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Summary. LetT be a topological space and lstbe a subset of . Recall thatA is
said to be @losed domaimwf T if A= IntAandAis said to be aopen domaimf T if A= IntA
(see e.g.[[8],[[14]). Some simple generalization of these notions is the followingAorte.
said to be alomainof T provided IntA C A C IntA (seel[14] and comparEl[7]). In this paper
certain connections between these concepts are introduced and studied.

Our main results are concerned with the following well-known theorems (seelé.g. [9],
[2D). For a given topological space all its closed domains form a Boolean lattice, and similarly
all its open domains form a Boolean lattice, too. It is proved #ihtlomains of a given
topological space form a complemented lattitdoreover, it is shown that bottine lattice of
open domains and the lattice of closed domains are sublattices of the lattice of all domains.
the beginning some useful theorems about subsets of topological spaces are proved and certain
properties of domains, closed domains and open domains are discussed.

MML Identifier: TDLAT 1.

WWW: http://mizar.org/JFM/Vold/tdlat_1.html

The articles[[11],[[5], [[12], [[10],[[15],[12], [114], 113],[13],[14], and_[6] provide the notation and
terminology for this paper.

1. PRELIMINARY THEOREMS ONSUBSET OFTOPOLOGICAL SPACES

In this papefT is a non empty topological space.
We now state a number of propositions:

1)
)
3)
4
(6)
(6)
(@)
8

For all subset#, B of T holdsAUB = Qr iff A° C B.

For all subset#, B of T holdsA missesB iff B C A°.

For every subsea of T holdsIntA C A.

For every subset of T holds IntA C IntintA.

For every subse of T holds InfA = IntIntA.

For all subsets, B of T such tha# is closed oB is closed hold$ntAUINtB = Int(AUB).
For all subset#, B of T such thatA is open oB is open holds IndNIntB = IntANB.
For every subse of T holds In{ANAS) = Or.

1This paper was done under the supervision of Z. Karno while the author was visiting the Institute of
Mathematics of Warsaw University in Bialystok.
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(9) Forevery subset of T holdsAU Int(A°) = Qr.
(10) For all subsets, B of T holds IntAU (IntBUB) U (AU (IntBUB)) = IntAUBU (AUB).

(11) For all subsets, C of T holds InintAUAUCU (IntAUAUC) = IntAUCU (AUC).

(12) Forall subsets, Bof T holdsInt(An (IntBNB))N(AN(IntBNB)) = Int(ANB) N (ANB).

(13) For all subsets, C of T holdsInt(IntANANC) N (INtANANC) = Int(ANC)N (ANC).

2. PROPERTIES OFDOMAINS OF TOPOLOGICAL SPACES

In the sequeTl denotes a non empty topological space.
Next we state a number of propositions:

(14) 0y is condensed.
(15) Qfr is condensed.
(16) For every subse of T such thatA is condensed hold&® is condensed.

(17) LetA, B be subsets of . SupposeA is condensed anB is condensed. Then IAtUBU

(AUB) is condensed anladit(ANB) N (AN B) is condensed.
(18) 0y is closed condensed.
(19) Qr is closed condensed.
(20) 0y is open condensed.
(21) Qf is open condensed.
(22) For every subsét of T holdsintA is closed condensed.
(23) For every subsét of T holds IntA is open condensed.
(24) For every subsét of T such that is condensed hold& is closed condensed.
(25) For every subsét of T such thatA is condensed holds IAtis open condensed.
(26) For every subset of T such thatA is condensed hold&® is closed condensed.
(27) For every subset of T such that is condensed holds I(&®) is open condensed.

(28) LetA, B, C be subsets of . Supposé is closed condensed aBds closed condensed and
Cis closed condensed. Thémt(AnInt(BNC)) = Int(Int(ANB)NC).

(29) LetA, B, C be subsets of . Suppose\ is open condensed amlis open condensed al
is open condensed. Then Kt IntBUC = IntiIntAUBUC.

3. THE LATTICE OF DOMAINS

Let T be a topological structure. The domainsTofielding a family of subsets of is defined as
follows:

(Def. 1) The domains of = {A; Aranges over subsets of Ais condensef

Let T be a non empty topological space. Observe that the domaihssafion empty.
Let T be a non empty topological space. The domains unioh gielding a binary operation
on the domains of is defined as follows:

(Def. 2) For all element®\, B of the domains ofT holds (the domains union df)(A, B) =
IntAUBU (AUB).
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We introduce D-UniofiT ) as a synonym of the domains unionTof
Let T be a non empty topological space. The domains me€tys€lding a binary operation on
the domains oT is defined as follows:

(Def. 3) For all elements, B of the domains ofT holds (the domains meet df)(A, B) =

Int(ANB) N (ANB).

