JOURNAL OF FORMALIZED MATHEMATICS
Volume4,  Released 1992,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

The Lattice of Domains of an Extremally
Disconnected Spadg

Zbigniew Karno
Warsaw University
Biatystok

Summary. Let X be a topological space and latbe a subset oX. Recall thatA is

said to be alomainin X provided InfA C A C IntA (see[[19],[[7]). Recall also that is said
to be a(n)closed(oper) domainin X if A= IntA (A = IntA, resp.) (see e.gl[9]. T19]). Itis
well-known that for a given topological space all its closed domains form a Boolean lattice,
and similarly all its open domains form a Boolean lattice, too (see é.d., [10], [2])._In [17]
it is proved that all domains of a given topological space form a complemented lattice. One
may ask whether the lattice of all domains is Boolean. The aim is to give an answer to this
question.

To present the main results we first recall the definition of a class of topological spaces
which is important here X is calledextremally disconnecteifl for every open subseA of
X the closureA is open inX [L3] (comp. [6]). It is shown here, using Mizar System, that
the lattice of all domains of a topological space X is modular iff X is extremally disconnected.
Moreover, for every extremally disconnected space the lattice of all its domains coincides with
both the lattice of all its closed domains and the lattice of all its open domains. From these
facts it follows thatthe lattice of all domains of a topological space X is Boolean iff X is
extremally disconnected.

Note that we also review some of the standard facts on discrete, anti-discrete, almost
discrete, extremally disconnected and hereditarily extremally disconnected topological spaces
(comp. [9], [6]).

MML Identifier: TDLAT_3.

WWW: http://mizar.org/JFM/Vol4d/tdlat_3.html

The articles([14],[15],[115],114],[118],[[12], 119],[13],.115] . 14],[120],11],.[17], and 8] provide the
notation and terminology for this paper.

1. SELECTEDPROPERTIES OFSUBSETS OF ATOPOLOGICAL SPACE

In this papeliX is a topological space ariilis a subset oK.
The following three propositions are true:

@f] C=(nt(ceye.
(3) C°=(IntC)e.

(4) Int(C®) =C°.

1Editor's Note: This work has won the 1998leszyiski's Award of the Mizar Society.
1 The proposition (1) has been removed.

1 © Association of Mizar Users
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In the sequek, B denote subsets .

One can prove the following propositions:

(6F] SupposeAUB = the carrier ofX. Then

(i) if Aisclosed, theU IntB = the carrier ofX, and
(i) if Bis closed, then IrhU B = the carrier oiX.

(7) Aisopen and closed ifh = IntA.

(8) If Ais open and closed, then iat= IntA.

(9) If Ais condensed ankhtA C IntA, thenA is open condensed and closed condensed.
(10) If Ais condensed anitA C IntA, thenA is open and closed.
(11) If Ais condensed, then IAt= IntA andA = IntA.

2. DISCRETETOPOLOGICAL STRUCTURES

LetI1 be a topological structure. We say thats discrete if and only if:
(Def. 1) The topology of; = 2the carrier ofl;

We say that; is anti-discrete if and only if:
(Def. 2) The topology of1 = {0,the carrier ofl1 }.

The following propositions are true:

(12) LetY be a topological structure. Suppo3eis discrete and anti-discrete. Then
2the carrier oY — £¢) the carrier ofY }.

(13) LetY be a topological structure. Suppde the topology ofY and the carrier oY € the

topology ofY. Suppose ¢ camierofY — (¢ the carrier ofY}. ThenY is discrete and anti-
discrete.

Let us observe that there exists a topological structure which is discrete, anti-discrete, strict, and
non empty.
The following propositions are true:

(14) LetY be a discrete topological structure aAdoe a subset of. Then (the carrier of
Y)\ A € the topology ofY.

(15) LetY be an anti-discrete topological structure akhthe a subset of. SupposeA € the
topology ofY. Then (the carrier of) \ A € the topology ofY.

