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Summary. We introduce some properties of the least upper bound and the greatest
lower bound of the subdomain & numbers, wher® denotes the enlarged set of real num-
bers,R = RU{—, +}. The paper contains definitions of majorant and minorant elements,
bounded from above, bounded from below and bounded sets, sup and inf of set, for nonempty
subset ofR. We prove theorems describing the basic relationships among those definitions.
The work is the first part of the series of articles concerning the Lebesgue measure theory.
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The articlesl[3],[[2],[15], 1], and [4] provide the notation and terminology for this paper.
The set}-w is defined by:

(Def. 1) +o=R.
We now state the proposition
@l +eog¢R.
Letl; be a set. We say thét is positive infinite number-like if and only if:
(Def. 2) 11 = +oo.

Let us observe that there exists a set which is positive infinite number-like.
A positive infinite number is a positive infinite number-like set.
We now state the proposition

(4E] +o0 is a positive infinite number.
The set-w is defined by:
(Def.3) —oo={R}.
Next we state the proposition
6F —w¢R.

Letl1 be a set. We say thét is negative infinite number-like if and only if:

1 The proposition (1) has been removed.
2 The proposition (3) has been removed.
3 The proposition (5) has been removed.
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(Def. 4) Iy = —.

One can verify that there exists a set which is negative infinite number-like.
A negative infinite number is a negative infinite number-like set.
One can prove the following proposition

(8f] —wis a negative infinite number.
Letl; be a set. We say thét is extended real if and only if:
(Def.5) 11 € RU{—0co,+0o}.

Let us note that there exists a set which is extended real.
The sefR is defined as follows:

(Def.6) R=RU{—o, +oo}.

Let us mention that every elementRfis extended real.
An extended real number is an elemenRof

Let us note that every real number is extended real.
The following propositions are true:

(10E] Every real number is an extended real number.
(11) For every set such thak = —o or X =+ holdsx is an extended real number.

4+ is an extended real number. Thew is an extended real number.
The following proposition is true

(14@ —00 £ 400,
Letx, y be extended real numbers. The predicatey is defined as follows:

(Def. 7)(I) There exist real numbeps q such thatp =xandq=yandp < qif xe Randy € R,
(i) x= —oc00ry=+oo, otherwise.

Let us notice that the predicate< y is reflexive and connected. We introduce x as an antonym
of x<y.

Next we state several propositions:

(16 Letx, y be extended real numbers. Supprsea real number anglis a real number. Then
x <yif and only if there exist real numbegs g such thatp = xandg=yandp < q.

(17) For every extended real numbesuch thax € R holdsx ¢ —o.

(18) For every extended real numbesuch thax € R holds-+c £ x.

(19) +oo £ —co.

(20) For every extended real numbehnoldsx < +co.

(21) For every extended real numbehnolds—o < x.

(22) For all extended real numbetsy such thak < y andy < x holdsx=.
(23) For every extended real numbesuch thai < —co holdsx = —co.

(24) For every extended real numbesuch that-co < x holdsx = +o.

4 The proposition (7) has been removed.

5 The proposition (9) has been removed.

6 The propositions (12) and (13) have been removed.
" The proposition (15) has been removed.
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The schem&epR eatoncerns a unary predicafe and states that:
There exists a subs#tof RU {—o, +} such that for every extended real number
x holdsx € X iff P[X]
for all values of the parameters.
We now state three propositions:

(26ff] Ris anon empty set.
(27) For every sex holdsx is an extended real number iffc R.
(29 For all extended real numbexsy, z such tha < y andy < zholdsx < z

Let us observe tha& is non empty.
One can prove the following proposition

(31@ For every extended real numbesuch thaix € R holds—o < x andx < +oo.
Let X be a non empty subset Bf An extended real number is said to be a majoran df
(Def. 9E For every extended real numbesuch thatx € X holdsx < it.
Next we state two propositions:
(33 For every non empty subsk¥tof R holds+ is a majorant ok.

(34) LetX,Y be non empty subsets & SupposeX C Y. LetU; be an extended real number.
If Uy is a majorant ofr, thenU; is a majorant oX.

Let X be a non empty subset Bf An extended real number is said to be a minoran df
(Def. 10) For every extended real numbxesuch thak € X holds it< x.
We now state two propositions:
(36 For every non empty subsk¥tof R holds—o is a minorant oiX.

(39@ Let X, Y be non empty subsets Bf SupposeX C Y. LetL; be an extended real number.
If L1 is a minorant ofY, thenL is a minorant ofX.

R is a non empty subset &.
One can prove the following two propositions:

(41 4o is a majorant oRR.
(42) —oois a minorant ofR.
Let X be a non empty subset Bf We say thaX is upper bounded if and only if:
(Def. 11) There exists a majoradi of X such that); € R.
We now state two propositions:

(44@ For all non empty subseb, Y of R such thatX C Y holds ifY is upper bounded, thex
is upper bounded.

