they
correspond to the existential and to the conditional clusters in the Mizar System. These clusters
guarantee the existence and ensure the extension of types supported automatically by the Mizar
System.

MML Identifier: TEX_ 3.

WWW: http://mizar.org/JFM/Vol5/tex_3.html

The articles([10],[[12],19],[13],[[12],[[3],.[2],I1],16], and ]4] provide the notation and terminology
for this paper.

1. SOME PROPERTIES OFSUBSETS OF ATOPOLOGICAL SPACE

In this papeiX denotes a non empty topological space AnB denote subsets of.
Next we state several propositions:

(1) If AandB constitute a decomposition, théris non empty iffB is proper.

(2) If AandB constitute a decomposition, théris dense iffB is boundary.

(3) If AandB constitute a decomposition, théris boundary iffB is dense.

(4) If AandB constitute a decomposition, théris everywhere dense iB is nowhere dense.

(5) If AandB constitute a decomposition, théris nowhere dense i is everywhere dense.
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In the sequeY, Y, denote non empty subspacesxof
One can prove the following propositions:

(6) If Y1 andY; constitute a decomposition, th¥nis proper and, is proper.

(7) LetX be a non trivial non empty topological space &be a non empty proper subset of
X. Then there exists a proper strict non empty subsiaoé X such thaD = the carrier of

Yo.

(8) LetX be a non trivial non empty topological space &adbe a proper non empty subspace
of X. Then there exists a proper strict non empty subspacef X such thaty; andY:

constitute a decomposition.

2. DENSE AND EVERYWHERE DENSE SUBSPACES

Let X be a non empty topological space and{dbe a subspace of. We say that; is dense if and
only if:

(Def. 1) For every subse of X such thatA = the carrier ofi; holdsA is dense.
We now state the proposition

(9) LetXgbe a subspace of andA be a subset oX. If A= the carrier 0fXy, thenXg is dense
iff Ais dense.

Let X be a non empty topological space. One can check the following observations:
x every subspace of which is dense and closed is also non proper,
x every subspace of which is dense and proper is also non closed, and
x every subspace of which is proper and closed is also non dense.

Let X be a non empty topological space. Note that there exists a subspdcehoth is dense,

strict, and non empty.
We now state several propositions:

(10) LetAg be a non empty subset ¥f. Supposelg is dense. Then there exists a dense strict
non empty subspac& of X such thatdg = the carrier ofXg.

(11) LetXp be a dense non empty subspac&pA be a subset oX, andB be a subset op. If
A= B, thenB is dense iffA is dense.

(12) For every dense subspaeof X and for every subspace of X such thalX; is a subspace
of X5 holdsX; is dense.

(13) LetX; be a dense non empty subspac&XathdX; be a non empty subspaceXf If Xz is
a subspace of,, thenX; is a dense subspace Xf.

(14) For every dense non empty subspdgcef X holds every dense non empty subspack;of
is a dense non empty subspaceéof

(15) LetYs, Y2 be non empty topological spaces. Suppgse: the topological structure of;.
ThenY; is a dense subspaceXfif and only if Y; is a dense subspace Xf

Let X be a non empty topological space andlielbe a subspace of. We say that; is every-
where dense if and only if:

(Def. 2) For every subseét of X such thatA = the carrier ofl; holdsA is everywhere dense.

The following proposition is true
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(16) LetXp be a subspace &f andA be a subset oX. Supposeé\ = the carrier 0fXg. ThenXp
is everywhere dense if and onlyAfis everywhere dense.

Let X be a non empty topological space. One can verify the following observations:
x every subspace of which is everywhere dense is also dense,
x every subspace of which is non dense is also non everywhere dense,
x every subspace of which is non proper is also everywhere dense, and
x every subspace of which is non everywhere dense is also proper.

Let X be a non empty topological space. Observe that there exists a subspacehath is
everywhere dense, strict, and non empty.
We now state several propositions:

(17) LetAg be a non empty subset ¥ Supposéy; is everywhere dense. Then there exists an
everywhere dense strict non empty subspagcef X such thatdg = the carrier ofXg.

(18) LetXp be an everywhere dense non empty subspacg, & be a subset oK, andB be
a subset oiy. SupposeA = B. ThenB is everywhere dense if and onlyAfis everywhere
dense.

