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Summary. Let X be a topological space and letA be a subset ofX. Recall thatA is
said to be adomainin X provided IntA⊆ A⊆ IntA (see [19], [7]). Recall also thatA is said
to be a(n)closed(open) domainin X if A = IntA (A = IntA, resp.) (see e.g. [9], [19]). It is
well-known that for a given topological space all its closed domains form a Boolean lattice,
and similarly all its open domains form a Boolean lattice, too (see e.g., [10], [2]). In [17]
it is proved that all domains of a given topological space form a complemented lattice. One
may ask whether the lattice of all domains is Boolean. The aim is to give an answer to this
question.

To present the main results we first recall the definition of a class of topological spaces
which is important here.X is calledextremally disconnectedif for every open subsetA of
X the closureA is open inX [13] (comp. [6]). It is shown here, using Mizar System, that
the lattice of all domains of a topological space X is modular iff X is extremally disconnected.
Moreover, for every extremally disconnected space the lattice of all its domains coincides with
both the lattice of all its closed domains and the lattice of all its open domains. From these
facts it follows thatthe lattice of all domains of a topological space X is Boolean iff X is
extremally disconnected.

Note that we also review some of the standard facts on discrete, anti-discrete, almost
discrete, extremally disconnected and hereditarily extremally disconnected topological spaces
(comp. [9], [6]).

MML Identifier: TDLAT_3.

WWW: http://mizar.org/JFM/Vol4/tdlat_3.html

The articles [14], [5], [16], [11], [18], [12], [19], [3], [15], [4], [20], [1], [17], and [8] provide the
notation and terminology for this paper.

1. SELECTED PROPERTIES OFSUBSETS OF ATOPOLOGICAL SPACE

In this paperX is a topological space andC is a subset ofX.
The following three propositions are true:

(2)1 C = (Int(Cc))c.

(3) Cc = (IntC)c.

(4) Int(Cc) = Cc.

1Editor’s Note:This work has won the 1992́Sleszýnski’s Award of the Mizar Society.
1 The proposition (1) has been removed.

1 c© Association of Mizar Users
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In the sequelA, B denote subsets ofX.
One can prove the following propositions:

(6)2 SupposeA∪B = the carrier ofX. Then

(i) if A is closed, thenA∪ IntB = the carrier ofX, and

(ii) if B is closed, then IntA∪B = the carrier ofX.

(7) A is open and closed iffA = IntA.

(8) If A is open and closed, then IntA = IntA.

(9) If A is condensed andIntA⊆ IntA, thenA is open condensed and closed condensed.

(10) If A is condensed andIntA⊆ IntA, thenA is open and closed.

(11) If A is condensed, then IntA = IntA andA = IntA.

2. DISCRETETOPOLOGICAL STRUCTURES

Let I1 be a topological structure. We say thatI1 is discrete if and only if:

(Def. 1) The topology ofI1 = 2the carrier ofI1.

We say thatI1 is anti-discrete if and only if:

(Def. 2) The topology ofI1 = { /0, the carrier ofI1}.

The following propositions are true:

(12) Let Y be a topological structure. SupposeY is discrete and anti-discrete. Then
2the carrier ofY = { /0, the carrier ofY}.

(13) LetY be a topological structure. Suppose/0 ∈ the topology ofY and the carrier ofY ∈ the
topology ofY. Suppose 2the carrier ofY = { /0, the carrier ofY}. ThenY is discrete and anti-
discrete.

Let us observe that there exists a topological structure which is discrete, anti-discrete, strict, and
non empty.

The following propositions are true:

(14) Let Y be a discrete topological structure andA be a subset ofY. Then (the carrier of
Y)\A∈ the topology ofY.

(15) LetY be an anti-discrete topological structure andA be a subset ofY. SupposeA ∈ the
topology ofY. Then (the carrier ofY)\A∈ the topology ofY.

One can check that every topological structure which is discrete is also topological space-like
and every topological structure which is anti-discrete is also topological space-like.

One can prove the following proposition

(16) Let Y be a topological space-like topological structure. Suppose 2the carrier ofY = { /0, the
carrier ofY}. ThenY is discrete and anti-discrete.

Let I1 be a topological structure. We say thatI1 is almost discrete if and only if:

(Def. 3) For every subsetA of I1 such thatA∈ the topology ofI1 holds (the carrier ofI1)\A∈ the
topology ofI1.

Let us mention that every topological structure which is discrete is also almost discrete and every
topological structure which is anti-discrete is also almost discrete.

Let us note that there exists a topological structure which is almost discrete and strict.

2 The proposition (5) has been removed.
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3. DISCRETETOPOLOGICAL SPACES

Let us note that there exists a topological space which is discrete, anti-discrete, strict, and non empty.
The following propositions are true:

(17) X is discrete iff every subset ofX is open.

