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Summary. Let X be a topological space and Btbe a subset oX. D is said to be
discreteprovided for every subsét of X such thatA C D there is an open subsétof X such
thatA=DnNG (comp. e.g.,[[B]). A discrete subskt of X is said to bemaximal discrete
provided for every discrete subdetof X if M C D thenM = D. A subspace oX is discrete
(maximal discretgiff its carrier is discrete (maximal discrete) ¥a

Our purpose is to list a number of properties of discrete and maximal discrete sets in
Mizar formalism. In particular, we show here tlifaD is dense and discrete then D is maximal
discrete moreover,if D is open and maximal discrete then D is den¥ée discuss also the
problem of the existence of maximal discrete subsets in a topological space.

To present the main results we first recall a definition of a class of topological spaces
considered herein. A topological spa¥es calledalmost discretéf every open subset of
is closed; equivalently, if every closed subsetXfs open. Such spaces were investigated
in Mizar formalism in [6] and[[7]. We show here thavery almost discrete space contains
a maximal discrete subspace and every such subspace is a retract of the enveloping space
Moreover,if Xg is a maximal discrete subspace of an almost discrete space X :@\d+ Xp
is a continuous retraction, thent(x) = {x} for every point x of X belonging tayXThis fact
is a specialization, in the case of almost discrete spaces, of the theorem of M.H. Stone that
every topological space can be made inffyspace by suitable identification of points (see
[1]).

MML Identifier: TEX_2.

WWW: http://mizar.org/JFM/Vol5/tex_2.html

The articles[[1B], [[15],[112],[[16],[13],[15], 141, [T1], 1201, [127],[[14],[16],[18], and_[2] provide the
notation and terminology for this paper.

1. PROPERSUBSETS OF1-SORTEDSTRUCTURES
Let X be a non empty set. Let us observe tkas trivial if and only if:

(Def. 1) There exists an elemendf X such thaX = {s}.

Let us mention that there exists a set which is trivial and non empty.
The following propositions are true:

(1) For every non empty s& and for every trivial non empty s& such thatA C B holds
A=B.

(2) For every trivial non empty sét and for every seB such thatAN B is non empty holds
ACB.

1 © Association of Mizar Users
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(4E] LetS T be 1-sorted structures. Suppose the carrie@-efthe carrier ofT. If Sis trivial,
thenT is trivial.

Let Sbe a set and Idf be an element db. We say that; is proper if and only if:

(Def.2) 11 £US

Let Sbe a set. Note that there exists a subs&which is non proper.
One can prove the following proposition

(5) For every seSand for every subs&t of SholdsA is proper iffA#£ S

Let Sbe a non empty set. Observe that every subs8vdiich is non proper is also non empty
and every subset @which is empty is also proper.

Let Sbe a trivial non empty set. One can check that every subsgidfich is proper is also
empty and every subset Bfwhich is non empty is also non proper.

Let Sbe a non empty set. Observe that there exists a subSetloich is proper and there exists
a subset oEwhich is non proper.

Let Sbe a non empty set. Observe that there exists a non empty sut®ehath is trivial.

Lety be a set. One can verify théy} is trivial.

One can prove the following propositions:

(6) For every non empty s&and for every element of Ssuch that{y} is proper holdsSis
non trivial.

(7) For every non trivial non empty s8tand for every elementof Sholds{y} is proper.

Let Sbe a trivial non empty set. Note that every non empty subs8tvdiich is non proper is
also trivial.

Let Sbe a non trivial non empty set. Note that every non empty subsetwdfich is trivial is
also proper and every non empty subseBafhich is non proper is also non trivial.

Let Sbe a non trivial non empty set. One can verify that there exists a non empty sul&et of
which is trivial and proper and there exists a non empty subs8tvdfich is non trivial and non
proper.

One can prove the following propositions:

(8) For every non empty 1-sorted structtfeand for every element of Y such that{y} is
proper holdsf is non trivial.

(9) For every non trivial non empty 1-sorted structMrand for every elementof Y holds{y}
is proper.

LetY be a trivial non empty 1-sorted structure. Note that every hon empty sub¥esafon
proper and every non empty subsetrofvhich is non proper is also trivial.

LetY be a non trivial non empty 1-sorted structure. Note that every non empty subsehich
is trivial is also proper and every non empty subseX @fhich is non proper is also non trivial.

