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Summary. This article is a continuation of [3] article. Further properties of classifica-
tion of sets are proved. The notion of hierarchy of a set is introduced. Properties of partitions
and hierarchies are shown. The main theorem says that for each hierarchy there exists a clas-
sification which union equals to the considered hierarchy.
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The articles [9], [2], [12], [6], [13], [1], [14], [10], [7], [8], [5], [11], [4], and [3] provide the notation
and terminology for this paper.

1. TREE AND CLASSIFICATION OF A SET

For simplicity, we follow the rules:A denotes a relational structure,X denotes a non empty set,P1,
P2, P3, Y, a, c, x denote sets, andS1 denotes a subset ofY.

Let us considerA. We say thatA has superior elements if and only if:

(Def. 1) There exists an element ofA which is superior of the internal relation ofA.

Let us considerA. We say thatA has comparable down elements if and only if:

(Def. 2) For all elementsx, y of A such that there exists an elementz of A such thatz≤ x andz≤ y
holdsx≤ y or y≤ x.

We now state the proposition

(1) For every seta holds〈{{a}},⊆〉 is non empty, reflexive, transitive, and antisymmetric and
has superior elements and comparable down elements.

Let us note that there exists a relational structure which is non empty, reflexive, transitive, anti-
symmetric, and strict and has superior elements and comparable down elements.

A tree is a poset with superior elements and comparable down elements.
Next we state four propositions:

(2) For every equivalence relationE1 of X and for all setsx, y, z such thatz∈ [x](E1) and
z∈ [y](E1) holds[x](E1) = [y](E1).

(3) For every partitionP of X and for all setsx, y, z such thatx∈ P andy∈ P andz∈ x and
z∈ y holdsx = y.

(4) For all setsC, x such thatC is a classification ofX andx∈
⋃

C holdsx⊆ X.

(5) For every setC such thatC is a strong classification ofX holds〈
⋃

C,⊆〉 is a tree.
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2. THE HIERARCHY OF A SET

Let us considerY. We say thatY is hierarchic if and only if:

(Def. 3) For all setsx, y such thatx∈Y andy∈Y holdsx⊆ y or y⊆ x or x missesy.

One can verify that every set which is trivial is also hierarchic.
Let us note that there exists a set which is non trivial and hierarchic.
Next we state two propositions:

(6) /0 is hierarchic.

(7) { /0} is hierarchic.

Let us considerY. A family of subsets ofY is said to be a hierarchy ofY if:

(Def. 4) It is hierarchic.

Let us considerY. We say thatY is mutually-disjoint if and only if:

(Def. 5) For all setsx, y such thatx∈Y andy∈Y andx 6= y holdsx missesy.

Let us considerY. One can verify that there exists a family of subsets ofY which is mutually-
disjoint.

The following propositions are true:

(8) /0 is mutually-disjoint.

(9) { /0} is mutually-disjoint.

(10) {a} is mutually-disjoint.

Let us considerY and letF be a family of subsets ofY. We say thatF is T3 if and only if the
condition (Def. 6) is satisfied.

(Def. 6) LetA be a subset ofY. SupposeA∈ F. Let x be an element ofY. If x /∈ A, then there exists
a subsetB of Y such thatx∈ B andB∈ F andA missesB.

The following proposition is true

(11) For every familyF of subsets ofY such thatF = /0 holdsF is T3.

Let us considerY. Observe that there exists a hierarchy ofY which is covering andT3.
Let us considerY and letF be a family of subsets ofY. We say thatF is lower-bounded if and

only if:

(Def. 7) For every setB such thatB 6= /0 andB⊆ F andB is⊆-linear there existsc such thatc∈ F
andc⊆

⋂
B.

The following proposition is true

(12) LetB be a mutually-disjoint family of subsets ofY. Suppose that for every setb such that
b∈ B holdsS1 missesb andY 6= /0. ThenB∪{S1} is a mutually-disjoint family of subsets of
Y and ifS1 6= /0, then

⋃
(B∪{S1}) 6=

⋃
B.

Let us considerY and letF be a family of subsets ofY. We say thatF has maximum elements
if and only if the condition (Def. 8) is satisfied.

