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Summary. We continue the formalization of[5] towards @mer Bases. Here we
deal with term orders, that is with orders on bags. We introduce the notions of head term, head
coefficient, and head monomial necessary to define reduction for polynomials.

MML Identifier: TERMORD.

WWW: http://mizar.org/JFM/Volld/termord.html

The articles([18],[[16],[22],[123]/11],[10]/[124] 17]..[8],[[3],[[2],.[12] 1201, 1217][14],16],.10],.[14],
[25], [14], [23], [19], [21], and[[15] provide the notation and terminology for this paper.

1. PRELIMINARIES

Let us observe that there exists a loop structure which is non trivial.

Let us note that there exists a non trivial loop structure which is add-associative, right comple-
mentable, and right zeroed.

Let X be a set and ldi be a bag oK. We say thab is non-zero if and only if:

(Def. 1) b# EmptyBagX.
We now state two propositions:

(1) For every seX and for all bagd;, by of X holdsb; | by iff there exists a bagy of X such
thatb, = by +b.

(2) Letn be an ordinal numbelt, be an add-associative right complementable right zeroed
unital distributive non empty double loop structure, gnioe a series af, L. Then QL* p=
OnL.

Letn be an ordinal number, l&tbe an add-associative right complementable right zeroed unital
distributive non empty double loop structure, andhgtn, be monomials of, L. Note thatmy «np
is monomial-like.

Let n be an ordinal number, l&t be an add-associative right complementable right zeroed dis-
tributive non empty double loop structure, anddgtc, be constant polynomials of L. Observe
thatcy * ¢ is constant.

One can prove the following propositions:

(3) Letn be an ordinal numbet, be an add-associative right complementable right zeroed
unital distributive integral domain-like non trivial double loop structimédy’ be bags of, and
a, & be non-zero elements bf Then Mononfa- &,b+b’) = Monom(a, b) * Monom(a’, b').

(4) Letn be an ordinal numbet, be an add-associative right complementable right zeroed
unital distributive integral domain-like non trivial double loop structure, aral be elements
of L. Thena-& _(n,L) = (a_(n,L)) = (& _(n,L)).
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2. TERM ORDERS

Let n be an ordinal number. Note that there exists a term order which is admissible and
connected.

Let n be a natural number. Observe that every admissible term oraeisafell founded.

Let n be an ordinal number, |6t be a term order ofi, and letb, b’ be bags ofh. The predicate
b <7 b’ is defined by:

(Def.2) (b,b)eT.

Let n be an ordinal number, 18t be a term order o, and letb, b/ be bags oh. The predicate
b <1 b/ is defined as follows:

(Def.3) b<tb andb#b.

Let n be an ordinal number, 18t be a term order ofi, and letb;, b, be bags oh. The functor
miny (by, by) yielding a bag oh is defined as follows:

: _J by, if by <1 by,
(Def. 4) - minr (by, bz) _{ by, otherwise.
The functor max(by, b) yields a bag ofi and is defined as follows:

by, if by <1 by,

(Def. 5) ma>¢(b17b2):{ by, otherwise.

The following propositions are true:

(5) Letnbe an ordinal numbef, be a connected term ordermfandb;, by be bags ofh. Then
by <t by ifand only if by £1 bs.

(6) For every ordinal numbarand for every term ordeF of n and for every badp of n holds
b<th

(7) Letn be an ordinal numbef be a term order of, andb, b, be bags oh. If by <t by
andby <t by, thenb; = by.

(8) Letnbe an ordinal numbeT, be a term order ofi, andbs, by, b be bags oh. If by <t by
andb, <t bs, thenb; <7 bs.

(9) For every ordinal numberand for every admissible term ord€rof n and for every bad
of n holds EmptyBag <t b.

(10) Letnbe an ordinal numbeT, be an admissible term order nfandbs, b, be bags of. If
by | b, thenby <7 by.

(11) For every ordinal number and for every term ordeF of n and for all bagd, by of n
holds minr (b1, b2) = by or miny (by,bz) = by.

(12) For every ordinal number and for every term ordeF of n and for all bagds, by of n
holds max (b1,bz) = by or max; (b, by) = by.

(13) Letnbe an ordinal numbef, be a connected term ordermfandb;, b, be bags oh. Then
mint (by,b2) <t by and miny (by,by) <t by.

(14) Letnbe an ordinal numbef, be a connected term ordermfandb;, b, be bags oh. Then
by <t maxr (by,bz) andby <1 maxr (b, bz).

(15) Letnbe an ordinal numbef, be a connected term ordermfandb;, b, be bags oh. Then
mint (by, bz) = mint (bz,b1) and max (b1, bz) = maxr (by, b1).

(16) Letnbe an ordinal numbeT, be a connected term ordermfandby, b, be bags ofi. Then
mint (by, bp) = by if and only if max (b, by) = b,.
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3. HEeaD TERMS, HEAD MONOMIALS, AND HEAD COEFFICIENTS

Letn be an ordinal number, 18t be a connected term ordermfletL be a non empty zero structure,
and letp be a polynomial oh, L. The functor HTp, T) yielding an element of Bagsis defined
by:

(Def. 6) Supporp=0and HT(p,T) = EmptyBagh or HT(p, T) € Supportp and for every badp
of n such thab € Supportp holdsb <t HT(p,T).

Let n be an ordinal number, 1€k be a connected term order of let L be a non empty zero
structure, and lep be a polynomial ofh, L. The functor HGp, T) yielding an element ot is
defined by:

(Def. 7) HQOp,T)=p(HT(p,T)).

