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Summary. First, extremal properties of endpoints of line segments in n-dimensional
Euclidean space are discussed. Some topological properties of line segments are also dis-
cussed. Secondly, extremal properties of vertices of special polygons which consist of hori-
zontal and vertical line segments in 2-dimensional Euclidean space, are also derived.
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[10] provide the notation and terminology for this paper.

1. PRELIMINARIES

One can prove the following propositions:
(ZH For every finite seA holdsA is trivial iff cardA < 2.

(3) For every seA holdsA is non trivial iff there exist setas, ap such thata; € Aanda; € A
anda; # ap.

(4) LetD be a set and\ be a subset ob. ThenA is non trivial if and only if there exist
elementdl;, d; of D such that; € Aandd, € Aandd; # da.

We follow the rulesn, i, k, mdenote natural numbers and 1, ra, S, 51, S denote real numbers.
One can prove the following propositions:

(5) Ifr<sthenr—1<sandr—1<sandr <s+1andr<s+1
(6) Ifn<k thenn<k—1andifr <s thenr—1<sandr—1<sandr <s+1andr <s+1.
(7) 1f1<k—mandk—m< n, thenk—me Segn andk— mis a natural number.
(8) Ifry>0andr,>0andr;+r, =0, thenr; =0 andr, =0.
(9) Ifry<0andrp<0andri+r,=0,thenr; =0andr, =0.
(10) IfOo<riandri<landO<rzandrp<landri-r, =1 thenry=1andr,=1

(11) Ifry>0andr,>0ands; >0ands, >0andri-s+r2-s =0, thenry =0 ors; = 0 but
rpr=0o0rs; =0.

1 The proposition (1) has been removed.
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(12) Ifo<randr<lands >0ands;,>0andr-s;+(1-r)-s=0,thenr =0ands; =0
orr=1ands; =0o0rs; =0ands, =0.

(13) Ifr <rgandr <ry, thenr < min(rq,rz).

(14) Ifr >rgandr >ry, thenr > max(ry,ra).

In this article we present several logical schemes. The sch@n$egFamdeals with a non
empty set4, a finite sequenc® of elements of4, a binary functor¥ yielding a set, and a unary
predicateP, and states that:

{F(B,i):i e domB A P]i]} is finite
for all values of the parameters.

The schem&inSeqFamdeals with a non empty set, a finite sequence of elements of1, a
binary functor? yielding a set, and a unary predicateand states that:

{F(B,i):1<i ANi<lenB A P]i]} s finite
for all values of the parameters.
Next we state several propositions:

(15) For all elementsg, X2, X3 of R" holds|x; — Xa| — [X2 — x3| < |X1 —X3].
(16) For all elementsg, X2, X3 of R" holds|xo — X1| — [X2 — X3| < |[X3 —Xa|.
(17) Every point of£7 is an element off " and a point ofE".
(18) Every point ofE" is an element o " and a point ofE].

(19) Every element oR" is a point of£" and a point of£7.

2. PROPERTIES OF LINE SEGMENTS

We use the following conventiom; sare real numbers ang p1, pz, 01, g2 are points of£f.
Next we state a number of propositions:

(20) For all pointau, up of E" and for all elementsy, v, of ®" such thaty; = u; andv, = up
holdsp(ug,uz) = [v1 — V2.

(21) For allp, p1, p2 such thatp € L(p1, p2) there exists such that 0< r andr < 1 and
p=(1-r)-pr+r-p2

(22) Forallpy, p2, r suchthat 6<r andr <21 holds(1—r)-p1+r-p2 € L(p1, P2).

(23) LetP be a non empty subset @. SupposeP is closed and® C L(pz, p2). Then there
existss such that(1—s)- p1 +s- p2 € P and for everyr such that O< r andr <1 and
(1—r)-p1+r-p2€Pholdss<r.

(24) For allpy, p2, a1, g2 such that£(g:,02) € L(p1, p2) andpr € L(d1,02) holdspy =gy or
P1=0Q2.

(25) Forallpy, p2, a1, g2 such thatZ(py, p2) = L(d1,02) holdspy = g andpz = gz or p1 = 02
andpz = qu.

(26) E{isaT, space.
(27) {p} is closed.
(28) L(p1,p2) is compact.
(29) L(p1,p2) is closed.
Let us considen, p and letP be a subset of7. We say thap is extremal inP if and only if:

(Def. 1) pePand forallps, p2 such thatp € £(p1, p2) andL(p1, p2) € P holdsp= p; or p= py.
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Next we state several propositions:

(30) For all subset®, Q of Z{ such thatp is extremal inP andQ C P andp € Q holds p is
extremal inQ.

(31) pisextremalin{p}.

(32) piis extremal inL(p1, p2).

(33) p2isextremal inL(p1, p2).

(34) If pis extremal inL(p1, p2), thenp= py or p= pa.