LetY be a non trivial non empty 1-sorted structure. Note that there exists a non empty subset of
Y which is trivial and proper and there exists a non empty subsétvdfich is non trivial and non
proper.

LetY be a non trivial non empty 1-sorted structure. Observe that there exists a subsdtioh
is non empty, trivial, and proper.

1 The proposition (3) has been removed.
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2. PROPERSUBSPACES OFTOPOLOGICAL SPACES
One can prove the following propositions:

(10) LetX be a non empty topological structure axgbe a subspace &f. Then the topological
structure ofXg is a strict subspace .

(12E] LetYp, Y1 be topological structures. Suppose the topological structuyg-efthe topolog-
ical structure ofy;. If Yy is topological space-like, the¥j is topological space-like.

LetY be a topological structure and letbe a subspace &f. We say that; is proper if and
only if:

(Def. 3) For every subsé& of Y such thatA = the carrier ofi; holdsA is proper.

In the sequeY is a topological structure.
One can prove the following three propositions:

(13) LetYp be a subspace of andA be a subset of. If A= the carrier ofYp, thenAis proper
iff Yo is proper.

(14) LetYy, Y1 be subspaces &f. Suppose the topological structureYpf= the topological
structure ofYy. If Yg is proper, thery; is proper.

(15) For every subspacg of Y such that the carrier ofy = the carrier ofY holdsYp is non
proper.

LetY be a trivial non empty topological structure. One can verify that every non empty subspace
of Y is non proper and every non empty subspacé which is non proper is also trivial.

LetY be a non trivial non empty topological structure. Note that every non empty subspace of
Y which is trivial is also proper and every non empty subspadéwhich is non proper is also non
trivial.

LetY be a non empty topological structure. Observe that there exists a subspaeioh is
non proper, strict, and non empty.

The following proposition is true

(16) LetY be a non empty topological structure afydbe a non proper subspace¥afThen the
topological structure ofy = the topological structure of.

LetY be a non empty topological structure. One can check the following observations:
x every subspace of which is discrete is also topological space-like,
x every subspace of which is anti-discrete is also topological space-like,
x every subspace of which is non topological space-like is also non discrete, and
x every subspace of which is non topological space-like is also non anti-discrete.

We now state two propositions:

(17) LetYy, Y1 be topological structures. Suppose the topological structuYg-efthe topolog-
ical structure ofY;. If Y is discrete, theiY; is discrete.

(18) LetYy, Y1 be topological structures. Suppose the topological structuYgefthe topolog-
ical structure ofY;. If Yp is anti-discrete, theM, is anti-discrete.

LetY be a non empty topological structure. One can verify the following observations:

x every subspace of which is discrete is also almost discrete,

2 The proposition (11) has been removed.
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x every subspace of which is non almost discrete is also non discrete,

x every subspace &f which is anti-discrete is also almost discrete, and

x every subspace of which is non almost discrete is also non anti-discrete.
One can prove the following proposition

(19) LetYy, Y1 be topological structures. Suppose the topological structuYgefthe topolog-
ical structure ofY;. If Yp is almost discrete, theYj is almost discrete.

LetY be a non empty topological structure. One can check the following observations:
x every non empty subspaceYfwvhich is discrete and anti-discrete is also trivial,

x every non empty subspace Yfwhich is anti-discrete and non trivial is also non discrete,
and

x every non empty subspaceYfvhich is discrete and non trivial is also non anti-discrete.

LetY be a non empty topological structure andydte a point ofY. The functor Sspacg)
yields a strict non empty subspaceYoénd is defined by:

(Def. 4) The carrier of Sspatg = {y}.

Let Y be a non empty topological structure. Note that there exists a subspaceith is

trivial, strict, and non empty.
LetY be a non empty topological structure andydte a point ofY. Note that Sspacg) is

trivial.
Next we state three propositions:

(20) For every non empty topological structifend for every poiny of Y holds Sspadg) is
proper iff {y} is proper.

(21) For every non empty topological structf@nd for every poiny of Y such that Sspacg)
is proper hold¥ is non trivial.

(22) For every non trivial non empty topological structiftend for every poiny of Y holds
Sspacey) is proper.

