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Summary. The paper introduces some preliminary notions concerning the Wroclaw
taxonomy according td [14]. The classifications and tolerances are defined and considered
w.r.t. sets and metric spaces. We prove theorems showing various classifications based on
tolerances.
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The articles|[18],[[8],201,[[2],[1181,[[1,[121],1283],[1b],[[2R],.[6]1,[1113],[116],[[12]  [11] ) [10], [17],
[31, 41, [15], [1], and [9] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this paperA, X denote non empty set$, denotes a partial function frofnx, X to R, anda
denotes a real number.

Let us observe that there exists a real number which is non negative.

We now state a number of propositions:

(1) For every finite sequengeand for every natural numbérsuch thatk+ 1 € domp and
k ¢ domp holdsk = 0.

(2) Letp be afinite sequence amdj be natural numbers. Suppase domp andj € domp
and for every natural numbé&rsuch thak € domp andk+ 1 € domp holdsp(k) = p(k+1).
Thenp(i) = p(j).

(3) For every seX and for every binary relatioR on X such thatR is reflexive inX holds
domR = X.

(4) For every seX and for every binary relatioR on X such thatR is reflexive inX holds
rngR=X.

(5) For every seK and for every binary relatioR on X such thaR is reflexive inX holdsR*
is reflexive inX.

(6) LetX,x, ybe sets an®be a binary relation oK. Supposdris reflexive inX. If Rreduces
xtoyandx € X, then(x, y) € R*.

(7) LetX be a set an®R be a binary relation oiX. If Ris reflexive inX and symmetric irX,
thenR* is symmetric inX.
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(8) For every seK and for every binary relatioR on X such thaR is reflexive inX holdsR*
is transitive inX.

(9) LetX be a non empty set ariRibe a binary relation oX. Suppose is reflexive inX and
symmetric inX. ThenR* is an equivalence relation of.

(10) For all binary relationf;, R, on X such thaR; C Ry holdsR;* C Ry*.
(11) SmallestPartitiofd) is finer than{A}.

2. THE NOTION OF CLASSIFICATION

Let Abe a non empty set. A subset of PARTITIOMS is called a classification @k if:

(Def. 1) For all partitionsX, Y of A such thaX € it andY € it holds X is finer thanY orY is finer
thanX.

The following three propositions are true:
(12) {{A}} is a classification oA.
(13) {SmallestPartitiofA)} is a classification oA.

(14) For every subs& of PARTITIONS(A) such thatS= {{A}, SmallestPartitiof)} holdsS
is a classification oA.

Let Abe a non empty set. A subset of PARTITIOMS is called a strong classification &fif:
(Def. 2) ltis a classification of and{A} € it and SmallestPartitiogi\) € it.
We now state the proposition

(15) For every subs& of PARTITIONS(A) such thaS= {{A}, SmallestPartitiofA)} holdsS
is a strong classification &

3. THE TOLERANCE ON ANON EMPTY SET
Let X be a non empty set, Idtbe a partial function froni X, X ] to R, and leta be a real number.
The functor T(f,a) yields a binary relation oX and is defined by:
(Def. 3) For all elements, y of X holds(x, y} € T|(f,a) iff f(x,y) <a
One can prove the following propositions:

(16) If f is Reflexive andh > 0, then T(f,a) is reflexive inX.

(17) If fis symmetric, then [ f,a) is symmetric inX.

(18) Ifa>0andf is Reflexive and symmetric, then(T,a) is a tolerance oK.

(19) LetX be a non empty seff, be a partial function front X, X ] to R, andas, a, be real
numbers. lfa; < ap, then T(f,a1) C T (f,a).

Let X be a set and let be a partial function froni X, X ] toR. We say thaf is non-negative if
and only if:

(Def. 4) For all elementg, y of X holds f(x,y) > 0.
One can prove the following three propositions:

(20) LetX be a non empty setf be a partial function fronj. X, X] to R, andx, y be sets.
Supposé is non-negative, Reflexive, and discernible{Xfy) € T|(f,0), thenx=Yy.

(21) LetX be a non empty sef, be a partial function froni X, X ] to R, andx be an element of
X. If f is Reflexive and discernible, thér, x) € T (f,0).

(22) LetX be a non empty sef,be a partial function fronmi X, X ] to R, anda be a real number.

Suppose T f,a) is reflexive inX and f is symmetric. Ther(T,(f,a))* is an equivalence
relation ofX.
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4. THE PARTITIONS DEFINED BY LOWER TOLERANCE

The following propositions are true:

(23) LetX be a non empty set anflbe a partial function front X, X to R. Supposef is
non-negative, Reflexive, and discernible. TH&n(f,0))* = T(f,0).

(24) LetX be a non empty sef,be a partial function from X, X ] toR, andRbe an equivalence

relation ofX. Suppos&k= (T|(f,0))* andf is non-negative, Reflexive, and discernible. Then
R=idx.

