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Summary. The goal of the article is to determine the order of the special points de-
fined in [4] on a special polygon. We restrict ourselves to the clockwise oriented finite se-
quences (the concept defined in this article) that start in N-min C (C being a compact non
empty subset of the plane).

MML Identifier: SPRECT_2.

WWW: http://mizar.org/JFM/Vol9/sprect_2.html

The articles[[16],[[20],[12],[[18],[{6],[15],.[3],[[18],[[4],[1F],[[1],[14],[[156],[[B],[[O],[20], 114 ],T13],
[12], and [7] provide the notation and terminology for this paper.

1. PRELIMINARIES
The following propositions are true:

(1) For all setA, B, C, p such thaANB C {p} andp € C andC missesB holdsAUC misses
B.

(2) Forall set&, B, C, psuch thaANC = {p} andp € BandB C C holdsANB = {p}.
(4E] For all setsA, B such that for all sets, y such thai € A andy € B holdsx missesy holds
JAmissed JB.

2. ON THE FINITE SEQUENCES

We follow the rulesi, j, k, m, n denote natural number®,denotes a non empty set, ahdlenotes
a finite sequence of elementsdf
We now state several propositions:

(5) Ifi<jandi e domf andj € domf andk € dommidf,i, j), then(k+i)—'1 € domf.
(6) Ifi> jandi € domf andj € domf andk € dommidf,i, j), then(i —' k) + 1 € domf.

(7) Ifi<jandiedomf andj e domf andk € dommidf,i,j), then (mid(f,i,j))kx =
feriy—1-

(8) Ifi>jandi e domf and | e domf andk € dommidf,i,j), then (mid(f,i,j))x =
fin041-
(i—-"k)+1

(9) Ifiedomfandjedomf,thenlenmidf,i,j)> 1.

1 The proposition (3) has been removed.
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(10) Ifi e domf andj € domf and lenmidf,i, j) =1, theni = j.
(11) Ifi e domf andj € domf, then mid f,i, ) is non empty.
(12) Ifi e domf andj € domf, then(mid(f,i,j))1 = fi.

(13) Ifi € domf andj € domf, then(mid(f,i, j))lenmid(f,i,j) = fl

3. COMPACT SUBSETS OF THE PLANE

In the sequeK denotes a compact subset#y.
One can prove the following four propositions:

(14) For every poinp of 2 such thatp € X and p, = N-boundX) holdsp € Nimost(X).
(15) For every poinp of 2 such thatp € X and p, = S-boundX) holdsp € Smost(X).
(16) For every poinp of 2 such thatp € X andp; = W-boundX) holdsp € Wmost(X).
(17) For every poinp of E% such thatp € X and p; = E-boundX) holdsp € EqpsiX).

4, FINITE SEQUENCES ON THE PLANE
One can prove the following propositions:

(18) For every finite sequendeof elements ofE% suchthat XX i andi < j andj <lenf holds
L{mid(f,i,]))=U{L(f,k) i<k A k< j}

(19) For every finite sequendeof elements ofE% holds donX-coordinatéf) = domf.
(20) For every finite sequendeof elements ofE% holds donY -coordinatéf) = domf.

(21) For all pointsa, b, ¢ of Z% such thab € £(a,c) anda; < by andc; < by holdsa=Db or
b=cora; =b; andc; = b;.

(22) For all pointsa, b, c of E% such that € £(a,c) anda; < by andc, < b, holdsa=Db or
b=cora,="by,andc, = h,.

(23) For all pointsa, b, c of E% such thatb € £(a,c) anda; > b; andc; > by holdsa=b or
b=cora; =b; andc; = b;.

(24) For all pointsa, b, c of Z% such that € £(a,c) anday > b, andc, > b, holdsa=b or
b=cora,="byandc, = bhs.

5. THE AREA OF A SEQUENCE
Let f, g be finite sequences of elementsEﬁ. We say thag is in the area of if and only if:

(Def. 1) For everyisuch thah € domg holds W-boundZ ()) < (gn)1 and(gn)1 < E-bound Z())
and S-boun@Z(f)) < (gn)2 and(gn)2 < N-bound L(f)).

The following propositions are true:
(25) Every non trivial finite sequendeof elements of£?2 is in the area of .

(26) Letf, g be finite sequences of elementsZ¥. Suppose is in the area of . Let giveni,
j. If i e domgandj € domg, then midg,i, j) is in the area of.