Let Y be a non trivial non empty topological structure. Note that there exists a non empty
subspace of which is proper, trivial, and strict.
The following propositions are true:

(23) LetY be a non empty topological structure aridbe a trivial non empty subspace 6f
Then there exists a pointof Y such that the topological structure 4 = the topological
structure of Sspacg).

(24) LetY be a non empty topological structure anige a point ofY. If Sspacéy) is topological
space-like, then Sspagg is discrete and anti-discrete.

LetY be a non empty topological structure. Observe that every non empty subspaedmh
is trivial and topological space-like is also discrete and anti-discrete.

Let X be a non empty topological space. Observe that there exists a subspaasehath is
trivial, strict, topological space-like, and non empty.

Let X be a non empty topological space andxdbie a point ofX. Note that Sspacg) is
topological space-like.

Let X be a non empty topological space. One can verify that there exists a subspaadich
is discrete, anti-discrete, strict, and non empty.

Let X be a non empty topological space anddée a point ofX. One can check that Sspérg
is discrete and anti-discrete.

Let X be a non empty topological space. One can verify the following observations:
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x every subspace of which is non proper is also open and closed,
x every subspace of which is non open is also proper, and
x every subspace of which is non closed is also proper.

Let X be a non empty topological space. Note that there exists a subspdoghath is open,
closed, and strict.

Let X be a discrete non empty topological space. One can check that every non empty subspace
of X which is anti-discrete is also trivial and every non empty subspaevdfich is non trivial is
also non anti-discrete.

Let X be a discrete non trivial non empty topological space. Note that there exists a subspace of
X which is discrete, open, closed, proper, and strict.

Let X be an anti-discrete non empty topological space. One can verify that every non empty
subspace oK which is discrete is also trivial and every non empty subspac¢ which is non
trivial is also non discrete.

Let X be an anti-discrete non trivial non empty topological space. One can check that every
proper non empty subspaceXis non open and non closed and every discrete non empty subspace
of X is trivial and proper.

Let X be an anti-discrete non trivial non empty topological space. Observe that there exists a
subspace oKX which is anti-discrete, non open, non closed, proper, and strict.

Let X be an almost discrete non trivial non empty topological space. Observe that there exists a
subspace oK which is almost discrete, proper, strict, and non empty.

3. MAXIMAL DISCRETESUBSETS ANDSUBSPACES

LetY be a topological structure and lgtbe a subset of. We say that; is discrete if and only if:

(Def. 5) For every subsé of Y such thaD C I, there exists a subsé& of Y such thatG is open
andl;NG=D.

LetY be a topological structure and latbe a subset of. Let us observe tha is discrete if
and only if:

(Def. 6) For every subsé of Y such thaD C A there exists a subsEtof Y such thaf is closed
andAnF =D.

One can prove the following propositions:

(25) LetYp, Y1 be topological structure®)g be a subset ofy, andD1 be a subset of;. Suppose
the topological structure &f = the topological structure &f, andDg = D1. If Dg is discrete,
thenD; is discrete.

(26) LetY be a non empty topological structuiv, be a non empty subspace¥fandA be a
subset ofY. Suppose = the carrier ofYy. ThenA is discrete if and only if; is discrete.

(27) LetY be a non empty topological structure ahbtle a subset of . Supposé\ = the carrier
of Y. ThenAis discrete if and only if is discrete.

(28) For all subsets, B of Y such thaB C A holds if Ais discrete, the is discrete.
(29) For all subsets, B of Y such thatA is discrete oB is discrete hold&\N B is discrete.

(30) Suppose that for all subs€tsQ of Y such thaP is open an®Q is open hold$ N Q is open
andPUQis open. LetA, B be subsets of . Supposé\ is open and is open. IfAis discrete
andB is discrete, thel®U B is discrete.

(31) Suppose that for all subsd®sQ of Y such thaf is closed and) is closed hold$NQ is
closed andPUQ is closed. Le®, B be subsets of. Suppose is closed and is closed. If
Alis discrete and is discrete, ther\U B is discrete.
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(32) LetAbe a subset of. Supposé is discrete. Lek be a point ofY. If x € A, then there
exists a subséb of Y such thats is open andAN G = {x}.

(33) LetAbe a subset of. Supposé is discrete. Lek be a point ofY. If x € A, then there
exists a subsdt of Y such thaf is closed andANF = {x}.

