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Summary. A topological space is calledalmost discretéf every open subset of

is closed; equivalently, if every closed subseofs open (comp.[[6].[7]). Almost discrete
spaces were investigated in Mizar formalismlih [4]. We present here a few properties of such
spaces supplementary to those given n [4].

Most interesting is the following characterizatior\:topological space X is almost dis-
crete iff every nonempty subset of X is not nowhere déthaice X is non almost discrete iff
there is an everywhere dense subset of X different from the carrier ¥feXhave an analo-
gous characterization of discrete spacAgopological space X is discrete iff every nonempty
subset of X is not boundaryence X is non discrete iff there is a dense subset of X different
from the carrier of X It is well known that the class of all aimost discrete spaces contains both
the class of discrete spaces and the class of anti-discrete spaces (ské e.g., [4]). Observations
presented here show that the class of all almost discrete non discrete spaces is not contained
in the class of anti-discrete spaces and the class of all almost discrete non anti-discrete spaces
is not contained in the class of discrete spaces. Moreover, the class of almost discrete non dis-
crete non anti-discrete spaces is nonempty. To analyse these interdependencies we use various
examples of topological spaces constructed here in Mizar formalism.

MML Identifier: TEX_1.

WWW: http://mizar.orqg/JFM/Vol5/tex_1.html

The articles[[10],114],18],[11],[2],112],13],141,[5], and 2] provide the notation and terminology
for this paper.

1. PROPERTIES OFSUBSETS OF ATOPOLOGICAL SPACE WITH MODIFIED TOPOLOGY

In this papeiX is a non empty topological space abds a subset oK.
We now state several propositions:

(1) LetB be a subset ok andC be a subset of th& modified w.r.t.D. If B=C, then ifB is
open, therC is open.

(2) LetBbe a subset ok andC be a subset of th¥ modified w.r.t.D. If B=C, then ifBis
closed, therC is closed.

(3) For every subset of the X modified w.r.t.D¢ such thaC = D holdsC is closed.

(4) For every subsét of the X modified w.r.t.D such thatC = D holds ifD is dense, the@® is
dense and open.

(5) For every subsét of the X modified w.r.t.D such thaD C C holds ifD is dense, the@@ is
everywhere dense.
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(6) LetC be a subset of th¥ modified w.r.t. D®. If C = D, then if D is boundary, thei€ is
boundary and closed.

(7) For every subset of the X modified w.r.t.D® such thaC C D holds if D is boundary, then
Cis nowhere dense.

2. TRIVIAL TOPOLOGICAL SPACES

LetY be a non empty 1-sorted structure. Let us observevtstrivial if and only if:
(Def. 1) There exists an elemenhbf Y such that the carrier of = {d}.

Let Abe a non empty set. Note th@t) is non empty.

Let us observe that there exists a 1-sorted structure which is trivial, strict, and non empty and
there exists a 1-sorted structure which is non trivial, strict, and non empty.

Let us note that there exists a topological structure which is trivial, strict, and non empty and
there exists a topological structure which is non trivial, strict, and non empty.

We now state the proposition

(8) LetY be atrivial non empty topological structure. Suppose the topoloyyi®hon empty.
If Y is almost discrete, theiis topological space-like.

Let us note that there exists a topological space which is trivial, strict, and non empty.

One can check that every non empty topological space which is trivial is also anti-discrete and
discrete and every non empty topological space which is discrete and anti-discrete is also trivial.

One can check that there exists a topological space which is non trivial, strict, and non empty.

Let us note that every non empty topological space which is non discrete is also non trivial and
every non empty topological space which is non anti-discrete is also non trivial.

3. EXAMPLES OFDISCRETE ANDANTI-DISCRETETOPOLOGICAL SPACES

Let D be a set. The functor®2yielding a family of subsets db is defined by:

(Def.2) 2 ={0,D}.

Let D be a set. Note that2is non empty.

Let D be a set. The functor ADT®) yielding a topological structure is defined as follows:
(Def.3) ADTSD) = (D,2P).

Let D be a set. One can check that AD(TH is strict, anti-discrete, and topological space-like.
Let D be a non empty set. One can check that AL Sis non empty.
One can prove the following propositions:

(9) For every anti-discrete non empty topological spAckolds the topological structure of
X = ADTS(the carrier ofX).

(10) LetX be a non empty topological space. Suppose the topological structite=cthe
topological structure of ADT@&he carrier ofX). ThenX is anti-discrete.
(11) LetX be an anti-discrete non empty topological spacefabd a subset ok. Then
(i) if Ais empty, thetA=0, and
(i) if Ais non empty, ther = the carrier oiX.
(12) LetX be an anti-discrete non empty topological spacefbd a subset ak. Then
(i) if A#the carrier ofX, then IntA = 0, and
(i) if A=the carrier ofX, then IntA = the carrier ofX.
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(13) LetX be a non empty topological space. Suppose that for every sfilaset such thatA
is non empty hold#é\ = the carrier ofX. ThenX is anti-discrete.

