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The articles([5],[17],[4], 6], 1], [8], [2], [3], [10], and[B] provide the notation and terminology for
this paper.

1. PRELIMINARIES

In this papeWV, C are sets.
Let us consideW, C. The functor SubstitutionS@t,C) yields a subset of Fi{i¥ —C) and is
defined by the condition (Def. 1).

(Def. 1) SubstitutionS€¥,C) = {A; A ranges over elements of FWW-C) : Aot (UE A = UiS
finite) A Ast:element ovoc (SEAANTLEANSCE = s=1)}.

Next we state two propositions:
(1) 0 € SubstitutionS€V,C).
(2) {0} € SubstitutionSev,C).

Let us conside¥, C. Observe that Substitution$&tC) is non empty.

Let us consideY, C and letA, B be elements of Substitution$€{C). ThenAUB is an element
of Fin(v—-C).

Let us consideY, C. One can check that there exists an element of SubstitutipnEgtwhich
is non empty.

Let us conside¥, C. One can verify that every element of Substitutior{86Z) is finite.

Let us consideY, C and letA be an element of F{iv —C). The functoruAyielding an element
of SubstitutionSeV,C) is defined by:

(Def. 2) pA={t;t ranges over elements ¥f-~C : t is finite A As.clement oivsc (SEA A SCt <

s=t)}.

Let us conside¥, C and letA be a non empty element of Substitution&e€). Observe that
every element oA is function-like and relation-like.

Let us conside¥, C. One can verify that every element\éf-C is function-like and relation-
like.

Let us consideY, C and letA, B be elements of Fify —C). The functorA™ B yields an element
of Fin(V—-C) and is defined by:

(Def. 3) A~B={sUt;sranges over elements\éf~C,t ranges over elements¥f->C:sc ANt €
B A st}
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In the sequeh, B, D denote elements of i\ —C).
Next we state four propositions:

(3) A"B=B"A
(4) 1fB={0},thenA"B=A

(5) For all sets, b such thaB € SubstitutionS€¥,C) anda € B andb € B anda C b holds
a=h.

(6) For every sea such thata € uB holdsa € B and for every seb such thab € Bandb C a
holdsb = a.

Let us consideY, C. One can check that there exists an elemet-6{C which is finite.
Next we state a number of propositions:

(7) For every finite seh such thata € B and for every finite sel such thato € B andb C a
holdsb = aholdsa € uB.

(8) pACA
(9) IfA=0,thenpA=0.
(10) For every finite sdb such thab € B there exists a setsuch that C b andc € puB.
(11) For every elemerk of SubstitutionSeéV¥,C) holdspK = K.
(12) p(AUB) C pAUB.
(13) W(HAUB)=p(AUB).
(14) IfACB,thenA"DCB"D.

(15) For every set such thata € A~ B there exist set$, ¢ such thatb € A andc € B and
a=huc.

(16) For all elementb, c of V--C such thab € Aandc € Bandb =~ ¢ holdsbuc € A" B.
(17) WA~B)CpA"B.

(18) IfACB,thenD~ACD"B.

(19) W(MA™B)=p(A"B).

(20) WA pB) =u(A"B).

(21) Forall elementk, L, M of Fin(V—-C) holdsK ~ (L™ M) = (K~ L)~ M.

(22) For all elementX, L, M of Fin(V—-C) holdsK ~ (LUM) =K~ LUK~ M.

(23) BCB™B.

(24) WA~A) =pA

(25) For every elemerK of SubstitutionS€¥,C) holdsp(K ~ K) = K.
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2. DEFINITION OF THE LATTICE

Let us conside¥, C. The functor SubstLaf¥/,C) yields a strict lattice structure and is defined by
the conditions (Def. 4).
(Def. 4)(i) The carrier of SubstLdl,C) = SubstitutionS€¥,C), and

(i) for all elements A, B of SubstitutionS€¥,C) holds (the join operation of
SubstLattV,C))(A, B) = u(AUB) and (the meet operation of Substl(stiC))(A, B) = p(A™
B).

Let us conside¥, C. Observe that SubstL& C) is non empty.

Let us conside¥, C. Observe that SubstL&t C) is lattice-like.

Let us consideY, C. Note that SubstLai¥/,C) is distributive and bounded.
The following propositions are true:

(26) LsubstLatv,c) = 0.
(27)  Tsubstatvc) = {0}
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