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The articles[[1B],[[2],19],[[1],[41,[[8],[141,[10],[[12],[16],[171, 18], [11], and [5] provide the notation
and terminology for this paper.

1. SEGMENTS IN‘E?

For simplicity, we follow the rulesP denotes a subset G‘;t? f, f1, f2, g denote finite sequences of
elements ofEZ, p, p1, P2, 4, Gu, 02 denote points ofEZ, 1, 12, 1y, 1, denote real numbers, andj,
k, n denote natural numbers.

The following propositions are true:

(1) For all real numbersy, ra, r, r5 such thafry,ro] = [, r5] holdsry = andr, =r5.
(2) Ifi+]j=lenf thent(f,i)=L(ReVf),]).

(3) Ii+1<len(fin),thent(fn,i)= L(f,i).

(4) Ifn<lenfand1<i,thenL(fn,i)= L(f,n+1i).

(5) Ifi<iandi+1<lenf—n,thent(f,,i)=L(f,n+i).

6) Ifi+1l<lenf,thent(f~g,i)=L(f,i).

(7) If1<i,thent(f~g,lenf+i)=L(gi).

(8) If fis non empty and is non empty, the (f ~g,lenf) = L(fient,01).

(9) Ifi+1<len(f—:p),thent(f—:p,i)=L(f,i).

(10) Ifperngf,thent(f:—p,i+1)=L(f,i+p<rf).

11) Z(E(the carrier of£2)) = 0.

(12) L((p)) =0.

(13) Ifpe E(f), then there existssuch that I< i andi+ 1 <lenf andp € L(f,i).
14) lipe Z(f), then there existssuch that I< i andi+1 <lenf andp € L(fj, fit1).

(15) If1<iandi+1<lenfandpe L(f;, fi 1), thenpe L(f).
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(16) If1<iandi+1<lenf,thens(f;,fi.1)C L(f).

(17) I pe L(f,i), thenpe L(f).

(18) Iflenf > 2, then rngf C £(f).

(19) If f is non empty, ther (f ~ (p)) = L(f) U L(fient, p).-
(20) If f is non empty, ther ((p) ~ f) = L(p, f1) UL(f).
(21) ZL((p,9)) = L(p,q).

(22) L(f)=L(Revf)).

(23) If f1 is non empty and; is non empty, thenC (f1~ o) = L(f;) U L((f)lent,, (f2)1) U
L(fp).

(25E| If qe rngf, thenL(f)=L(f —q)UL(f:—q).
(26) If pe L(f,n), thenZ(f)= L(Ins(f,n,p)).

2. SPECIAL SEQUENCES INZ%

One can verify the following observations:
* there exists a finite sequence of element&pfvhich is special sequence,

x every finite sequence of elementsi’)f which is special sequence is also one-to-one, un-
folded, s.n.c., special, and non trivial,

x every finite sequence of elementsﬂéﬁ which is one-to-one, unfolded, s.n.c., special, and
non trivial is also special sequence, and

« every finite sequence of elementsZ# which is special sequence is also non empty.

Let us mention that there exists a finite sequence of elemer# efhich is one-to-one, un-
folded, s.n.c., special, and non trivial.
We now state the proposition

(27) Iflenf <2, thenf is unfolded.

Let f be an unfolded finite sequence of element&@fand let us consider. Observe thaf [n
is unfolded and |, is unfolded.
One can prove the following proposition

(28) If perngf andf is unfolded, therf :— p is unfolded.

Let f be an unfolded finite sequence of elementféfand let us considep. One can check
that f —: pis unfolded.
The following propositions are true:

(29) If f is unfolded, then Re\f) is unfolded.
(30) Ifgis unfolded and(p,g1) N £(g,1) = {g:1}, then(p) ~ g is unfolded.

(31) If f is unfolded andk+ 1 = lenf and L(f,k) N L(fient, P) = {fient}, then f =~ (p) is
unfolded.

(32) Suppose is unfolded andy is unfolded andk+ 1 = lenf and £(f,k) N L(fient,01) =
{flent } andL(fient,01) N L(9,1) = {g1}. Thenf ~ g is unfolded.

1 The proposition (24) has been removed.
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(33) If fisunfolded anch € £(f,n), then Ingf,n, p) is unfolded.
(34) Iflenf <2, thenf iss.n.c..

Let f be a s.n.c. finite sequence of element¥dfand let us considen. Observe thaf [n is

s.n.c. andf|y is s.n.c..
Let f be a s.n.c. finite sequence of elementa{éfand let us considep. One can verify that

f —:piss.n.c..
One can prove the following propositions:

(35) If perngf andf iss.n.c., therf :— piss.n.c..
(36) If fiss.n.c., then Ré\f)is s.n.c..

(37) Suppose that
(i) fiss.n.c,
(i) giss.n.c.,
@iy  L(f) missesL(q),
(iv) for everyi such that I< i andi+2 <lenf holds £(f,i) misses.(fient,01), and
(v) for everyi such that X i andi+ 1 < leng holds £(g,i) misses.( fienf,01)-
Thenf ~giss.n.c..