Let n be an ordinal number, 1&k be a connected term order of let L be a non empty zero
structure, and lep be a polynomial of, L. The functor HMp, T) yielding a monomial of, L is
defined by:

(Def.8) HM(p,T) =Monom(HC(p,T),HT(p,T)).

Let n be an ordinal number, | be a connected term order of let L be a non trivial zero
structure, and lep be a non-zero polynomial af, L. Observe that H¥Ip, T) is non-zero and
HC(p, T) is non-zero.

We now state a number of propositions:

(17) Letn be an ordinal numbefT be a connected term order of L be a non empty zero
structure, ang be a polynomial of, L. Then HGp, T) = O, if and only if p=OnL.

(18) Letn be an ordinal numbefT be a connected term order of L be a non trivial zero
structure, ang be a polynomial of, L. Then(HM(p, T))(HT(p,T)) = p(HT(p,T)).

(19) Letnbe an ordinal numbef, be a connected term ordermfL be a non trivial zero struc-
ture, pbe a polynomial of, L, andb be abag oh. If b#HT(p, T), then(HM(p,T))(b) =0L.

(20) Letn be an ordinal numbefT be a connected term order of L be a non trivial zero
structure, ang be a polynomial of, L. Then SupportHNp, T) C Supporip.

(21) Letn be an ordinal numbeiT be a connected term order of L be a non trivial zero
structure, angb be a polynomial of, L. Then SupportHNIp, T) = 0 or SupportHMp,T) =

{HT(p,T)}.

(22) Letn be an ordinal numberT be a connected term order of L be a non trivial
zero structure, ang be a polynomial ofn, L. Then termHMp,T) = HT(p,T) and
coefficientHM p,T) = HC(p, T).

(23) Letnbe an ordinal numbeT, be a connected term ordermfL be a non empty zero struc-
ture, andm be a monomial of, L. Then HTIm, T) = termm and HGm, T) = coefficienim
and HM(m,T) = m.

(24) Letn be an ordinal numbefl be a connected term order of L be a hon empty zero
structure, andc be a constant polynomial af, L. Then HTc, T) = EmptyBag and
HC(c,T) = c(EmptyBagn).

(25) Letnbe an ordinal numbeT, be a connected term ordermfL be a non empty zero struc-
ture, andabe an element df. Then HTa_(n,L), T) = EmptyBaghand HGa_(n,L),T) =a.

(26) Letn be an ordinal numbefT be a connected term order of L be a non trivial zero
structure, ang be a polynomial oh, L. Then HTTHM(p,T), T) = HT(p, T).

(27) Letn be an ordinal numbefT be a connected term order of L be a non trivial zero
structure, ang be a polynomial of, L. Then HGHM(p, T),T) = HC(p,T).
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(28) Letn be an ordinal numbeiT be a connected term order of L be a non empty zero
structure, ang be a polynomial of, L. Then HMHM(p,T),T) = HM(p, T).

(29) Letn be an ordinal numbef be an admissible connected term ordenpE be an add-
associative right complementable left zeroed right zeroed unital distributive integral domain-
like non trivial double loop structure, ang, g be non-zero polynomials af, L. Then
HT(p,T)+HT(q,T) € Supportp=q).

(30) Letn be an ordinal numbet, be an add-associative right complementable right zeroed
unital distributive non empty double loop structure, gndj be polynomials oh, L. Then
Supportp=*q) C {s+t;sranges over elements of Bags ranges over elements of Bays
se Supporip A t € Supporg}.

(31) Letn be an ordinal numbefl be an admissible connected term ordenpE be an add-
associative right complementable right zeroed unital distributive integral domain-like non
trivial double loop structure, ang, g be non-zero polynomials of, L. Then HT(p*q,T) =
HT(p,T)+HT(q,T).

(32) Letn be an ordinal numbef] be an admissible connected term ordenpE be an add-
associative right complementable right zeroed unital distributive integral domain-like non
trivial double loop structure, ang, g be non-zero polynomials of, L. Then HGpx*q,T) =
HC(p,T)-HC(q,T).

(33) Letn be an ordinal numbefl be an admissible connected term ordenpE be an add-
associative right complementable right zeroed unital distributive integral domain-like non
trivial double loop structure, anp, g be non-zero polynomials of, L. Then HMpxq,T) =
HM(p, T)«HM(q,T).

(34) Letn be an ordinal numbefl be an admissible connected term ordenpt. be a right
zeroed non empty loop structure, apdg be polynomials of, L. Then HT(p+q,T) <t
maxr (HT(p, T),HT(q,T)).

4., REDUCTUM OF A POLYNOMIAL

Let n be an ordinal number, I8t be a connected term order mflet L be an add-associative right
complementable right zeroed non empty loop structure, ang b a polynomial ofn, L. The
functor Redp, T) yielding a polynomial of, L is defined as follows:

(Def.9) Redp,T)=p—HM(p,T).
One can prove the following propositions:

(35) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed non trivial loop structure, pte a polynomial of, L. Then
SupportRedp, T) C Supporip.

(36) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed non trivial loop structure, piié a polynomial of, L. Then
SupportRedp, T) = Supporp\ {HT(p,T)}.

(837) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed non trivial loop structure, piig a polynomial of, L. Then
SupportHM(p,T) + Red p,T)) = Supportp.

(38) Letnbe an ordinal numbef, be a connected term ordermfL be an add-associative right
complementable right zeroed non trivial loop structure, pte a polynomial of, L. Then
HM(p,T)+Redp,T) = p.

(39) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed non trivial loop structure, pixé a polynomial of, L. Then
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(40) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right

complementable right zeroed non trivial loop structyrée a polynomial oh, L, andb be a
bag ofn. If b € Supporip andb # HT(p, T), then(Red p, T))(b) = p(b).
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