8 The proposition (25) has been removed.

9 The proposition (28) has been removed.

10 The proposition (30) has been removed.

11 The definition (Def. 8) has been removed.

12 The proposition (32) has been removed.

13 The proposition (35) has been removed.

14 The propositions (37) and (38) have been removed.
15 The proposition (40) has been removed.

16 The proposition (43) has been removed.
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(45) Ris not upper bounded.
Let X be a non empty subset Bt We say thak is lower bounded if and only if:
(Def. 12) There exists a minorabt of X such that; € R.
One can prove the following two propositions:

(47@ For all non empty subse?$, Y of R such thaiX C Y holds ifY is lower bounded, theX
is lower bounded.

(48) R s not lower bounded.
Let X be a non empty subset Bf We say thaX is bounded if and only if:
(Def. 13) X is upper bounded and lower bounded.
We now state two propositions:

(50 For all non empty subset$, Y of R such thatX C Y holds if Y is bounded, theiX is
bounded.

(51) LetX be a non empty subset & Then there exists a non empty subgeaif R such that
for every extended real numbeholdsx € Y if and only if X is a majorant oiX.

Let X be a non empty subset Bf The functorX yields a subset dR and is defined by:
(Def. 14) For every extended real numbdroldsx € X iff x is a majorant oi.

Let X be a non empty subset Bt One can verify thaK is non empty.
One can prove the following two propositions:

(54@ For all non empty subse$, Y of R such tha¥X C Y and for every extended real number
x such tha € Y holdsx € X.

(55) LetX be a non empty subset & Then there exists a non empty subgeif R such that
for every extended real numbeholdsx € Y if and only if X is a minorant oiX.

Let X be a non empty subset B The functorX yields a subset dR and is defined by:
(Def. 15) For every extended real numberoldsx € X iff x is a minorant oX.

Let X be a non empty subset B Note thatX is non empty.
We now state a number of propositions:

(58@ For all non empty subse$, Y of R such thaiX C Y and for every extended real number
x such thak € Y holdsx € X.

(59) LetX be anon empty subsetBf SupposeX is upper bounded ard # {—o}. Then there
exists a real numbersuch thak € X andx # —co.

(60) LetX be a non empty subset Bf Suppos& is lower bounded an¥ # {+o}. Then there
exists a real numbersuch thak € X andx # +o.

(62@ Let X be a non empty subset &. SupposeX is upper bounded and # {—}. Then
there exists an extended real numbesuch that); is a majorant oK and for every extended
real numbel such thaly is a majorant oX holdsU; <'y.

17 The proposition (46) has been removed.
18 The proposition (49) has been removed.
19 The propositions (52) and (53) have been removed.
20 The propositions (56) and (57) have been removed.
21 The proposition (61) has been removed.
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(63) LetX be a non empty subset Bf SupposeX is lower bounded an¥ # {+o}. Then there
exists an extended real numhkarsuch that ; is a minorant oiX and for every extended real
numbery such that is a minorant oX holdsy < L;.

(64) For every non empty subsétof R such thaiX = {—} holdsX is upper bounded.
(65) For every non empty subsétof R such thatX = {+} holdsX is lower bounded.

(66) LetX be a non empty subset B SupposeX = {—«}. Then there exists an extended real
numberU; such thatJ; is a majorant oX and for every extended real numhesuch thaty
is a majorant oX holdsU; <.

(67) LetX be anon empty subset Bf SupposeX = {+}. Then there exists an extended real
numberL; such that_; is a minorant ofX and for every extended real numhesuch thaty
is a minorant oX holdsy < Lj.

(68) LetX be a non empty subset &. SupposeX is upper bounded. Then there exists an
extended real numbéh such that); is a majorant oX and for every extended real number
y such thaty is a majorant oX holdsU; <.

(69) LetX be a non empty subset & SupposeX is lower bounded. Then there exists an
extended real numbér such thal; is a minorant ofX and for every extended real number
y such thaty is a minorant oX holdsy < L;.

(70) LetX be a non empty subset & SupposeX is not upper bounded. Lgtbe an extended
real number. Ify is a majorant oK, theny = +oco.

(71) LetX be a non empty subset & SupposeX is not lower bounded. Letbe an extended
real number. Iy is a minorant oX, theny = —oo.

(72) LetX be a non empty subset Bf Then there exists an extended real nunibesuch that
U; is a majorant ofX and for every extended real numbesuch thaty is a majorant oiX
holdsU; <.

(73) LetX be a non empty subset B. Then there exists an extended real nunhesuch that
L1 is a minorant ofX and for every extended real numbesuch thaty is a minorant ofxX
holdsy < L;.

Let X be a non empty subsetBf The functor suiX yielding an extended real number is defined
by:

(Def. 16) supX is a majorant oiX and for every extended real numhesuch that is a majorant of
X holds suX <.

Next we state the proposition

(76@ For every non empty subsktof R and for every extended real numbesuch thaik € X
holdsx < supX.

Let X be a non empty subset &. The functor iniX yields an extended real number and is
defined as follows:

(Def. 17) infX is a minorant ofX and for every extended real numhesuch thaly is a minorant of
X holdsy < inf X.

The following propositions are true:

(79@ For every non empty subsk¥tof R and for every extended real numbesuch thaik € X
holds infX < x.