In the sequeK denotes a non empty topological space.
Next we state a number of propositions:

(34) LetAp be a non empty subset &f. Supposég is discrete. Then there exists a discrete
strict non empty subspacg of X such thatdg = the carrier ofXo.

(35) Every empty subset &f is discrete.
(36) For every poink of X holds{x} is discrete.

(37) LetA be a subset oK. Suppose that for every poirtof X such thaix € A there exists a
subse(G of X such thats is open andAN G = {x}. ThenA s discrete.

(38) LetA, Bbe subsets of. Suppose\is open and is open. IfAis discrete and is discrete,
thenAUB is discrete.

(39) LetA, B be subsets oK. SupposéA is closed and is closed. IfA is discrete andB is
discrete, theiAU B is discrete.

(40) For every subsei of X such thatA is everywhere dense holdsAfis discrete, ther\ is
open.

(41) For every subsét of X holdsA is discrete iff for every subsdd of X such thatD C A
holdsAND = D.

(42) For every subsei of X such thatA is discrete and for every pointof X such that € A
holdsAn {x} = {x}.

(43) For every discrete non empty topological spadeolds every subset of is discrete.

(44) LetX be an anti-discrete non empty topological space/beé a non empty subset 4f
ThenA s discrete if and only ifAis trivial.

LetY be a topological structure and lgtbe a subset of. We say that; is maximal discrete if
and only if:

(Def. 7) 11 is discrete and for every subdatof Y such thaD is discrete andh C D holdsl; = D.

The following propositions are true:

(45) LetYp, Y1 be topological structure®g be a subset ofy, andD1 be a subset of;. Suppose
the topological structure &f = the topological structure &f andDg = Ds. If Dg is maximal
discrete, the, is maximal discrete.

(46) For every empty subsatof X holdsA is not maximal discrete.
(47) For every subset of X such thatA is open holds ifA is maximal discrete, theAis dense.

(48) For every subseh of X such thatA is dense holds ifA is discrete, therA is maximal
discrete.

(49) LetX be adiscrete non empty topological space Aé a subset of. ThenAis maximal
discrete if and only ifA is non proper.

(50) LetX be an anti-discrete non empty topological space/Abe a non empty subset ¥f
ThenA is maximal discrete if and only i is trivial.
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LetY be a non empty topological structure and llgbe a subspace &f. We say that; is
maximal discrete if and only if:

(Def. 8) For every subset of Y such thatA = the carrier ofl; holdsA is maximal discrete.

Next we state the proposition

(51) LetY be a non empty topological structuig, be a subspace of, andA be a subset of
Y. SupposeA = the carrier ofYp. ThenA is maximal discrete if and only ¥y is maximal
discrete.

LetY be a non empty topological structure. Observe that every non empty subspaedah
is maximal discrete is also discrete and every non empty subspacetuth is non discrete is also
non maximal discrete.

One can prove the following propositions:

(52) LetXy be a non empty subspace Xf ThenXg is maximal discrete if and only if the
following conditions are satisfied:

(i) Xpisdiscrete, and

(i) for every discrete non empty subspageof X such thatXy is a subspace ofy holds the
topological structure oKy = the topological structure of.

(53) LetAg be a non empty subset &f Supposédg is maximal discrete. Then there exists a
strict non empty subspacé of X such thatXy is maximal discrete anfy = the carrier of
Xo.

Let X be a discrete non empty topological space. One can check the following observations:
x every subspace of which is maximal discrete is also non proper,
x every subspace of which is proper is also non maximal discrete,
x every subspace of which is non proper is also maximal discrete, and
x every subspace of which is non maximal discrete is also proper.

Let X be an anti-discrete non empty topological space. One can verify the following observa-
tions:

* every non empty subspaceXfwhich is maximal discrete is also trivial,
x every non empty subspaceXfwhich is non trivial is also non maximal discrete,
x every non empty subspaceXfwhich is trivial is also maximal discrete, and

x every non empty subspaceXfwhich is non maximal discrete is also non trivial.

