JOURNAL OF FORMALIZED MATHEMATICS
Volume4,  Released 1992,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Completeness of the Lattices of Domains
of a Topological Spacg

Zbigniew Karno Toshihiko Watanabe
Warsaw University Shinshu University
Biatystok Nagano

Summary. LetT be a topological space and latbe a subset of . Recall thatA is

said to be alomainin T provided IntA C A C IntA (see[[18] and comp[[9]). This notion is
a simple generalization of the notions of open and closed domaifigsee [18]). Our main
result is concerned with an extension of the following well-known theorem (seéke.@. 12], [12],
[8]). For a given topological space the Boolean lattices of all its closed domains and all its
open domains are complete. It is proved here, using Mizar Systemthétn@bmplemented
lattice of all domains of a given topological space is complete (comp.[[17]).

It is known that both the lattice of open domains and the lattice of closed domains are
sublattices of the lattice of all domairis [17]. However, the following two problems remain
open.

Problem 1. Let L be a sublattice of the lattice of all domains. Suppbse complete,
is smallest with respect to inclusion, and contains as sublattices the lattice of all closed
domains and the lattice of all open domains. Mudie equal to the lattice of all do-
mains ?

A domain inT is said to be &8orel domainprovided it is a Borel set. Of course every open

(closed) domain is a Borel domain. It can be proved that all Borel domains form a sublattice
of the lattice of domains.

Problem 2. Let L be a sublattice of the lattice of all domains. Suppbdge smallest
with respect to inclusion and contains as sublattices the lattice of all closed domains and
the lattice of all open domains. Muistbe equal to the lattice of all Borel domains ?

Note that in the beginning the closure and the interior operations for families of subsets of

topological spaces are introduced and their important properties are presented (comp. [11],
[10], [12]). Using these notions, certain properties of domains, closed domains and open

domains are studied (comp._[10]! [8]).

MML Identifier: TDLAT_2.

WWW: http://mizar.org/JFM/Vold/tdlat_2.html

The articles|[15],[[16],[[13],15],.[7],[[114],[118],[16],.[3],014],110],[I1], and [17] provide the notation
and terminology for this paper.

1. PRELIMINARY THEOREMS ABOUTSUBSETS OFTOPOLOGICAL SPACES

In this papefT is a non empty topological space.
We now state several propositions:

1This paper was done while the second author was visiting the Institute of Mathematics of Warsaw
University in Biatystok.
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(1) For every subsei of T holds IniintA C IntA and IntintA C IntA.

(2) For every subsek of T holdsIntA C IntA and IntA C IntA.

(3) For every subsef of T and for every subseB of T such thatB is closed holds if
Int(ANB) = A, thenA C B.

(4) Forevery subsét of T and for every subs@ of T such thafA is open holds if INAUB =
B, thenA C B.

(5) For every subset of T such thatA C IntA holdsAU IntA C Int(AUIntA).

(6) For every subsek of T such that InA C A holds IntANIntA C AN IntA.

2. THE CLOSURE AND THEINTERIOR OPERATIONS FORFAMILIES
OF SUBSETS OF ATOPOLOGICAL SPACE

In the sequeTl denotes a non empty topological space.
Let us considel and letF be a family of subsets &f. We introduceF as a synonym of ck.
We now state several propositions:

(7) For every familyF of subsets ofT holds F = {A/A ranges over subsets Of:
\/B:subset ofT (A: BABe F)}

(8) For every familyF of subsets o holdsF = F.

(9) For every familyF of subsets of holdsF = 0iff F = 0.
(10) For all familiesF, G of subsets o holdsFNG C FNG.
(11) For all familiesF, G of subsets of holdsF\ G C F\ G.

(12) For every familyF of subsets ofl and for every subseh of T such thatA € F holds
NF C AandAC JF.

(13) For every familyF of subsets of holds\F C NF.

N
(14) For every familyF of subsets ofl holds\F C NF.

(15) For every familyF of subsets off holds|JF C UF.