3. ALTERNATING SPECIAL SEQUENCES

We use the following conventior®, Q are subsets 015% f, f1, f are finite sequences of elements
of the carrier of£2, andp, p1, p2, Ps, g are points ofE2.
One can prove the following proposition

(35) For all p1, pz such that(p1)1 # (p2)1 and (p1)2 # (p2)2 there existsp such thatp €
L(p1, p2) andpy # (p1)1 andpy # (p2)1 andpz # (p1)2 andpz # (p2)2-

Let us consideP. We say thaP is horizontal if and only if:
(Def. 2) For allp, g such thatp € P andq € P holdsp, = qp.
We say thaP is vertical if and only if:
(Def. 3) For allp, g such thatp € P andq € P holdsp; = q;.

Let us note that every subset & which is non trivial and horizontal is also non vertical and
every subset o2 which is non trivial and vertical is also non horizontal.
One can prove the following propositions:

(36) p2=qiff L(p,q) is horizontal.
(37) pr=quiff L(p,q) is vertical.

(38) If pre L(p,q) andpz € L(p,q) and (p1)1 # (P2)1 and (p1)2 = (p2)2, then L(p,q) is
horizontal.

(39) If pre L(p,q) andpz € L(p,q) and (p1)2 # (P2)2 and (p1)1 = (p2)1, then L(p,q) is
vertical.

(40) L(f,i)isclosed.
(41) If f is special, ther (f,i) is vertical orL(f,i) is horizontal.
(42) If fis one-to-one and £ i andi+ 1 <lenf, thenLZ(f,i) is non trivial.

(43) If f is one-to-one and X i andi+1 < lenf and L(f,i) is vertical, thenL(f,i) is non

horizontal.
(44) Foreveryf holds{L(f,i):1<i Ai<lenf}is finite.
(45) Foreveryf holds{L(f,i):1<i Ai+1<lenf}isfinite.
(46) For everyf holds{L(f,i):1<i A i<lenf} is afamily of subsets of2.
(47) For everyf holds{L(f,i):1<i A i+1<lenf} isa family of subsets of2.

(48) Foreveryf suchthaQ =U{L(f,i):1<i Ai+1<lenf} holdsQis closed.

(49) L(f)is closed.
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Let I, be a finite sequence of elementsd. We say that; is alternating if and only if:

(Def. 4) For everyi such that 1< i andi + 2 < lenly holds ((11)i)1 # ((11)i+2)1 and ((11)i)2 #
((I)i+2)2-

The following propositions are true:

(50) If f is special and alternating and<li andi+2 < lenf and(f;)1 = (fi+1)1, then(fi;1)2=
(fit2)2-

(51) If f is special and alternating and<li andi+2 < lenf and(fj)2 = (fit+1)2, then(fi;1)1=
(fir2)1.

(52) Supposd is special and alternating and<li andi + 2 < lenf andp; = fi andpz = fi;1
andpsz = fi12. Then(p1)1 = (pz2)1 and(ps)1 # (P2)1 Or (P1)2 = (P2)2 and(ps)2 # (P2)2.

(53) Supposd is special and alternating and<li andi +2 < lenf andp; = fi andp, = fi11
andps = fiy2. Then(pz)1 = (ps)1 and(p1)1 # (P2)1 Or (P2)2 = (P3)2 and(p1)2 # (P2)2-

(54) If f is special and alternating and<li andi + 2 < lenf, then L(fj, fi;2) € L(f,i)U
L(f,i+1).

(55) If f is special and alternating and<li andi+ 2 < lenf and £(f,i) is vertical, then
L(f,i+1)is horizontal.

(56) If f is special and alternating and<li andi+ 2 < lenf and L(f,i) is horizontal, then
L(f,i+1)is vertical.

(57) SupposH is special and alternating and<li andi +2 < lenf. ThenL(f,i) is vertical and
L(f,i+1)is horizontal or£(f,i) is horizontal and_( f,i + 1) is vertical.

(58) Supposd is special and alternating and<li andi+ 2 <lenf and fi;1 € £(p,q) and
L(p,g) C L(f,i)UL(f,i+1). Thenfizs=porfiz1=q.

(59) If fis special and alternating and<li andi + 2 < lenf, thenfi1 is extremal inZ(f,i)U
L(f,i4+1).

(60) Letu be a point ofE2. Suppose is special and alternating and<li andi +2 < lenf and
u= fiyg andfiy1 € L(p,q) andfi1 #qgandp ¢ L(f,i)UL(f,i+1). Let givens. If s> 0,
then there existps such thatps ¢ £(f,i)U L(f,i4+1) andps € L(p,q) andps € Ball(u,s).

Let us consideff;, fo, P. We say thaff; and f, are generators @@ if and only if the conditions
(Def. 5) are satisfied.

(Def. 5) f1 is alternating and special sequence afidis alternating and special sequence
and (f1)1 = (f2)1 and (fo)ens, = (f2)ienr, and ((f1)z,(f1)1,(f2)2) is alternating and
((fo)ient,—1, (f1)tenty, (f2)ient, 1) is alternating and f1)1 7# (fu)ienr, and L(f1) N L(f2) =
{(f1)1, (f1)ient, } andP = L(f1) U L(f).

We now state the proposition

(61) If f; andf, are generators ¢? and 1< i andi < lenfy, then(f1); is extremal inP.
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