We introduce D-Me€fT ) as a synonym of the domains meefTof
We now state the proposition

(30) For every non empty topological spade holds (the domains ofT, D-Union(T),
D-Meef(T)) is a complemented lattice.

Let T be a non empty topological space. The lattice of domaing gfelds a complemented
lattice and is defined as follows:

(Def. 4) The lattice of domains of = (the domains off, the domains union of , the domains
meet ofT).

4. THE LATTICE OF CLOSED DOMAINS
Let T be a topological structure. The closed domaind ofields a family of subsets of and is
defined as follows:
(Def. 5) The closed domains @f= {A; Aranges over subsets of Ais closed condenséd

Let T be a non empty topological space. One can check that the closed domdiris obn
empty.
One can prove the following proposition

(81) For every non empty topological spakéiolds the closed domains &fC the domains of
T.

Let T be a non empty topological space. The closed domains unidryalds a binary opera-
tion on the closed domains @fand is defined as follows:

(Def. 6) For all elements, B of the closed domains df holds (the closed domains unionDf (A,
B) = AUB.
We introduce CLD-Uniofil ) as a synonym of the closed domains uniof of
Next we state the proposition

(32) For all elementsA, B of the closed domains of holds (CLD-Union(T))(A, B) =
(D-Union(T))(A, B).

LetT be a non empty topological space. The closed domains méefiefds a binary operation
on the closed domains af and is defined as follows:

(Def. 7) For all elements, B of the closed domains df holds (the closed domains meetTof(A,
B) = Int(ANB).

We introduce CLD-Medfl ) as a synonym of the closed domains me€l of
Next we state two propositions:

(33) For all elementsA, B of the closed domains oT holds (CLD-MeetT))(A,B) =
(D-Meet(T))(A, B).

(34) For every non empty topological spacéolds(the closed domains af, CLD-Union(T),
CLD-Meet(T)) is a Boolean lattice.

Let T be a non empty topological space. The lattice of closed domaifhs/aflding a Boolean
lattice is defined by the condition (Def. 8).

(Def. 8) The lattice of closed domains ©f= (the closed domains df, the closed domains union
of T, the closed domains meetj.
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5. THE LATTICE OF OPENDOMAINS

LetT be a topological structure. The open domain$ gielding a family of subsets of is defined
as follows:

(Def. 9) The open domains @f = {A; A ranges over subsets f A is open condenséd

Let T be a non empty topological space. Note that the open domaihsgsafion empty.
The following proposition is true

(85) For every non empty topological spateholds the open domains df C the domains of
T.

Let T be a non empty topological space. The open domains unidryalds a binary operation
on the open domains df and is defined by:

(Def. 10) For all elements, B of the open domains of holds (the open domains union &f(A,
B) = IntAUB.

We introduce OPD-UniofT) as a synonym of the open domains uniorT of
The following proposition is true

(36) For all elementsA, B of the open domains off holds (OPD-Union(T))(A, B) =
(D-Union(T))(A, B).

Let T be a non empty topological space. The open domains méeyding a binary opera-
tion on the open domains df is defined by:

(Def. 11) For all elements, B of the open domains of holds (the open domains meet Bj(A,
B) = ANB.

We introduce OPD-Me¢€T ) as a synonym of the open domains meet of
The following propositions are true:

(37) For all elementsA, B of the open domains off holds (OPD-Mee(T))(A, B) =
(D-Meef(T))(A, B).

(38) For every non empty topological spaténolds(the open domains of, OPD-Union(T),
OPD-MeetT)) is a Boolean lattice.

Let T be a non empty topological space. The lattice of open domaifisyiélding a Boolean
lattice is defined by the condition (Def. 12).

(Def. 12) The lattice of open domains Bf= (the open domains df, the open domains union @f,
the open domains meet &f.

6. CONNECTIONS BETWEENLATTICES OFDOMAINS

In the sequeTl denotes a non empty topological space.
We now state several propositions:

(39) CLD-Union(T) = D-Union(T)[[:the closed domains df, the closed domains df.
(40) CLD-MeetT) = D-Mee{(T)|[[:the closed domains &f, the closed domains df.
(41) The lattice of closed domains ®fis a sublattice of the lattice of domains Df

(42) OPD-UnioriT) = D-Union(T)|[[:the open domains &, the open domains & J.
(43) OPD-MeefT) = D-Meet(T)[[:the open domains df, the open domains df ;.

(44) The lattice of open domains ®fis a sublattice of the lattice of domainsDf
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