(18) X is discrete iff every subset ofX is closed.

(19) If for every subsetA of X and for every pointx of X such thatA = {x} holdsA is open,
thenX is discrete.

Let X be a discrete non empty topological space. One can check that every subspace ofX is
open, closed, and discrete.

Let X be a discrete non empty topological space. Observe that there exists a subspace ofX
which is discrete and strict.

We now state three propositions:

(20) X is anti-discrete if and only if for every subsetA of X such thatA is open holdsA = /0 or
A = the carrier ofX.

(21) X is anti-discrete if and only if for every subsetA of X such thatA is closed holdsA = /0 or
A = the carrier ofX.

(22) Suppose that for every subsetA of X and for every pointx of X such thatA = {x} holds
A = the carrier ofX. ThenX is anti-discrete.

Let X be an anti-discrete non empty topological space. One can verify that every subspace ofX
is anti-discrete.

Let X be an anti-discrete non empty topological space. Note that there exists a subspace ofX
which is anti-discrete.

Next we state four propositions:

(23) X is almost discrete iff for every subsetA of X such thatA is open holdsA is closed.

(24) X is almost discrete iff for every subsetA of X such thatA is closed holdsA is open.

(25) X is almost discrete iff for every subsetA of X such thatA is open holdsA = A.

(26) X is almost discrete iff for every subsetA of X such thatA is closed holds IntA = A.

One can verify that there exists a topological space which is almost discrete and strict.
The following propositions are true:

(27) If for every subsetA of X and for every pointx of X such thatA = {x} holdsA is open,
thenX is almost discrete.

(28) X is discrete if and only if the following conditions are satisfied:

(i) X is almost discrete, and

(ii) for every subsetA of X and for every pointx of X such thatA = {x} holdsA is closed.

Let us observe that every topological space which is discrete is also almost discrete and every
topological space which is anti-discrete is also almost discrete.

Let X be an almost discrete non empty topological space. Note that every non empty subspace
of X is almost discrete.

Let X be an almost discrete non empty topological space. Note that every subspace ofX which
is open is also closed and every subspace ofX which is closed is also open.

Let X be an almost discrete non empty topological space. Note that there exists a subspace ofX
which is almost discrete, strict, and non empty.
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4. EXTREMALLY DISCONNECTEDTOPOLOGICAL SPACES

Let I1 be a non empty topological space. We say thatI1 is extremally disconnected if and only if:

(Def. 4) For every subsetA of I1 such thatA is open holdsA is open.

Let us note that there exists a non empty topological space which is extremally disconnected
and strict.

In the sequelX is a non empty topological space.
We now state a number of propositions:

(29) X is extremally disconnected iff for every subsetA of X such thatA is closed holds IntA is
closed.

(30) X is extremally disconnected if and only if for all subsetsA, B of X such thatA is open and
B is open holds ifA missesB, thenA missesB.

(31) X is extremally disconnected if and only if for all subsetsA, B of X such thatA is closed
andB is closed holds ifA∪B = the carrier ofX, then IntA∪ IntB = the carrier ofX.

(32) X is extremally disconnected iff for every subsetA of X such thatA is open holdsA= IntA.

(33) X is extremally disconnected iff for every subsetA of X such thatA is closed holds IntA =
IntA.

(34) X is extremally disconnected if and only if for every subsetA of X such thatA is condensed
holdsA is closed and open.

(35) X is extremally disconnected if and only if for every subsetA of X such thatA is condensed
holdsA is closed condensed and open condensed.

(36) X is extremally disconnected iff for every subsetA of X such thatA is condensed holds
IntA = IntA.

(37) X is extremally disconnected iff for every subsetA of X such thatA is condensed holds
IntA = A.

(38) X is extremally disconnected if and only if for every subsetA of X holds if A is open
condensed, thenA is closed condensed and ifA is closed condensed, thenA is open condensed.

Let I1 be a non empty topological space. We say thatI1 is hereditarily extremally disconnected
if and only if:

(Def. 5) Every non empty subspace ofI1 is extremally disconnected.

Let us observe that there exists a non empty topological space which is hereditarily extremally
disconnected and strict.

Let us mention that every non empty topological space which is hereditarily extremally dis-
connected is also extremally disconnected and every non empty topological space which is almost
discrete is also hereditarily extremally disconnected.

One can prove the following proposition

(39) Let X be an extremally disconnected non empty topological space,X0 be a non empty
subspace ofX, andA be a subset ofX. SupposeA = the carrier ofX0 andA is dense. Then
X0 is extremally disconnected.

Let X be an extremally disconnected non empty topological space. One can check that every
non empty subspace ofX which is open is also extremally disconnected.

Let X be an extremally disconnected non empty topological space. Observe that there exists a
non empty subspace ofX which is extremally disconnected and strict.