One can check that every topological structure which is discrete is also topological space-like
and every topological structure which is anti-discrete is also topological space-like.
One can prove the following proposition

(16) LetY be a topological space-like topological structure. Suppd¥e®ier o — (0, the
carrier ofY}. ThenY is discrete and anti-discrete.

Letl; be a topological structure. We say ttats almost discrete if and only if:

(Def. 3) For every subset of |1 such thatA € the topology ofl; holds (the carrier of;) \ A € the
topology ofl;.

Let us mention that every topological structure which is discrete is also almost discrete and every
topological structure which is anti-discrete is also almost discrete.
Let us note that there exists a topological structure which is almost discrete and strict.

2 The proposition (5) has been removed.
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3. DISCRETETOPOLOGICAL SPACES

Let us note that there exists a topological space which is discrete, anti-discrete, strict, and non empty.
The following propositions are true:

(17) Xis discrete iff every subset of is open.
(18) X s discrete iff every subset of is closed.

(19) If for every subsef of X and for every poink of X such thatA = {x} holdsA is open,
thenX is discrete.

Let X be a discrete non empty topological space. One can check that every subspaise of
open, closed, and discrete.

Let X be a discrete non empty topological space. Observe that there exists a subsgace of
which is discrete and strict.

We now state three propositions:

(20) X is anti-discrete if and only if for every subs&iof X such thatA is open holdA = 0 or
A = the carrier ofX.

(21) X s anti-discrete if and only if for every subs&bf X such thatA is closed hold#\ = 0 or
A = the carrier ofX.

(22) Suppose that for every subgebf X and for every poink of X such thatA = {x} holds
A= the carrier ofX. ThenX is anti-discrete.

Let X be an anti-discrete non empty topological space. One can verify that every subsiace of
is anti-discrete.

Let X be an anti-discrete non empty topological space. Note that there exists a subsgace of
which is anti-discrete.

Next we state four propositions:

(23) Xis almost discrete iff for every subs&tof X such thatA is open holds\ is closed.
(24) Xis almost discrete iff for every subs&iof X such that is closed hold#\ is open.
(25) X is almost discrete iff for every subsgtof X such thatA is open holdA = A.

(26) X is almost discrete iff for every subsatof X such thatA is closed holds InA = A.

One can verify that there exists a topological space which is almost discrete and strict.
The following propositions are true:

(27) If for every subsef of X and for every poink of X such thatA = {x} holdsA is open,
thenX is almost discrete.

(28) X s discrete if and only if the following conditions are satisfied:
(i) Xisalmost discrete, and
(i) for every subsef of X and for every poink of X such thatA = {x} holdsA is closed.

Let us observe that every topological space which is discrete is also almost discrete and every
topological space which is anti-discrete is also almost discrete.

Let X be an almost discrete non empty topological space. Note that every non empty subspace
of X is almost discrete.

Let X be an almost discrete non empty topological space. Note that every subspaeich
is open is also closed and every subspacé which is closed is also open.

Let X be an almost discrete non empty topological space. Note that there exists a subspace of
which is almost discrete, strict, and non empty.
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4, EXTREMALLY DISCONNECTEDTOPOLOGICAL SPACES

LetI; be a non empty topological space. We say thé extremally disconnected if and only if:
(Def. 4) For every subsek of I such thatA is open holdsA is open.

Let us note that there exists a non empty topological space which is extremally disconnected
and strict.

In the sequek is a non empty topological space.

We now state a number of propositions:

(29) Xis extremally disconnected iff for every subgedf X such thatA is closed holds Im is
closed.

(30) X s extremally disconnected if and only if for all subsAtB of X such thaiA is open and
B is open holds ifA missesB, thenA missesB.

(81) X is extremally disconnected if and only if for all subs@tsB of X such thatA is closed
andB is closed holds iAU B = the carrier ofX, then InfAU IntB = the carrier ofX.

(32) X is extremally disconnected iff for every subgenf X such thafAis open hold#\ = IntA.