(Def. 8) LetSbe a subset ofY. SupposeS∈ F. Then there exists a subsetT of Y such thatS⊆ T
andT ∈ F and for every subsetV of Y such thatT ⊆V andV ∈ F holdsV = Y.
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3. SOME PROPERTIES OFPARTITIONS, HIERARCHIES AND CLASSIFICATIONS OFSETS

One can prove the following propositions:

(13) For every covering hierarchyH of Y such thatH has maximum elements there exists a
partitionP of Y such thatP⊆ H.

(14) Let H be a covering hierarchy ofY andB be a mutually-disjoint family of subsets ofY.
SupposeB⊆H and for every mutually-disjoint familyC of subsets ofY such thatC⊆H and⋃

B⊆
⋃

C holdsB = C. ThenB is a partition ofY.

(15) LetH be a coveringT3 hierarchy ofY. SupposeH is lower-bounded and/0 /∈H. Let A be a
subset ofY andB be a mutually-disjoint family of subsets ofY. Suppose that

(i) A∈ B,

(ii) B⊆ H, and

(iii) for every mutually-disjoint familyC of subsets ofY such thatA ∈ C andC ⊆ H and⋃
B⊆

⋃
C holds

⋃
B =

⋃
C.

ThenB is a partition ofY.

(16) LetH be a coveringT3 hierarchy ofY. SupposeH is lower-bounded and/0 /∈ H. Let A be
a subset ofY andB be a mutually-disjoint family of subsets ofY. SupposeA∈ B andB⊆ H
and for every mutually-disjoint familyC of subsets ofY such thatA∈C andC⊆H andB⊆C
holdsB = C. ThenB is a partition ofY.

(17) LetH be a coveringT3 hierarchy ofY. SupposeH is lower-bounded and/0 /∈H. Let A be a
subset ofY. If A∈ H, then there exists a partitionP of Y such thatA∈ P andP⊆ H.

(18) Let h be a non empty set,P4 be a partition ofX, andh1 be a set. Supposeh1 ∈ P4 and
h⊆ h1. Let P6 be a partition ofX. Supposeh ∈ P6 and for everyx such thatx ∈ P6 holds
x⊆ h1 or h1 ⊆ x or h1 missesx. Let P5 be a set. Suppose that for everya holdsa ∈ P5 iff
a∈ P6 anda⊆ h1. ThenP5∪ (P4 \{h1}) is a partition ofX andP5∪ (P4 \{h1}) is finer than
P4.

(19) Leth be a non empty set. Supposeh⊆ X. Let P8 be a partition ofX. Suppose there exists
a seth2 such thath2 ∈ P8 andh2 ⊆ h and for everyx such thatx∈ P8 holdsx⊆ h or h⊆ x or
h missesx. Let P7 be a set. Suppose that for everyx holdsx∈ P7 iff x∈ P8 andx missesh.
Then

(i) P7∪{h} is a partition ofX,

(ii) P8 is finer thanP7∪{h}, and

(iii) for every partitionP4 of X such thatP8 is finer thanP4 and for every seth1 such thath1∈P4

andh⊆ h1 holdsP7∪{h} is finer thanP4.

(20) LetH be a coveringT3 hierarchy ofX. Suppose that

(i) H is lower-bounded,

(ii) /0 /∈ H, and

(iii) for every setC1 such thatC1 6= /0 andC1 ⊆ PARTITIONS(X) and for all setsP9, P10 such
thatP9 ∈C1 andP10 ∈C1 holdsP9 is finer thanP10 or P10 is finer thanP9 there existP1, P2

such thatP1 ∈C1 andP2 ∈C1 and for everyP3 such thatP3 ∈C1 holdsP3 is finer thanP2 and
P1 is finer thanP3.

Then there exists a classificationC of X such that
⋃

C = H.

ACKNOWLEDGMENTS

I would like to thank Prof. Andrzej Trybulec for his help in the preparation of this article.



HIERARCHIES AND CLASSIFICATIONS OF SETS 4

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbers.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/ordinal1.
html.
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