Let us considefm and letF be a family of subsets of. The functor Inf yields a family of
subsets off and is defined as follows:

(Def. 1) For every subseét of T holdsA € IntF iff there exists a subs@& of T such thatA = IntB
andB e F.

We now state a number of propositions:

(16) For every familyF of subsets ofT holds IntF = {A;A ranges over subsets df:
VB:subset ofT (A: IntB A Be F)}

(17) For every familyF of subsets off holds Int- = IntintF.
(18) For every familyF of subsets o holds IntF is open.
(19) For every familyF of subsets o holdsF = 0iff Int F = 0.

(20) For every subset of T and for every familyF of subsets off such that- = {A} holds
IntF = {IntA}.

(21) For all familiesF, G of subsets off such thaF C G holds IntF- C IntG.
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(22) For all familiesF, G of subsets of holds In{F UG) = IntF UIntG.
(23) For all familiesF, G of subsets off holds In{F NG) C IntF NIntG.
(24) For all familiesk, G of subsets of holds IntF \ IntG C Int(F \ G).

(25) For every familyF of subsets off and for every subseh of T such thatA € F holds
IntA C UIntF and IntF C IntA.

(26) For every familyF of subsets off holdsJIntF C [JF.

(27) For every familyF of subsets o holdsIntF C NF.

(28) For every familyF of subsets off holds|JIntF C Int|JF.

(29) For every familyF of subsets off holds Inf\F C N IntF.

(30) For every familyF of subsets of such thaf is finite holds In(\F = IntF.

In the sequeF is a family of subsets of .
One can prove the following propositions:

(31) IntF ={A;Aranges over subsets ®f \/g.qupset ot (A=1INtB A BEF)}.
(32) IntF = {A;Aranges over subsets f \/g.qypset or (A=INtB A B€F)}.

(33) IntF = {A;Aranges over subsets f \/g.qypset or (A=INtB A B€F)}.
(34) IntintF = {A; Aranges over subsets f \/g.qupset or (A= INtINtB A BE F)}.

(35) IntintF =Int

(36) IntintF = IntF.
(37) UIntF C UIntF.
(38) NIntF CNint
(39) UIntF C UInt
(40) NIntF CNint
(41) UlntintF C U
(42) NIntintF C N

(43) UlntintF CUInt
(44) NintintF €N

(45) UIntF C UF.
(46) NIntF CNOF.

(47) UIntF C UIntIntF.
Tt

(48) NIntF C N IntintF.
(49) UIntF C IntUF.

T

(50) IntNF < Nint
(51) UIntF C IntyF.
(52) IntNF CNIntF.
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(53) UIntF C IntUF.
(54) ItNF CNntF.
(55) UIntintF C IntIntJF.
(56) IntiIntO\F C N IntIntF.

(57) LetF be a family of subsets of. Suppose that for every subgebf T such thatA € F
holdsA C IntA. ThenJF C IntJF andJF = IntJF.

(58) LetF be a family of subsets of. Suppose that for every subsedf T such thatA € F
holds IntA C A. Then InfOF C N F and IntintNF = IntNF.

3. SELECTEDPROPERTIES OFDOMAINS OF A TOPOLOGICAL SPACE

In the sequeTl denotes a non empty topological space.
Next we state several propositions:

(59) For all subsets, B of T such thaB is condensed holds IAIUBU (AUB) =B iff ACB.
(60) For all subsets, B of T such thatA is condensed holdst(ANB) N (ANB) = Aiff ACB.

(61) LetA, B be subsets of . Supposé is closed condensed afds closed condensed. Then
IntAC IntBif and only if AC B.

(62) For all subset#, B of T such thatA is open condensed ari@lis open condensed holds
ACBIiff ACB.

(63) Forallsubseta, Bof T such thatis closed condensed holdAfC B, thenint(ANB) =A.
(64) For all subsets, B of T such thaB is open condensed holdsAfC B, then INtAUB = B.

Let us considel and letl; be a family of subsets af. We say that; is domains-family if and
only if:

(Def. 2) For every subs&t of T such thatA € |1 holdsA is condensed.

Next we state several propositions:

(65) For every familyF of subsets of holdsF C the domains of iff F is domains-family.