(38) If fisunfolded and s.n.c. ange £(f,n) andp ¢ rngf, then Ingf,n, p) is s.n.c..

Let us observe thae carier orz2) 1S SPECIA.
Next we state two propositions:

(39) (p) is special.
(40) If pp=q1 or p2 = O, then(p,q) is special.

Let f be a special finite sequence of eIement&Eéfand let us consider. Observe thaf [n is
special and |, is special.
Next we state the proposition

(41) If perngf andf is special, therf :— pis special.

Let f be a special finite sequence of elementféfand let us considep. One can check that
f —: pis special.
Next we state four propositions:

(42) |If f is special, then Ré\) is special.
(44E] If fisspecialang € L(f,n), then Ingf,n, p) is special.

(45) Ifg ergf and 1£4£qg«r f andq <, f £ lenf and f is unfolded and s.n.c., theE(f —:
) NL(f:—a) ={a}.
(46) If p#£qandif py = or p2 = gz, then(p,q) is special sequence.

A S-sequence iiR? is special sequence finite sequence of eIemerrE;%of
We now state several propositions:

(47) For every S-sequendein R? holds Reyf) is special sequence.
(48) For every S-sequendein R? such thai € domf holds f; € Z( f).
(49) If p£qandifpy=q or p2 =gz, thenL(p,q) is special polygonal arc.

2 The proposition (43) has been removed.
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(50) For every S-sequendein R? such thatp € rngf andp <P f # 1 holdsf —: p is special
sequence.

(51) For every S-sequendan R? such thatp € rngf andp < f #lenf holdsf :— pis special
sequence.

(52) Forevery S-sequenden R? such thaip € £(f,i) andp ¢ rngf holds Ingf,i, p) is special
sequence.

3. SPECIAL POLYGONS IN E2

Let us observe that there exists a subs@:%)f/vhich is special polygonal arc.
Next we state the proposition

(53) If Pis a special polygonal arc joiningy and py, thenP is a special polygonal arc joining
pz andp;.

Let us considep;, p2 and letP be a subset oE% We say thap; and p, split P if and only if
the conditions (Def. 1) are satisfied.

(Def. 1)())  p1# p2, and
(i) there exist S-sequencés, f, in R? such thatp; = (f1); andpy = (f2)1 andp, = (f1)lent,
andpz = (f2)lent, and L(f1) N L(f2) = {p1, p2} andP = L(f1) U L(f2).

We now state four propositions:
(54) If pp andp; split P, thenp, andp; split P.
(55) |If p1 andpy split P andqg € P andq # p1, thenpy andq split P.
(56) If pp andpy split P andq € P andq # pz, theng and p; split P.
(57) If ppandpy splitP andg; € P andg, € P andq; # g2, theng; andgp split P.
Let P be a subset ofE% Let us observe tha is special polygon if and only if:
(Def. 2) There exisps, pz such thatp; andpy split P.

We introduceP is special polygonal as a synonymmfs special polygon.
Let us considery, ry, r}, ry. The functor(ry,ro,r,r5] yielding a subset of2 is defined by the
condition (Def. 3).

(Def. 3) [ri,ro,rp,ro)={p:p1i=ri A pa<ro, Apa>r;Vpi<roApi>riApr=r,V p<
RAPL2TL A P2=rpV pr=ra2Ap2<ry A p2>ri}.

Next we state three propositions:

(58) Ifry<rpandr] <ry, thenfry,ro,ry,r5] = L([r1,rq],[r1,r5) U L([r1,r5], [r2,r5]) U (L([r2,
o) [r2,ral) U L([r2,r4], [r1, 1))

(59) Ifry <rpandry <rj, then[rq,ra,ry,r5] is special polygonal.
(60) O,z =1[0,1,0,1].

One can check that there exists a subs@%ﬁvhich is special polygonal.
The following proposition is true

(61) O is special polygonal.
One can check the following observations:

x there exists a subset Gﬁ% which is special polygonal,
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* every subset of2 which is special polygonal is also non empty, and

x every subset orE% which is special polygonal is also non trivial.

A special polygon irR? is a special polygonal subsetﬁ?.

One can prove the following propositions:

(62) If Pis special polygonal arc, théhis compact.

(63) Every special polygon iR? is compact.

(64) If Pis special polygonal, then for gth, p2 such thatp; # p, andp; € P andp, € P holds

p1 andp; split P.

(65) Suppos® is special polygonal. Let givepy, p2. Suppose # pz andp; € Pandp, € P

Then there exist subsd®s, P, of Z% such that
(i) Pyis aspecial polygonal arc joiningy and py,

(i) Py is aspecial polygonal arc joiningy and p2,

(i)  PiNPy={p1,p2}, and

(1

(2

(3]

4

(5]
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[13]

[14]

(iv) P=PLUP,.
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