4, MAXIMAL DISCRETESUBSPACES OFALMOST DISCRETESPACES

The schemd&xChoiceFColeals with a non empty topological structuiie a family B of subsets
of 4, and a binary predicat®, and states that:
There exists a functiof from B into the carrier of4 such that for every subsgiof
A4 such thaSe B holds[S, f ()]
provided the following requirement is met:
e For every subseb of 4 such thalS e B there exists a point of 4 such thatP[S x.
In the sequeK denotes an almost discrete non empty topological space.
We now state a number of propositions:

(54) For every subsék of X holdsA = | J{{a};aranges over points of: ac A}.
(55) For all pointsa, b of X such that € {b} holds{a} = {b}.
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(56) For all pointsa, b of X holds{a} misses{b} or {a} = {b}.

(57) LetA be a subset oK. Suppose that for every poirtof X such thaix € A there exists a
subsef of X such thaf is closed andANF = {x}. ThenA s discrete.

(58) For every subseét of X such that for every pointof X such thak € A holdsAN {x} = {x}
holdsA is discrete.

(59) LetAbe asubset oK. ThenA s discrete if and only if for all points, b of X such that
ac Aandb € Aholds ifa## b, then{a} misses{b}.

(60) LetA be a subset oK. ThenA s discrete if and only if for every point of X such that
x € Athere exists a poira of X such thak € AandAn {x} = {a}.

(61) For every subse& of X such thatA is open and closed holdsAfis maximal discrete, then
A'is not proper.

(62) For every subset of X such thatA is maximal discrete holdA is dense.

(63) For every subset of X such that is maximal discrete holdgl/{{a};a ranges over points
of X: a€ A} =the carrier ofX.

(64) LetAbe a subset oK. ThenA is maximal discrete if and only if for every pointof X
there exists a poirda of X such that € AandAn {x} = {a}.

(65) For every subsek of X such thatA is discrete there exists a sub8&bf X such thatA C M
andM is maximal discrete.

(66) There exists a subsetX¥fwhich is maximal discrete.

(67) LetYp be adiscrete non empty subspac&ofrhen there exists a strict non empty subspace
Xp of X such thatyy is a subspace ofy andXg is maximal discrete.

Let X be an almost discrete non discrete non empty topological space. One can verify that every
non empty subspace &f which is maximal discrete is also proper and every non empty subspace
of X which is non proper is also non maximal discrete.

Let X be an almost discrete non anti-discrete non empty topological space. One can check that
every non empty subspace Xfwhich is maximal discrete is also non trivial and every non empty
subspace oKX which is trivial is also non maximal discrete.

Let X be an almost discrete non empty topological space. Note that there exists a subspace of
which is maximal discrete, strict, non empty, and non empty.

5. CONTINUOUS MAPPINGS ANDALMOST DISCRETESPACES

The schemélapExChoiceFdeals with non empty topological structuréds B and a binary predi-
cate?, and states that:
There exists a map from 4 into B such that for every point of 4 holds®[x, f (x)]
provided the following condition is met:
e For every poink of 4 there exists a point of B such thatP[x,y].
In the sequekK, Y denote non empty topological spaces.
Next we state four propositions:

(68) For every discrete non empty topological spAdeolds every map fronX into Y is con-
tinuous.

(69) If for every non empty topological spa¥eholds every map fronX into Y is continuous,
thenX is discrete.

(70) For every anti-discrete non empty topological spéd®lds every map fronx into Y is
continuous.
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(71) If for every non empty topological spa¥eholds every map fronX into Y is continuous,
thenY is anti-discrete.

In the sequeK is a discrete non empty topological space Xgds a non empty subspace Xf
The following propositions are true:

(72) There exists a continuous map frofrinto Xo which is a retraction.

(73) Xpis aretract ofX.

In the sequekK is an almost discrete non empty topological spaceXqnd a maximal discrete
non empty subspace &f
The following four propositions are true:

(74) There exists a continuous map frofrinto Xp which is a retraction.
(75) Xpis aretract oiX.

(76) Letr be a continuous map frod into Xo. Suppose is a retraction. LeF be a subset of
Xo andE be a subset oX. If F = E, thenr—(F) =E.

(77) Letr be a continuous map froiX into Xo. Suppose is a retraction. Le& be a point 0fXy
andb be a point ofX. If a= b, thenr~%({a}) = {b}.

In the sequeky is a discrete non empty subspacexof
One can prove the following propositions:

(78) There exists a continuous map frofrinto Xy which is a retraction.

(79) Xpis aretract ofX.
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