(14) LetX be a non empty topological space. Suppose that for every salsfeX such that
A+ the carrier ofX holds IntA = 0. ThenX is anti-discrete.

(15) LetX be an anti-discrete non empty topological spacefbd a subset ok. Then
(i) if A#0,thenAisdense, and
(i) if A= the carrier ofX, thenAis boundary.

(16) LetX be a non empty topological space. Suppose that for every sAlsfeX such that
A # 0holdsAis dense. TheiX is anti-discrete.

(17) LetX be a non empty topological space. Suppose that for every sAlsfeX such that
A +# the carrier ofX holdsA is boundary. TheiX is anti-discrete.

Let D be a set. Note thdtD }1op is discrete.
One can prove the following propositions:

(18) For every discrete non empty topological spAckolds the topological structure of =
{the carrier 0fX}1op.

(19) LetX be a non empty topological space. Suppose the topological structte=cthe
topological structure ofthe carrier 0iX }op. ThenX is discrete.

(20) For every discrete non empty topological sp¥amnd for every subseX of X holdsA = A
and IntA=A.

(21) For every non empty topological spa¥esuch that for every subsétof X holdsA = A
holdsX is discrete.

(22) For every non empty topological spa€euch that for every subsatof X holds IntA = A
holdsX is discrete.

(23) For every non empty s& holds ADTSD) = {D}p iff there exists an elemerl of D
such thaD = {dp}.

Let us observe that there exists a topological space which is discrete, non anti-discrete, strict,
and non empty and there exists a topological space which is anti-discrete, non discrete, strict, and
non empty.

4. AN EXAMPLE OF A TOPOLOGICAL SPACE

Let D be a set, leF be a family of subsets d), and letSbe a set. Thef \ Sis a family of subsets
of D.

Let D be a set and ledp be an element ob. The functor STED, dp) yielding a topological
structure is defined by:

(Def. S| STSD,do) = (D, 2P\ {A; Aranges over subsets Df do € A A A+ D}).

Let D be a set and ledp be an element db. Observe that ST®, dp) is strict and topological
space-like.

Let D be a non empty set and lé4 be an element dD. Observe that ST®, dp) is non empty.

In the sequeD is a non empty set ardh is an element ob.

We now state four propositions:

(24) For every subsét of STSD,dp) holds if {dp} C A, thenAis closed and iA is non empty
and closed, thefido} C A.

1 The definition (Def. 4) has been removed.



ON DISCRETE AND ALMOST DISCRETE TOPOLOGICAL.. 4

(25) Suppos®\ {dp} is non empty. LefA be a subset of ST®,dy). Then
(i) if A={do}, thenAis closed and boundary, and
(i) if Ais non empty, closed, and boundary, ties: {do}.
(26) For every subsét of STSD,dp) holds if AC D\ {dp}, thenAis open and ifA # D andA
is open, therA C D\ {do}.
(27) Suppos® \ {do} is non empty. LeA be a subset of ST®,dp). Then
(i) if A=D\{do}, thenAis open and dense, and
(i) if A#%D andAis open and dense, thén=D\ {do}.
Let us mention that there exists a topological space which is non anti-discrete, non discrete,
strict, and non empty.
Next we state several propositions:
(28) LetY be a non empty topological space. Then the following statements are equivalent
(i) the topological structure of = the topological structure of STB, dp),

(i) the carrier ofY = D and for every subsét of Y holds if {dp} C A, thenAis closed and if
Ais non empty and closed, thédy} C A.

(29) LetY be a non empty topological space. Then the following statements are equivalent
(i) the topological structure of = the topological structure of STB, dy),

(i) the carrier ofY = D and for every subsét of Y holds if AC D\ {dp}, thenAis open and
if A# D andAis open, thertA C D\ {do}.

(30) LetY be a non empty topological space. Then the following statements are equivalent
(i) the topological structure of = the topological structure of STB, dp),
(i) the carrier ofY = D and for every non empty subs&bf Y holdsA= AU {do}.

(31) LetY be a non empty topological space. Then the following statements are equivalent
(i) the topological structure of = the topological structure of STB, dy),
(i) the carrier ofY = D and for every subsef of Y such that D holds IntA = A\ {do}.

(32) STSD,dy) =ADTS(D) iff D = {do}.

(33) STSD,do) = {D}topiff D = {do}.

(34) LetD be a non empty setly be an element oD, andA be a subset of ST®,dp). If
A= {dg}, then{D}p = the STYD, dp) modified w.r.t.A.