(33) Xis extremally disconnected iff for every subgedf X such thatA is closed holds InA =
IntA.

(34) Xis extremally disconnected if and only if for every sub&etf X such tha# is condensed
holdsA is closed and open.

(35) Xis extremally disconnected if and only if for every sub&eif X such thaiA is condensed
holdsA is closed condensed and open condensed.

(36) X is extremally disconnected iff for every subgeof X such thatA is condensed holds
IntA = IntA.

(37) X is extremally disconnected iff for every subgebf X such thatA is condensed holds
INntA=A,

(838) X is extremally disconnected if and only if for every subgebdf X holds if A is open
condensed, thefvis closed condensed andiis closed condensed, thérns open condensed.

Letl; be a non empty topological space. We say thad hereditarily extremally disconnected
if and only if:

(Def. 5) Every non empty subspacelgfs extremally disconnected.

Let us observe that there exists a non empty topological space which is hereditarily extremally
disconnected and strict.

Let us mention that every non empty topological space which is hereditarily extremally dis-
connected is also extremally disconnected and every non empty topological space which is almost
discrete is also hereditarily extremally disconnected.

One can prove the following proposition

(39) LetX be an extremally disconnected non empty topological spégde a non empty
subspace oK, andA be a subset oK. SupposeA = the carrier ofXg andA is dense. Then
Xp is extremally disconnected.

Let X be an extremally disconnected non empty topological space. One can check that every
non empty subspace &f which is open is also extremally disconnected.

Let X be an extremally disconnected non empty topological space. Observe that there exists a
non empty subspace &f which is extremally disconnected and strict.

Let X be a hereditarily extremally disconnected non empty topological space. One can verify
that every non empty subspaceXofs hereditarily extremally disconnected.
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Let X be a hereditarily extremally disconnected non empty topological space. One can verify
that there exists a non empty subspack @fhich is hereditarily extremally disconnected and strict.
One can prove the following proposition

(40) If every closed non empty subspacexaf extremally disconnected, thehis hereditarily
extremally disconnected.

5. THE LATTICE OF DOMAINS OF EXTREMALLY DISCONNECTEDSPACES

In the sequeY denotes an extremally disconnected non empty topological space.
Next we state a number of propositions:

(41) The domains of = the closed domains f.

(42) D-UnionY) = CLD-Union(Y) and D-MeetY) = CLD-MeetY).
(43) The lattice of domains of = the lattice of closed domains ¥t
(44) The domains of = the open domains of.

(45) D-UnionY) = OPD-Unior(Y) and D-MeetY) = OPD-MeetY).
(46) The lattice of domains of = the lattice of open domains &f.

(47) For all elementsA, B of the domains ofY holds (D-Union(Y))(A,B) = AUB and
(D-Meet(Y))(A, B) = ANB.

(48) Leta, b be elements of the lattice of domainsYondA, B be elements of the domains of
Y. If a=Aandb =B, thenalLlb=AuBandarb=AnNB.

(49) LetF be a family of subsets of. Supposé- is domains-family. LeSbe a subset of the
lattice of domains o¥. If S=F, then| e 1attice of domains ov) S= UF-

(50) LetF be a family of subsets of. Supposd- is domains-family. LeSbe a subset of the
lattice of domains of such thatS=F. Then

(i) if S?é 07 then ﬂ(the lattice of domains oY)S: IntAF, and
(ii) if S= 0» then ﬂ(the lattice of domains oY)S: Qy.

In the sequeK is a non empty topological space.
Next we state several propositions:

(51) X s extremally disconnected iff the lattice of domainsXois a modular lattice.

(52) If the lattice of domains oK = the lattice of closed domains &f, thenX is extremally
disconnected.

(53) If the lattice of domains oK = the lattice of open domains &f, thenX is extremally
disconnected.

(54) Suppose the lattice of closed domain¥Xcf the lattice of open domains &. ThenX is
extremally disconnected.

(55) X s extremally disconnected iff the lattice of domainsxois a Boolean lattice.
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