(19) LetX; be an everywhere dense subspace ahdX; be a subspace of. If X; is a subspace
of Xp, thenX; is everywhere dense.

(20) LetX; be an everywhere dense non empty subspadeasfd X, be a non empty subspace
of X. SupposeX; is a subspace of,. ThenX; is an everywhere dense subspac&of

(21) For every everywhere dense non empty subspaad X holds every everywhere dense
non empty subspace &f is an everywhere dense subspac& of

(22) LetYy, Y2 be non empty topological spaces. Supp¥se- the topological structure of
Y:. ThenY; is an everywhere dense subspac&af and only if Y, is an everywhere dense
subspace oX.

Let X be a non empty topological space. One can verify the following observations:
x every subspace of which is dense and open is also everywhere dense,
x every subspace of which is dense and non everywhere dense is also non open, and
x every subspace of which is open and non everywhere dense is also non dense.

Let X be a non empty topological space. Note that there exists a subspdcehith is dense,
open, strict, and non empty.
Next we state two propositions:

(23) LetAg be a non empty subset &f. Supposed is dense and open. Then there exists a
dense open strict non empty subspg®f X such thatdg = the carrier ofXp.

(24) For every subspac of X holdsXg is everywhere dense iff there exists a dense open strict
subspace oK which is a subspace 5.

In the sequeki, X, are non empty subspacesXf
One can prove the following propositions:

(25) If Xy is dense oiX; is dense, theX; U X, is a dense subspace Xf

(26) If Xy is everywhere dense &b is everywhere dense, thé@ U X, is an everywhere dense
subspace oX.

(27) If Xy is everywhere dense add is everywhere dense, theaN X; is an everywhere dense
subspace oX.

(28) Suppose; is everywhere dense aidd is dense oK; is dense ani; is everywhere dense.
ThenX; N Xz is a dense subspace Xf
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3. BOUNDARY AND NOWHEREDENSE SUBSPACES

Let X be a non empty topological space andlidbe a subspace of. We say that; is boundary if
and only if:

(Def. 3) For every subseét of X such thatA = the carrier ofl; holdsA is boundary.

Next we state the proposition

(29) LetXp be a subspace of andA be a subset oX. Supposeé\ = the carrier 0fXg. ThenXp
is boundary if and only iAA is boundary.

Let X be a non empty topological space. One can verify the following observations:
x every non empty subspaceXfwhich is open is also non boundary,
% every non empty subspaceXfwhich is boundary is also non open,
x every subspace of which is everywhere dense is also non boundary, and
x every subspace of which is boundary is also non everywhere dense.

The following propositions are true:

(30) LetAg be a non empty subset &f. Supposé? is boundary. Then there exists a strict
subspaceé of X such thaiXy is boundary andy = the carrier ofXg.

(31) LetXz, Xo be subspaces of. SupposeX; andX; constitute a decomposition. Theh is
dense if and only i, is boundary.

(32) LetXz, X2 be non empty subspacesXf SupposeX; andX, constitute a decomposition.
ThenX; is boundary if and only i, is dense.

(33) LetXp be a subspace of. Supposexp is boundary. LetA be a subset oK. If A C the
carrier ofXp, thenA is boundary.

(34) For all subspaces, X, of X such thaix; is boundary holds iK; is a subspace of;, then
Xz is boundary.

Let X be a non empty topological space and {dte a subspace &f. We say that; is nowhere
dense if and only if:

(Def. 4) For every subse& of X such thatA = the carrier ofl; holdsA is nowhere dense.

One can prove the following proposition

(35) LetXpbe a subspace of andA be a subset oX. Supposeé\ = the carrier 0fXg. ThenXp
is nowhere dense if and only A is nowhere dense.

Let X be a non empty topological space. One can verify the following observations:
x every subspace of which is nowhere dense is also boundary,
x every subspace of which is non boundary is also non nowhere dense,
x every subspace of which is nowhere dense is also non dense, and
x every subspace of which is dense is also non nowhere dense.

In the sequeK denotes a non empty topological space.
The following propositions are true:

(36) LetAgbe a non empty subset Bf Supposey, is nowhere dense. Then there exists a strict
subspace of X such thafXy is nowhere dense am) = the carrier ofXp.
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(37) LetXz, Xo be subspaces of. SupposeX; andX; constitute a decomposition. Theh is
everywhere dense if and onlyX% is nowhere dense.