(27) Letf be a non trivial finite sequence of elementsZf and giveni, j. If i € domf and
j € domf, then mid f,i, j) is in the area of.
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(28) Letf, g, hbe finite sequences of elementsif. Suppose is in the area of andhis in
the area off. Theng™ his in the area off.

(29) For every non trivial finite sequendeof elements of£2 holds (NE-cornef£(f))) is in
the area off.

(30) For every non trivial finite sequendeof elements of£2 holds (NW-cornefL(f))) is in
the area off.

(31) For every non trivial finite sequenéeof elements of£2 hoIds(SE—corne@( f)))isinthe
area off.

(32) For every non trivial finite sequendeof elements of£2 holds (SW-coretZ(f))) is in
the area off.

6. HORIZONTAL AND VERTICAL CONNECTIONS
Let f, g be finite sequences of elementsf. We say thag is a h.c. forf if and only if:
(Def. 2) gisinthe area of and(g1); = W-bound Z(f)) and(gieng)1 = E-bound L(f)).
We say thagyis a v.c. forf if and only if:
(Def. 3) gisinthe area of and(g1)2 = S-boundZ(f)) and(gieng)2 = N-bound Z( f)).
Next we state the proposition

(33) Letf be afinite sequence of elementskf andg, h be one-to-one special finite sequences
of elements ofE% Suppose X leng and 2< lenh andg is a h.c. forf andhis a v.c. forf.

ThenZ(g) meetsZ(h).

7. ORIENTATION

Let f be a finite sequence of elementslcﬁ. We say thaf is clockwise oriented if and only if:
(Def.4) (foO Nmin(z(f)))Z € Nmosl(z(f))-
Next we state the proposition

(34) Letf be a non constant standard special circular sequend@.ﬂﬂ\lmin(Z(f)), thenf is
clockwise oriented ifff; € Npmost( L()).

Let us observe thail;> is compact.
Next we state several propositions:

(35) N-boundO;2) =1.

(36) W-boundd;2) =0.

(37) E-boundd;.)=1.

(38) S-boundd;2)=0.

(39)  Nmost(Ty2) = £([0.1],[1,1)).
(40) Nuin(Oz2) = [0,1].

Let X be a non vertical non horizontal non empty compact subsE\?oNote that SpStSeXis
clockwise oriented.

One can verify that there exists a non constant standard special circular sequence which is clock-
wise oriented.

We now state two propositions:
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(41) Letf be a non constant standard special circular sequence andigiveBuppose > |
but 1< j andi <lenf or 1< j andi < lenf. Then mid f,i, j) is a S-sequence iR.

(42) Letf be a non constant standard special circular sequence andigiveBuppose < j
but1<iandj <lenf or1<iandj < lenf. Then midf,i, ) is a S-sequence iR°.

In the sequef denotes a non trivial finite sequence of elementﬁﬁlf
The following propositions are true:

(43)  Nmin(Z(f)) € rngf.
(44) Nmax(L(f)) € mgf.
(45)  Swin(L(f)) € mgf.
(46) Snax(L(f)) e mgf.
(47) Wmin(ZL(f)) € mgf.
(48)  Winax(L(f)

(49)  Emin(L(f)) € mgf.
(50) Emax(L(f)) € rgf.

In the sequef denotes a non constant standard special circular sequence.
We now state a number of propositions:

) erngf.

(1) If1<iandi<jandj<mandm<nandn<lenf and 1<i orn < lenf, then
L(mid(f,i,])) missesZ(mid(f,m,n)).

(52) If1<iandi<jandj<mandm<nandn<lenf and 1<i or n < lenf, then
L(mid(f,i, j)) missesL(mid(f,n,m)).

(33) Ifl1<iandi<jandj<mandm<nandn<lenf and 1<i or n < lenf, then
L(mid(f, j,i)) missesL(mid(f,n,m)).

(54) Ifl<iandi<jandj<mandm<nandn<lenf and 1<i or n < lenf, then
L{mid(f, ],i)) missesL(mid(f,m,n)).

(55)  (Nmin(Z£(f)))1 < (Nmax(Z(f)))1.

(56)  Nmin(L(f)) # Nmax(L(f)).

(57) (Emin(L()))2 < (Emax(L(f)))2:

(58)  Emin(L(f)) # Emax(L()).