(66) For every familyF of subsets o such thaF is domains-family hold$JF C Int{ JF and
UF = IntyF.

F
(67) For every familyF of subsets of such thaF is domains-family holds IffjF C NF and
IntintNF = IntNF.

(68) For every familyF of subsets off such thatF is domains-family hold$JF U IntUF is
condensed.
(69) LetF be afamily of subsets af. Then
(i) for every subseB of T such thaB € F holdsB C |JF UIntJF, and

(i) for every subsef of T such that is condensed holds if for every sub&of T such that
B € F holdsB C A thenJFUIntyUF C A

(70) For every familyF of subsets off such that~ is domains-family hold§\F N IntNF is
condensed.
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(71) LetF be a family of subsets &f. Then
(i) for every subseB of T such thaB € F holds"\FnIntF C B, and

(i) F =0orforevery subsed of T such thatA is condensed holds if for every sub&edf T
such thaB € F holdsA C B, thenAC NFnNIntNOF.

Let us consideT and letl; be a family of subsets &f. We say that; is closed-domains-family
if and only if:

(Def. 3) For every subseét of T such thatA € |1 holdsA is closed condensed.

We now state several propositions:

(72) LetF be a family of subsets of. ThenF C the closed domains df if and only if F is
closed-domains-family.

(73) For every familyF of subsets ofT such thatF is closed-domains-family holdE is
domains-family.

(74) For every familyF of subsets o such thaf is closed-domains-family holds is closed.

(75) For every familyF of subsets ofT such thatF is domains-family holds= is closed-
domains-family.

(76) LetF be a family of subsets af. Supposé is closed-domains-family. ThegF is closed
condensed anihtF is closed condensed.

(77) LetF be a family of subsets &f. Then
(i) for every subseB of T such thaB € F holdsB C JF, and
(i)  for every subsef of T such thatA is closed condensed holds if for every sutBetf T
such thaB € F holdsB C A, thenF C A.
(78) LetF be a family of subsets af. Then
(i) if Fisclosed, then for every subdgbf T such thaB € F holdsint\F C B, and

(i) F =0orforevery subseA of T such thatA is closed condensed holds if for every subset
B of T such thaB € F holdsA C B, thenA C IntNF.

Let us considel and letl; be a family of subsets of. We say that; is open-domains-family
if and only if:

(Def. 4) For every subseét of T such thatA € |1 holdsA is open condensed.

We now state several propositions:

(79) For every familyF of subsets of holdsF C the open domains &f iff F is open-domains-
family.

(80) For every family of subsets o’ such thaf is open-domains-family holds is domains-
family.

(81) For every familyF of subsets of such thaf is open-domains-family holds is open.

(82) For every familyF of subsets off such thatF is domains-family holds I is open-
domains-family.

(83) LetF be a family of subsets of. Suppose- is open-domains-family. Then IftF is
open condensed and Jf is open condensed.
(84) LetF be afamily of subsets af. Then
(i) if Fis open, then for every subsBof T such thaB € F holdsB C IntF, and

(i) for every subsef of T such thatA is open condensed holds if for every sudi3ef T such
thatB € F holdsB C A, then InfJF C A.
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(85) LetF be afamily of subsets af. Then
(i) forevery subseB of T such thaB € F holds InfO\F C B, and

(i) F =0orfor every subseA of T such that is open condensed holds if for every sulBBet
of T such thaB € F holdsA C B, thenA C IntNF.

4., COMPLETENESS OF THEHLATTICE OF DOMAINS

In the sequeT is a non empty topological space.
The following propositions are true:

(86) The carrier of the lattice of domains ®f= the domains of .

(87) Leta, b be elements of the lattice of domainsTohndA, B be elements of the domains of
T. If a=Aandb=B, thenallb = IntAUBU (AUB) andarb = Int(ANB) N (ANB).

(88) Lthe lattice of domains of = (DT a-nd—rthe lattice of domains ol — QT'

(89) Leta, b be elements of the lattice of domainsToaindA, B be elements of the domains of
T.Ifa=Aandb=B, thenaC biff ACB.