5. DISCRETE ANDALMOST DISCRETESPACES

Let X be a non empty topological space. Let us observeXhatdiscrete if and only if:
(Def. 6) For every non empty subskbf X holdsA is not boundary.
The following proposition is true

(35) X isdiscrete iff for every subsétof X such thatA # the carrier ofX holdsA is not dense.

Let us note that every non empty topological space which is non almost discrete is also non
discrete and non anti-discrete.
Let X be a non empty topological space. Let us observeXhiatalmost discrete if and only if:

(Def. 7) For every non empty subskbf X holdsA is not nowhere dense.

Next we state three propositions:
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(36) X is almost discrete if and only if for every subgedf X such thatA #£ the carrier ofxX
holdsA is not everywhere dense.

(37) X is non almost discrete iff there exists a non empty subset which is boundary and
closed.

(38) Xis non almost discrete if and only if there exists a subsett X such thatA = the carrier
of X andA is dense and open.

Let us observe that there exists a topological space which is almost discrete, non discrete, non
anti-discrete, strict, and non empty.
The following proposition is true

(39) For every non empty s€ and for every elemertd of C holdsC\ {cp} is non empty iff
STSC,cp) is non almost discrete.

Let us mention that there exists a topological space which is hon almost discrete, strict, and non
empty.
Next we state two propositions:

(40) For every non empty subs&tof X such thatA is boundary holds th& modified w.r.t. A®
is non almost discrete.

(41) LetAbe asubset oK. Suppose # the carrier ofX andA is dense. Then th¥ modified
w.r.t. Ais non almost discrete.

ACKNOWLEDGMENTS

The author wishes to thank to Professor A. Trybulec for many helpful conversations during the
preparation of this paper.

REFERENCES

[1] Jozef Biatas. Group and field definitiongournal of Formalized Mathematic4, 1989.http://mizar.org/JFM/Voll/realsetl.
htmll

[2] Leszek Borys. Paracompact and metrizable spadesrnal of Formalized Mathematic8, 1991. http://mizar.org/JFM/Vol3/
pcomps_1.html}

[3] Zbigniew Karno. Continuity of mappings over the union of subspadesrnal of Formalized Mathematicd, 1992.http://mizar.
org/JFM/Vold/tmap_l.htmll

[4] Zbigniew Karno. The lattice of domains of an extremally disconnected sp#m#rnal of Formalized Mathematicd, 1992. http:
//mizar.org/JFM/Vold/tdlat_3.htmll

[5] Zbigniew Karno. Remarks on special subsets of topological spdoesnal of Formalized Mathematic§, 1993 http://mizar.org/
JFM/Vol5/tops_3.html.

[6] Kazimierz Kuratowski. Topology volume I. PWN - Polish Scientific Publishers, Academic Press, Warsaw, New York and London,
1966.

[7] Kazimierz Kuratowski. Topology volume Il. PWN - Polish Scientific Publishers, Academic Press, Warsaw, New York and London,
1968.

[8] Beata Padlewska. Families of sefeurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/setfam_1.htmll

[9] Beata Padlewska and Agata Darmochwat. Topological spaces and continuous funitiammal of Formalized Mathematicg, 1989.
http://mizar.org/JFM/Voll/pre_topc.html,

[10] Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.html.

[11] Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989 http: //mizar.org/JFM/Voll/subset_1.html.


http://mizar.org/JFM/Vol1/realset1.html
http://mizar.org/JFM/Vol1/realset1.html
http://mizar.org/JFM/Vol3/pcomps_1.html
http://mizar.org/JFM/Vol3/pcomps_1.html
http://mizar.org/JFM/Vol4/tmap_1.html
http://mizar.org/JFM/Vol4/tmap_1.html
http://mizar.org/JFM/Vol4/tdlat_3.html
http://mizar.org/JFM/Vol4/tdlat_3.html
http://mizar.org/JFM/Vol5/tops_3.html
http://mizar.org/JFM/Vol5/tops_3.html
http://mizar.org/JFM/Vol1/setfam_1.html
http://mizar.org/JFM/Vol1/pre_topc.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol1/subset_1.html

ON DISCRETE AND ALMOST DISCRETE TOPOLOGICAL.. 6

[12] Mirostaw Wysocki and Agata Darmochwat. Subsets of topological spadesrnal of Formalized Mathematicd, 1989. http:
//mizar.orqg/JFM/Voll/tops_1.html.

Received April 6, 1993

Published January 2, 2004


http://mizar.org/JFM/Vol1/tops_1.html
http://mizar.org/JFM/Vol1/tops_1.html

	on discrete and almost discrete topological … By zbigniew karno