(38) LetXz, X2 be non empty subspacesXf SupposeX; andX, constitute a decomposition.
ThenX; is nowhere dense if and only3 is everywhere dense.

(39) LetXpbe asubspace &f. Supposeé is nowhere dense. Létbe a subset oX. If AC the
carrier ofXp, thenA is nowhere dense.

(40) LetXy, Xo be subspaces of. SupposeX; is nowhere dense. K; is a subspace of;, then
X7 is nowhere dense.

Let X be a non empty topological space. One can check the following observations:
x every subspace of which is boundary and closed is also nowhere dense,
x every subspace of which is boundary and non nowhere dense is also non closed, and
x every subspace of which is closed and non nowhere dense is also non boundary.

Next we state two propositions:

(41) LetAg be a non empty subset B Supposéd, is boundary and closed. Then there exists
a closed strict non empty subspagof X such thatXy is boundary andyy = the carrier of

Xo.

(42) LetXy be a non empty subspaceXf ThenXg is nowhere dense if and only if there exists
a closed strict non empty subspaeof X such thatX; is boundary andk, is a subspace of
Xi.

In the sequeK;, X, denote non empty subspacesXof
The following propositions are true:

(43) If Xy is boundary oiX; is boundary and iK; meetsXy, thenX; N X, is boundary.
(44) If X; is nowhere dense an is nowhere dense, thefy UX; is nowhere dense.

(45) If Xq is nowhere dense an is boundary oiX; is boundary ani&; is nowhere dense, then
X1 UXz is boundary.

(46) If Xy is nowhere dense of; is nowhere dense andX meetsXy, thenX; N Xz is nowhere
dense.

4, DENSE AND BOUNDARY SUBSPACES OFNON-DISCRETE SPACES
One can prove the following two propositions:

(47) For every non empty topological spa¥esuch that every subspace Xfis non boundary
holdsX is discrete.

(48) For every non trivial non empty topological spatcsuch that every proper subspacexof
is non dense holdX is discrete.

Let X be a discrete non empty topological space. One can verify the following observations:
x every non empty subspaceXfis non boundary,
x every subspace of which is proper is also non dense, and

x every subspace of which is dense is also non proper.
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Let X be a discrete non empty topological space. One can check that there exists a subspace of
X which is non boundary, strict, and non empty.

Let X be a discrete non trivial non empty topological space. Observe that there exists a subspace
of X which is non dense and strict.

We now state two propositions:

(49) For every non empty topological spa€euch that there exists a non empty subspace of
which is boundary holdX is non discrete.

(50) For every non empty topological spaeuch that there exists a non empty subspace of
which is dense and proper holdss non discrete.

Let X be a non discrete non empty topological space. One can check that there exists a subspace
of X which is boundary, strict, and non empty and there exists a subspacevbich is dense,
proper, strict, and non empty.

In the sequeK denotes a non discrete non empty topological space.

We now state several propositions:

(51) LetAg be a non empty subset ¥f Supposed, is boundary. Then there exists a boundary
strict subspac# of X such thatyy = the carrier ofXg.

(52) LetAg be a non empty proper subsetf Supposelg is dense. Then there exists a dense
proper strict subspac& of X such thatg = the carrier ofXp.

(53) LetX; be a boundary non empty subspac&ofThen there exists a dense proper strict non
empty subspack, of X such thafX; andX, constitute a decomposition.

(54) LetX; be a dense proper non empty subspacé.ofhen there exists a boundary strict non
empty subspack; of X such thatX; andX;, constitute a decomposition.

(55) LetY, Y2 be non empty topological spaces. Suppgse: the topological structure of;.
ThenY; is a boundary subspace X¥fif and only if Y» is a boundary subspace Xf

5. EVERYWHERE AND NOWHEREDENSE SUBSPACES OFNON-ALMOST-DISCRETE SPACES
One can prove the following two propositions:

(56) For every non empty topological spasesuch that every subspace X¥fis non nowhere
dense holdX is almost discrete.

(57) For every non trivial non empty topological spacsuch that every proper subspacexof
is non everywhere dense holdds almost discrete.