(25) LetX be anon empty sef,be a partial function from X, X ] toRR, andR be an equivalence

relation ofX. Supposd&k= (T(f,0))* andf is non-negative, Reflexive, and discernible. Then
ClasseR = SmallestPartitiofX).

(26) LetX be a finite non empty subset Bf f be a function fronf: X, X ] into R, z be a finite
non empty subset dR, andA be a real number. I£=rngf andA > maxz, then for all
elements, y of X holds f(x, y) <A

(27) LetX be a finite non empty subset Bf f be a function fron{: X, X into R, z be a finite
non empty subset &k, andA be a real number. Suppoze- rngf andA > maxz LetRbe
an equivalence relation &. If R= (T|(f,A))*, then ClasseR = {X}.

(28) LetX be a finite non empty subset &, f be a function from[: X, X into R, z be a
finite non empty subset dR, andA be a real number. I£=rngf and A > maxz, then
(Ti(F,A)" =Ti(f.A).

5. THE CLASSIFICATION ON A NON EMPTY SET

Let X be a non empty set and létbe a partial function fronfi X, X ] toR. The functor FamClass
yielding a subset of PARTITION) is defined by the condition (Def. 5).

(Def. 5) Letx be a set. Them € FamClasg if and only if there exists a non negative real number
a and there exists an equivalence relatiaf X such thaR = (T|(f,a))* and ClasseR = x.

Next we state four propositions:

(29) LetX be a non empty sef, be a partial function fromy X, X ] to R, anda be a non negative
real number. If T(f,a) is reflexive inX and f is symmetric, then FamCla$ds a non empty
set.

(30) LetX be a finite non empty subset Bfand f be a function fron: X, X] into R. If f is
symmetric and non-negative, th¢K } € FamClass.

(31) For every non empty set and for every partial functiorf from [ X, X] to R holds
FamClass is a classification oK.

(32) LetX be a finite non empty subset&fand f be a function fronf. X, X into R. Suppose
SmallestPartitioX) € FamClasg and f is symmetric and non-negative. Then FamClass
is a strong classification of.

6. THE CLASSIFICATION ON A METRIC SPACE

Let M be a metric structure, letbe a real number, and I8ty be elements o. We say thak, y
are in tolerance w.r.ta if and only if:

(Def. 6) p(x,y)<a.

Let M be a non empty metric structure andagte a real number. The functor,{M, a) yields
a binary relation oM and is defined by:
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(Def. 7) For all elements, y of M holds(x, y) € Tn(M,a) iff X, y are in tolerance w.r.&.

One can prove the following two propositions:

(33) For every non empty metric structuvk and for every real numbex holds Tn(M,a) =
T,(the distance oM, a).

(34) LetM be a non empty Reflexive symmetric metric structarbe a real number, ant be
a relation between the carrier bf and the carrier oM. If T = Ty(M,a) anda > 0, thenT
is a tolerance of the carrier .

Let M be a Reflexive symmetric non empty metric structure. The functor MetricFam@lass
yielding a subset of PARTITIONghe carrier oM) is defined by the condition (Def. 8).

(Def. 8) Letx be a set. Them € MetrickamClasM if and only if there exists a non negative real
numbera and there exists an equivalence relat®of M such thatR = (Tn(M,a))* and
Classe® = x.

Next we state several propositions:

(35) For every Reflexive symmetric non empty metric strucMrbolds MetricFamCladd =
FamClassthe distance bf.

(36) LetM be a non empty metric space aRdbe an equivalence relation &fl. If R=
(Tm(M,0))*, then ClasseR = SmallestPartitiofthe carrier oM).

(87) For every Reflexive symmetric bounded non empty metric strudturguch thata >
Q(Qm) holds Tm(M7a) = Uthe carrier ofM-

(38) For every Reflexive symmetric bounded non empty metric strudturguch thata >
@(Qwm) holds Ty(M,a) = (Tm(M,a))*.

(39) For every Reflexive symmetric bounded non empty metric strudturguch thata >
@(Qwm) holds(Tm(M,a))* = Dihe carrier otM-

(40) LetM be a Reflexive symmetric bounded non empty metric strucRibe an equivalence
relation ofM, anda be a non negative real numberalf> @(Qv) andR= (Tn(M, a))*, then
Classef = {the carrier oM }.

Let M be a Reflexive symmetric triangle non empty metric structure and ket a non empty
bounded subset &fl. Note that @ is non negative.
One can prove the following propositions:

(41) For every bounded non empty metric spabk holds {the carrier of M} €
MetricFamClasM.

(42) For every Reflexive symmetric non empty metric struciMrbolds MetricFamCladd is
a classification of the carrier &f.

(43) For every bounded non empty metric sphtéolds MetrickFamCladd is a strong classi-
fication of the carrier oM.
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