Let X be a hereditarily extremally disconnected non empty topological space. One can verify
that every non empty subspace ofX is hereditarily extremally disconnected.
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Let X be a hereditarily extremally disconnected non empty topological space. One can verify
that there exists a non empty subspace ofX which is hereditarily extremally disconnected and strict.

One can prove the following proposition

(40) If every closed non empty subspace ofX is extremally disconnected, thenX is hereditarily
extremally disconnected.

5. THE LATTICE OF DOMAINS OF EXTREMALLY DISCONNECTEDSPACES

In the sequelY denotes an extremally disconnected non empty topological space.
Next we state a number of propositions:

(41) The domains ofY = the closed domains ofY.

(42) D-Union(Y) = CLD-Union(Y) and D-Meet(Y) = CLD-Meet(Y).

(43) The lattice of domains ofY = the lattice of closed domains ofY.

(44) The domains ofY = the open domains ofY.

(45) D-Union(Y) = OPD-Union(Y) and D-Meet(Y) = OPD-Meet(Y).

(46) The lattice of domains ofY = the lattice of open domains ofY.

(47) For all elementsA, B of the domains ofY holds (D-Union(Y))(A, B) = A∪ B and
(D-Meet(Y))(A, B) = A∩B.

(48) Leta, b be elements of the lattice of domains ofY andA, B be elements of the domains of
Y. If a = A andb = B, thenatb = A∪B andaub = A∩B.

(49) LetF be a family of subsets ofY. SupposeF is domains-family. LetSbe a subset of the
lattice of domains ofY. If S= F, then

⊔
(the lattice of domains ofY) S=

⋃
F .

(50) LetF be a family of subsets ofY. SupposeF is domains-family. LetSbe a subset of the
lattice of domains ofY such thatS= F. Then

(i) if S 6= /0, thend−e(the lattice of domains ofY)S= Int
⋂

F, and

(ii) if S= /0, thend−e(the lattice of domains ofY)S= ΩY.

In the sequelX is a non empty topological space.
Next we state several propositions:

(51) X is extremally disconnected iff the lattice of domains ofX is a modular lattice.

(52) If the lattice of domains ofX = the lattice of closed domains ofX, thenX is extremally
disconnected.

(53) If the lattice of domains ofX = the lattice of open domains ofX, thenX is extremally
disconnected.

(54) Suppose the lattice of closed domains ofX = the lattice of open domains ofX. ThenX is
extremally disconnected.

(55) X is extremally disconnected iff the lattice of domains ofX is a Boolean lattice.

ACKNOWLEDGMENTS

The author wishes to thank to Professor A. Trybulec for many helpful conversations during the
preparation of this paper. The author is also very grateful to Cz. Byliński for acquainting him with
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[5] Czesław Bylínski. Some basic properties of sets.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
zfmisc_1.html.

[6] Ryszard Engelking.General Topology, volume 60 ofMonografie Matematyczne. PWN - Polish Scientific Publishers, Warsaw, 1977.

[7] Yoshinori Isomichi. New concepts in the theory of topological space – supercondensed set, subcondensed set, and condensed set.Pacific
Journal of Mathematics, 38(3):657–668, 1971.

[8] Zbigniew Karno and Toshihiko Watanabe. Completeness of the lattices of domains of a topological space.Journal of Formalized
Mathematics, 4, 1992.http://mizar.org/JFM/Vol4/tdlat_2.html.

[9] Kazimierz Kuratowski. Topology, volume I. PWN - Polish Scientific Publishers, Academic Press, Warsaw, New York and London,
1966.

[10] Kazimierz Kuratowski and Andrzej Mostowski.Set Theory (with an introduction to descriptive set theory), volume 86 ofStudies in Logic
and The Foundations of Mathematics. PWN - Polish Scientific Publishers and North-Holland Publishing Company, Warsaw-Amsterdam,
1976.

[11] Beata Padlewska. Families of sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/setfam_1.html.

[12] Beata Padlewska and Agata Darmochwał. Topological spaces and continuous functions.Journal of Formalized Mathematics, 1, 1989.
http://mizar.org/JFM/Vol1/pre_topc.html.

[13] M. H. Stone. Algebraic characterizations of special Boolean rings.Fundamenta Mathematicae, 29:223–303, 1937.

[14] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[15] Andrzej Trybulec. A Borsuk theorem on homotopy types.Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/
Vol3/borsuk_1.html.

[16] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

[17] Toshihiko Watanabe. The lattice of domains of a topological space.Journal of Formalized Mathematics, 4, 1992.http://mizar.org/
JFM/Vol4/tdlat_1.html.

[18] Edmund Woronowicz. Relations and their basic properties.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/relat_1.html.

[19] Mirosław Wysocki and Agata Darmochwał. Subsets of topological spaces.Journal of Formalized Mathematics, 1, 1989. http:
//mizar.org/JFM/Vol1/tops_1.html.
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