Let X be an almost discrete non empty topological space. One can check the following obser-
vations:

x every non empty subspaceXfis non nowhere dense,

x every subspace of which is proper is also non everywhere dense,

x every subspace of which is everywhere dense is also non proper,

x every non empty subspaceXfwhich is boundary is also non closed,

x every non empty subspaceXfwhich is closed is also non boundary,

x every subspace of which is dense and proper is also non open,

x every subspace of which is dense and open is also non proper, and

x every subspace of which is open and proper is also non dense.
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Let X be an almost discrete non empty topological space. One can check that there exists a
subspace oK which is hon nowhere dense, strict, and non empty.
Let X be an almost discrete non trivial non empty topological space. Observe that there exists a

subspace oX which is non everywhere dense and strict.
One can prove the following propositions:

(58) For every non empty topological spa€euch that there exists a non empty subspace of
which is nowhere dense hol¥sis non almost discrete.

(59) For every non empty topological spaXeuch that there exists a non empty subspace of
which is boundary and closed hol¥sis non almost discrete.

(60) For every non empty topological spaeuch that there exists a non empty subspacé of
which is everywhere dense and proper hotds non almost discrete.

(61) For every non empty topological spaeuch that there exists a non empty subspace of
which is dense, open, and proper hals non almost discrete.

Let X be a non almost discrete non empty topological space. Note that there exists a subspace
of X which is nowhere dense, strict, and non empty and there exists a subspdcehith is
everywhere dense, proper, strict, and hon empty.

In the sequeK is a non almost discrete non empty topological space.

One can prove the following propositions:

(62) LetAg be a non empty subset &f. Supposé?y is nowhere dense. Then there exists a
nowhere dense strict non empty subspdgef X such thatdg = the carrier 0fXp.

(63) LetAg be a non empty proper subsetXf Supposedg is everywhere dense. Then there
exists an everywhere dense proper strict subsggaoé X such thatdg = the carrier ofXg.

(64) LetX; be a nowhere dense non empty subspack.offrhen there exists an everywhere
dense proper strict non empty subspagef X such thaiX; andX; constitute a decomposi-
tion.

(65) LetX; be an everywhere dense proper non empty subspae dfhen there exists a
nowhere dense strict non empty subspégef X such thaiX; andX; constitute a decompo-
sition.

(66) LetYy, Y2 be non empty topological spaces. Suppgse: the topological structure of;.
ThenY; is a nowhere dense subspace<af and only if Y, is a nowhere dense subspacexof

Let X be a non almost discrete non empty topological space. Observe that there exists a subspace
of X which is boundary, closed, strict, and non empty and there exists a subspgoghith is
dense, open, proper, strict, and non empty.

The following propositions are true:

(67) LetAg be a non empty subset ¥ Supposeyy is boundary and closed. Then there exists
a boundary closed strict non empty subspégef X such thatyy = the carrier ofXg.

(68) LetAg be a non empty proper subsetaf Supposdy is dense and open. Then there exists
a dense open proper strict subspAg®f X such that#yy = the carrier ofXp.

(69) LetX; be a boundary closed non empty subspac®.ofThen there exists a dense open
proper strict non empty subspa¥gof X such thafX; andX, constitute a decomposition.

(70) LetX; be a dense open proper non empty subspacé. ofhen there exists a boundary
closed strict non empty subspaxgof X such thafX; andX, constitute a decomposition.

(71) LetXp be a non empty subspaceXf ThenXg is nowhere dense if and only if there exists
a boundary closed strict non empty subspécef X such thatXy is a subspace of;.
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(72) LetXp be a nowhere dense non empty subspacé dthen

(i) Xpis boundary and closed, or

(i) there exists an everywhere dense proper strict non empty subXpatX and there exists

a boundary closed strict non empty subsp&genf X such thatX; N X, = the topological
structure ofXg andX; U X, = the topological structure of.

(73) LetXp be an everywhere dense non empty subspage dhen

(i) Xpis dense and open, or

(i) there exists a dense open proper strict non empty subsggaoé X and there exists a

nowhere dense strict non empty subspigef X such thatX; missesX, andX; U X, = the
topological structure oXp.

(74) Let Xy be a nowhere dense non empty subspac¥.ofThen there exists a dense open

proper strict non empty subspaXgof X and there exists a boundary closed strict non empty
subspace&; of X such thaX; andX; constitute a decomposition aixg is a subspace of,.

(75) LetXybe an everywhere dense proper subspage dhen there exists a dense open proper
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strict subspac; of X and there exists a boundary closed strict subspaa# X such that
X1 andXy constitute a decomposition aixd is a subspace ofp.
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