(59)  (Smin(Z£(f)))1 < (Smax(L(F)))1-

(60)  Snin(L(f)) # Smax(L(1)).

(61)  (Wmin(L()))2 < (Wmax(L()))2-

(62)  Winin(L(f)) # Wmax(L(f)).

(63) L(NW-cornefL(f)),Nmin(Z(f))) missest(Nmax( L(f)),NE-cornet L(f))).

(64) Letf be afinite sequence of elementskg andp be a point of£2. Suppose is a special
sequence and# fy andpy = (f1)1 or p2 = (f1)2 andL(p, f1) N L(f) = {f1}. Then(p) ™ f
is a S-sequence iR

(65) Letf be a finite sequence of elementszcﬁ andp be a point on%. Supposd is a special

sequence anf # fiens andpy = (flent)1 Or P2 = (fient )2 andL(p, fient) mZ(f) = {fient }.
Thenf ~ (p) is a S-sequence R
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8. APPENDING CORNERS

The following propositions are true:

(66) Let giveni, j. Supposei € domf and j € domf and~midf,i,j) is a S-sequence
in R? and f; = Nmax(L(f)) and Nnax(L(f)) # NE-cornefL(f)). Then (mid(f,i,j)) "
(NE-cornef£(f))) is a S-sequence iR>.

(67) Let giveni, j. Suppose| € domf and j € domf and mldfﬂ,j) is a S-sequence
in R? and fj = Emax(L(f)) and Bnax(L(f)) # NE-cornetL(f)). Then (mid(f,i,j)) ~
(NE-cornetL(f))) is a S-sequence iR2.

(68) Let giveni, j. Supposel € domf and j € domf and mldf,l,J) is a S-sequence
in R and fj = Smax(L(f)) and Snax(L(f)) # SE-cornefZ(f)). Then (mid(f,i,j)) ~
(SE-cornefL(f))) is a S-sequence iR2.

(69) Let giveni, j. SuEposei € domf and j € domf and midf i,j) iIs a S-sequence
in R? and fj = Emax(£(f)) and Enax(L(f)) # NE-cornefL(f)). Then (mid(f,i,j)) "
(NE-cornef£(f))) is a S-sequence iR?.

(70) Let giveni, j. Suppose € domf and j € domf and mid f,i,j) is a S-sequence in
R? and fj = Nmin(£L(f)) and Nmn( (f)) # NW-cornefL(f)). Then(NW-cornefL(f))) "
mid(f,i, j) is a S-sequence iR.

(71) Let giveni, j.NSupposei € dornf and j € domf and mid f,i,j) is a S-sequence iR2
and fi = Wiin(L(f)) and Whin(L(f)) # SW-corne(L(f)). Then (SW-corne(L(f))) ~
mid(f,i, j) is a S-sequence iR2.

Let f be a non constant standard special circular sequence. NotE(th)asatisfies conditions
of simple closed curve.

9. THE ORDER

Next we state two propositions:
(72) If f1 = Nmin(Z(f)), then(Nmin(L(f))) «f f < (Nmax(L(f))) < .
(73) If f1 = Nmin(Z(f)), then(Nmax(L(f))) < f > 1.

In the sequet is a clockwise oriented non constant standard special circular sequence.
The following propositions are true:

(74) If 72 = Nmin(£(2) and Nnax(L(2)) # Emax(L(2), then (Nmax(L(2)) <P Z <
(Emax(L(2))) <P z

(75) If 22 = Nimin(L(2)), then (Emax(L(2))) <P 2 < (Emin(L(2))) <P z

(76) If z = Nmin(L(2)) and Bnn(L(2)) # Smax(L(2), then (Emin(L(2)) <P z <
(Smax(L(2))) <Pz

(77) 1 22 = Nimin(L(2)), then(Smax(L(2))) <P 2< (Smin(L(2))) <P z

(78) If z1 = Nmin(L(2)) and Swn(L(2)) # Wmin(L(2), then (Smin(L(2))) «f z <
(Wmin(L(2))) <P z

(79) If 2= Nmin(£(2) and Nnin(£(2)) # Wmax(L(2)), then (Wmin(L(2))) < Zz <
(Wmax(L(2)) <Pz

(80) 1fz1 = Nmin(L(2)), then(Wmin(L(2))) <P z< lenz
(81) If f1 = Nmin(ZL(f)), then(Wmax(L(f))) < f < lenf.
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