(90) LetX be a subset of the lattice of domainsf Then there exists an elemeabf the
lattice of domains of such thaiX C a and for every elemerit of the lattice of domains of
such thaX C b holdsa C b.

(91) The lattice of domains af is complete.

(92) LetF be a family of subsets oF. Supposé- is domains-family. LeX be a subset of the
lattice of domains of . If X = F, then| e jattice of domains o) X = UF UINtUF.

(93) LetF be afamily of subsets of. Supposéd- is domains-family. LeX be a subset of the
lattice of domains off such thaiX = F. Then

(i) if X 7é 07 then ﬂ(the lattice of domains oT)X = ﬂ FN Intﬂ Fa and
(i) if X=0,then ﬂ(the lattice of domains oT)X =Qr.

5. COMPLETENESS OF THHLATTICES OFCLOSED DOMAINS
AND OPEN DOMAINS

In the sequeT is a non empty topological space.
Next we state a number of propositions:

(94) The carrier of the lattice of closed domainsTof the closed domains df.

(95) Leta, b be elements of the lattice of closed domain3 @ndA, B be elements of the closed
domains ofT. If a= Aandb = B, thenaLlb=AUB andarb = Int(ANB).

(96) J-the lattice of closed domains df — 0T a-nd—rthe lattice of closed domains df = QT~

(97) Leta, bbe elements of the lattice of closed domain3 @ndA, B be elements of the closed
domains ofT. If a= Aandb = B, thenaC biff ACB.

(98) LetX be a subset of the lattice of closed domaing ofThen there exists an elemenbf
the lattice of closed domains df such thatX C a and for every elemerit of the lattice of
closed domains of such thatX C b holdsaC b.

(99) The lattice of closed domains Bfis complete.

(100) LetF be a family of subsets df. Supposé is closed-domains-family. Let be a subset
of the lattice of closed domains f. If X =F, then| e jattice of closed domains an X = UF-
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(101) LetF be a family of subsets af. Supposé- is closed-domains-family. Let be a subset
of the lattice of closed domains @f such thatX = F. Then

(i) if X 7é 07 then ﬂ(the lattice of closed domains dT)X = |ntﬂ Fa and
(i) if X=0,then ﬂ(the lattice of closed domains df)x =Qr.

(102) LetF be a family of subsets of. Supposé- is closed-domains-family. Le{ be a subset
of the lattice of domains of such thatX = F. Then

(i) if X ?é 07 then ﬂ(the lattice of domains oT)X =IntOF, and
(ii) if X = 07 then ﬂ(the lattice of domains oT)X =Qr.

(103) The carrier of the lattice of open domainsTof the open domains df.

(104) Leta, b be elements of the lattice of open domaingadndA, B be elements of the open
domains ofT. If a= Aandb = B, thenallb=IntAUB andarnb=ANB.

(105) Lthe lattice of open domains af — OT and Tthe Iattice of open domains af — Qr.

(106) Leta, b be elements of the lattice of open domaingadndA, B be elements of the open
domains ofT. If a= Aandb = B, thenaC biff ACB.

(107) LetX be a subset of the lattice of open domaing offhen there exists an elementf the
lattice of open domains of such thatX C a and for every elemerti of the lattice of open
domains ofT such thatX C b holdsaC b.

(108) The lattice of open domains ofis complete.

(109) LetF be a family of subsets of. Supposé- is open-domains-family. LeX be a subset
of the lattice of open domains @t. If X = F, then| June fatice of open domains ar) X = INtUF-.

(110) LetF be a family of subsets of. Supposd- is open-domains-family. LeX be a subset
of the lattice of open domains af such thaiX = F. Then
(i) if X 7’é 07 then ﬂ(the lattice of open domains df)x = |ntﬂ F7 and
(ii) if X= 0> then ﬂ(the lattice of open domains df)x = Q7.

(111) LetF be a family of subsets of. Supposé- is open-domains-family. LeX be a subset
of the lattice of domains o . If X = F, then|| e iatiice o domains or) X = INtUF-.
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