22 The propositions (74) and (75) have been removed.
23 The propositions (77) and (78) have been removed.
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(80) For every non empty subs¥tof R and for every majorant of X such thatx € X holds
X = supX.

(81) For every non empty subs¥tof R and for every minorart of X such thatx € X holds
x=infX.

(82) For every non empty subsétof R holds supX = inf X and infX = supX.

(83) For every non empty subs¥tof R such thatX is upper bounded and # {—o} holds
supX e R.

(84) For every non empty subs¥tof R such thatX is lower bounded anX # {+o} holds
infX € R.

Letx be an extended real number. Thigd} is a subset oR.
Letx, y be extended real numbers. Thiay} is a subset oR.
We now state a number of propositions:

(85) For every extended real numbehnolds sugx} = x.

(86) For every extended real numbenolds inf{x} = x.

(87) suf—oo} = —oo.

(88) suf+oo} = +oo.

(89) inf{—o0} = —co.

(90) inf{+oc0} = -c0.

(91) For all non empty subseXs Y of R such thatX C Y holds supX < supyY.

(92) For all extended real numbexsy and for every extended real numteesuch thatx < a
andy < a holds sugx,y} < a.

(93) For all extended real numbexsy holds if x <y, then sugx,y} =y and ify < x, then
sup{x, y} = x.

(94) For all non empty subse¥s Y of R such thatX C Y holds infY < infX.

(95) For all extended real numbexsy and for every extended real numteesuch thata < x
anda <y holdsa < inf{x,y}.

(96) For all extended real numbexsy holds if x <y, then infx,y} = x and ify < x, then
inf{x,y} =vy.

(97) LetX be a non empty subset & andx be an extended real number. If there exists an
extended real numbgrsuch thaty € X andx <y, thenx < supX.

(98) LetX be a non empty subset & andx be an extended real number. If there exists an
extended real numbgrsuch tha € X andy < x, then infX <x.

(99) LetX,Y be non empty subsets B Suppose that for every extended real numbsuch
thatx € X there exists an extended real numpsuch thay € Y andx <y. Then supX < supy.

(100) LetX, Y be non empty subsets &. Suppose that for every extended real numbsuich
thaty €Y there exists an extended real numbsuch thak € X andx <y. Then infX <infY.

(101) LetX,Y be non empty subsets &, U, be a majorant oX, andUz be a majorant o¥.
Then sugU,,Us} is a majorant oK UY.

(102) LetX,Y be non empty subsets &, L, be a minorant o, andLz be a minorant of .
Then infLz,L3} is @ minorant o)X UY.
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(103) LetX,Y, Sbe non empty subsets B, U, be a majorant oK, andUs be a majorant oY .
If S=XnNY, theninf{U,,Us} is a majorant of.

(104) LetX,Y, She non empty subsets &, L, be a minorant oKX, andLz be a minorant o¥.
If S=XnNY, then sugly,Ls} is a minorant oS

(105) For all non empty subseXs Y of R holds supX UY) = sup{supX, supY}.

(106) For all non empty subseXs Y of R holds inf X UY) = inf{inf X,infY}.

(107) For all non empty subsexs Y, Sof R such thaS= XNY holds sus < inf{supX,supY}.
(108) For all non empty subseXs Y, Sof R such thaS= XNY holds suginfX,infY} <infS.

Let X be a non empty set. A set is called a non empty set of non empty subsétt of

(Def. 18) It is a non empty subset of 2ind for every sef such thatA € it holds A is a non empty
set.

Let F be a non empty set of non empty subset&of he functor supF yielding a subset aR
is defined as follows:

(Def. 19) For every extended real numiagioldsa € supz F iff there exists a non empty subsebf
R such thatA € F anda = supA.

Let F be a non empty set of non empty subset®oDbserve that syg- is non empty.
One can prove the following three propositions:

(112@ Let F be a non empty set of non empty subsetR@ndSbe a non empty subset B If
S={JF, then suisis a majorant of supF.

(113) LetF be a non empty set of non empty subset®afndSbe a non empty subset Bf. If
S=JF, then supsupF is a majorant of.

(114) LetF be a non empty set of non empty subset®afndSbe a non empty subset Bf. If
S={JF, then sus=supsugF.

Let F be a non empty set of non empty subsetRofThe functor inf F yields a subset oR
and is defined by:

(Def. 20) For every extended real numbenoldsa € infgF iff there exists a non empty subsebf
R such thatA € F anda = infA.

Let F be a non empty set of non empty subset&ofNote that infF is non empty.
Next we state three propositions:

(117@ Let F be a non empty set of non empty subsetR@ndSbe a non empty subset B If
S=UF, theninfSis a minorant of infF.

(118) LetF be a non empty set of non empty subset®a@ndSbe a non empty subset & If
S={JF, theninfinizF is a minorant oS

(119) LetF be a non empty set of non empty subset®a@ndSbe a non empty subset & If
S={F, theninfS=infinfzF.

24 The propositions (109)—(111) have been removed.
25 The propositions (115) and (116) have been removed.
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