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The articles|[[15],[[18],[[1[7],[[10],[[1],[[201,12],.16],[18],[[12][16],18], 118],[[7],[[11],[[15], [4],[18],
and [14] provide the notation and terminology for this paper.

For simplicity, we follow the rulesM denotes a non empty metric space&enotes an element
of M, N denotes a non empty metric structunedenotes an element of, G denotes a family of
subsets ofN, C denotes a subset df, R denotes a Reflexive non empty metric structdrelenotes
a Reflexive symmetric triangle non empty metric structtireenotes an element @f Y denotes a
family of subsets off, f denotes a functiom, m, p, k denote natural numbers,s, L denote real
numbers, and denotes a set.

Next we state three propositions:

(1) Foreveni such that 6< L andL < 1 and for alln, m such than < mholdsL™ < L".
(2) For eveny such that 0< L andL < 1 and for everk holdsLX < 1 and 0< LK.

(3) For everyl such that < L andL < 1 and for everys such that O< s there exists1 such
thatL" < s.

Let us consideN. We say thaiN is totally bounded if and only if the condition (Def. 1) is
satisfied.

(Def. 1) Let givenr. Suppose > 0. Then there exist& such thatG is finite and the carrier of
N = UG and for evenyC such thatC € G there existsv such thatC = Ball(w,r).

Let us consideN. We see that the sequenceNis a function and it can be characterized by the
following (equivalent) condition:

(Def. 2) domit=N and rngitC the carrier ofN.

In the sequeg; is a sequence i andS; is a sequence of.
We now state the proposition

(SH f is a sequence df iff dom f = N and for everyn holds f (n) is an element oN.

Let us consideN, S,. We say that; is convergent if and only if:

(Def. 3) There exists an elemexbf N such that for every such thar > 0 there exist# such that
for everym such than < mholdsp(S(m),x) <r.

Let us consideM, S;. Let us assume th&; is convergent. The functor li® yields an element
of M and is defined by:

1 The proposition (4) has been removed.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol3/tbsp_1.html

TOTALLY BOUNDED METRIC SPACES 2

(Def. 4) For everyr such thatr > O there exist: such that for everyn such thatm > n holds
p(Si(m),limS) <r.

Let us consideN, S,. We say tha&; is Cauchy if and only if:

(Def. 5) For every such thar > 0 there existgp such that for alh, msuch thatp < nandp<m
holdsp(S(n), S(m)) <.

Let us consideN. We say thal is complete if and only if:
(Def. 6) For evens, such thatS; is Cauchy holdss; is convergent.

Next we state the proposition
(YH If N is triangle and symmetric arf® is convergent, thes, is Cauchy.

LetM be atriangle symmetric non empty metric structure. Note that every sequeiogtuth
is convergent is also Cauchy.

One can prove the following propositions:

(8) SupposéN is symmetric. Thers; is Cauchy if and only if for every such that > 0 there
existsp such that for alh, k such thatp < n holdsp(S(n+k),S(n)) <r.

(9) Letf beacontraction df1. SupposéV is complete. Then there existsuch thatf (c) =c¢
and for every elementof M such thatf (y) = y holdsy = c.

(10) If Tyop is compact, thefl is complete.
(12@ If N is Reflexive and triangle ardop is compact, theiN is totally bounded.
Let us consideN. We say thaN is bounded if and only if:
(Def. SE] There exists such that O< r and for all pointsx, y of N holdsp(x,y) <r.
LetC be a subset dfl. We say tha€ is bounded if and only if:

(Def. 9) There exists such that O< r and for all points, y of N such that € C andy € C holds
p(xy) <r.

Let A be a non empty set. Observe that the discrete spagaohounded.
One can check that there exists a non empty metric space which is bounded.
We now state several propositions:

(14F oy is bounded.

(15) LetC be a subset dfl. Then

(i) if C+#£ 0andC is bounded, then there existw such that O< r andw € C and for every
pointz of N such that € C holdsp(w,z) <r, and

(i) if Nis symmetric and triangle and there existv such that 0< r andw € C and for every
pointz of N such that € C holdsp(w,z) <, thenC is bounded.

(16) If N is Reflexive and & r, thenw € Ball(w,r) and Bal(w,r) # 0.

(A7) Ifr <0, then Ballty,r) =0.

(19f] Ball(ty,r) is bounded.

(20) For all subsetP, Q of T such thaP is bounded an® is bounded holdPU Q is bounded.

2 The proposition (6) has been removed.

3 The proposition (11) has been removed.
4 The definition (Def. 7) has been removed.
5 The proposition (13) has been removed.
6 The proposition (18) has been removed.
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(21) For all subset€, D of N such thatC is bounded an@® C C holdsD is bounded.

(22) For every subsé of T such thaP = {t;} holdsP is bounded.

(23) For every subsé of T such thaP is finite holdsP is bounded.

Let us conside . One can verify that every subsetDfwhich is finite is also bounded.
Let us considell. Observe that there exists a subseT afhich is finite and non empty.
We now state two propositions:

(24) IfY is finite and for every subsé& of T such that® € Y holdsP is bounded, thet)Y is

bounded.

(25) N is bounded iffQy is bounded.

Let N be a bounded non empty metric structure. Note fyais bounded.
Next we state the proposition

(26) If T is totally bounded, thef is bounded.

Let N be a Reflexive non empty metric structure andddte a subset di. Let us assume that

Cis bounded. The functor@yielding a real number is defined by:

(Def.

10)(i) Forall point, y of N such thak € C andy € C holdsp(x,y) < @C and for everyssuch
that for all pointsx, y of N such thak € C andy € C holdsp(x,y) < sholds @& < sif C #£ 0,

(i) @C =0, otherwise.

The following propositions are true:

(28 For every subse® of T such thaP = {x} holds @ = 0.

(29) For every subs&of Rsuch thaSis bounded holds & @S.

(30) For every subsét of M such thatA £ 0 andA is bounded and &= 0 there exists a point

g of M such thatA = {g}.

(31) If0o<r, then @Ballty,r) <2-r.

(32) For all subsets, V of Rsuch thaSis bounded andf C Sholds @&/ < @S.

(33) For all subset®, Q of T such thatP is bounded an® is bounded and meetsQ holds

B(PUQ) < BP+2Q.

Let us consideN, S;. Then rng is a subset oN.
Next we state the proposition

(34) For every sequenc of T such thats; is Cauchy holds rn§; is bounded.
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