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Summary. This article describes definitions of sine, cosine, hyperbolic sine and hy-
perbolic cosine. Some of their basic properties are discussed.
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The articles([11],[[8],[[5],[12],01],[[10],[[4], 18], 2], 6], 8], [18], and 7] provide the notation and
terminology for this paper.

1. DEFINITIONS OF TRIGONOMETRICFUNCTIONS

We use the following conventiorx, y are elements oR, z, z;, z, are elements of’, andn is a
natural number.
The function sig from C into C is defined by:

(Def. 1) sinx(z) = %
The function cog from C into C is defined as follows:
S
(Def.2) cosg(z) = w.

The function sinh from C into C is defined by:
(Def. 3) sinhy(z) = 22,202,
The function cosh from C into C is defined by:

+ —
(Def. 4) cosh(z) = %’W.

2. PROPERTIES OFTRIGONOMETRICFUNCTIONS ONCOMPLEX SPACE
One can prove the following propositions:
(1) For every elemergof C holds sin,- Sing,+C€0s7-COS 7, = 1¢.
(2) —sing,=sinc_,.
(3) cog;=cos ;.
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SiNcz, 47, = SiNcy, - COS 7, +COSc7, - SiNcy, -
SiNcz, 7, = SiNcy, - COSz, — COSc7, - SiNCy, -

COS 7,42, = COS:z, - COS7z, — SiNcy, - SiNcy, -

COS 7,7, = COS:z, - COSz, + SiNcy, - SiNcy, -
cosh,- coshy, —sinhz, - sinhe, = 1c.

—sinhy, = sinhe_,.

cosh, =cosh-_,.

SiNktz, 42, = SiNhcy, - COSht4, 4 cosht,, - sinhey, .
Sinktz, 7, = Sinhcy, - cosht,, —coshyy, -sinhe,, -
COSlt;, 7, = COSht,, - coshr,, —sinhg,, -sinhe,, .
COSR 7, 17, = COSlt 5, - COSht4, +sinhcy, -sinhc,, .
Sincj., =i -sinhe,.

C0%j.; = cosh,.

sinhyj., =i-sinc;.

coshj.; = CO%5.

For all elements, y of R holds exgx+ yi) = exp(x) - cogy) + (exp(X) - sin(y))i.
exdOc) = 1+0i.

Sinco. = Oc.

sinhto. = Oc.

Cogq. = 1+0i.

coslgg. = 1+0i.

expe = cosh:,+sinh;;,.

exd—z) = coshy, — sinh,.

exgz+ (2-m+0i)-i) = expzand expz+ (0+ (2- 1)i)) = expz.

exg0+ (2-1-n)i) = 1+ 0i and exg(2-1t-n+0i)-i) = 14-0i.

exfO+ (—2-1-n)i) =1+ 0i and exg(—2-1-n+0i)-i) = 1+0i.

exfO+ ((2-n+1)-mi) =—140i and exg((2-n+1) -1+ 0i)-i) = =14 0i.
exg0+ (—(2-n+1)-mi)=—1+0i and exg(—(2-n+1)-1+0i) i) = =1+ 0i.
exf0+ ((2-n+ 3)-m)i) = 0+ 1i and ex((2-n+ 3) -7+ 0i) -i) = 0+ 1i.
exf0+ (—(2-n+3) - m)i) = 0+ (—1)i and exg(—(2-n+ 3) - T+0i) i) = 0+ (—

SiMcz4 (2.n-mer0i) = SiNcz-
COZz+(2.nmr0i) = COXz.
exyi - z) = cosz+i - sing;.
exd—i-z) = cos,—i-Sinc,.

1)i.
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(38) For every elementof R holds siry, ¢ = sin(x) + 0.
(39) For every elementof R holds cosy g = cogx) + Oi.
(40) For every elementof R holds sinlgy, ¢ = sinh(x) + 0.
(41) For every elementof R holds coshy, ¢ = coshx) + Oi.
(42) For all elements, y of R holdsx+yi = (x+0i) +i- (y+0i).
(43)  sincyqyi = sin(x) - coshy) + (cogx) - sinh(y))i.

(44) SNy (_y)i = Sin(x) - cosHy) + (—cos(x) - sinh(y))i.

(45) cOoSyyyi = cOgX) - coshy) + (—sin(x) - sinh(y))i.

(46) COSy((_y)i = cOgX) - coshly) + (sin(x) - sinh(y))i.

(47)  sinhryyyi = sinh(x) - cogy) + (cosh(x) - sin(y))i.

(48)  sinhty (_y)i = sinh(x) - cogy) + (—coshx) - sin(y))i.
(49) cosly,yi = coshx) - cogy) + (sinh(x) - sin(y))i.

(50)  cosliy, (—y)i = coshx) - cogy) + (—sinh(x) - sin(y))i.

(51) For every natural number and for every element of C holds (cos:,+i - sing,)fy =
COS: (n0i)-z 1+ * SINE (n40i)-2-

(52) For every natural number and for every element of C holds (cos:,—i - sing,)fy =
COS: (n40i)-z —1 * SINC (n40i) 2

(53) For every natural number and for every elemerz of C holds exgi- (n+0i)-2) =
(Ccoscz+i - sincz)R-

(54) For every natural number and for every elemert of C holds exg—i-(n+0i)-z) =
(cosz—i-sincy)R-

(55) For all elements, y of R holds L sinheyyyi+353 - sinhe, y)i = (sinh(x) -cogy) +
coshx) - sin(y)) + 0.

(56) For all elements, y of R holds 5 - coshiy,yi + 4 - coshey (_y)i = (sinh(x) -sin(y) +

coshx) - cogy)) + Oi.

. . coshr (2,.0i).z—(1+0i
(57) sinh,-sinhc, = %

cosht (24 0iy.z+(1+0i
(58) cosh, cosh,, = ez X

(59) sinht(240i)., = (2+0i) - sinhc, - coshy; and cosh 2., = (2+ 0i) - cosh, - coshe, —(1+
0i).

(60) sinh, -sinhc,, —sinhc, - sinhc,, = sinhey, 4, - Sinhe,, 7, and coshy, - cosht,, — cosht,, - cosht,, =
Sinhcz, 42, - SiNhez, 7, and sinky, - sinhe,, — sinhc, - sinhe,, = coshyy, - cosht,, —cosht,, - cosht,, .

(61) cosly, 7, - COSIt, 7, = Sinhcy, -SiNhe,, +COSht, - cosh,, and coshy, 4, -COShty, 5, =
cosfht, - cosht,, +sinhcy, - sinhe,, and sink, - sinhe,, +cosht, - cosht,, = coshy, - cosht,, +sinhe,, - sinhe,, .

(62) sinh:(21.0).2 +SiNhe (240i).2, = (24 01) -SiNhez, 4 5, - COSE, 7, AN SING: (21.01) 2, — SINNE (2401).2, =
(2+0i) -sinhcy, 7, - COShr2, 4 7, -

(63) cOSR (2102 +COSh: (240i).2, = (240i) - COStrz, 17, - COShLz 7, AN €COSR 21.01).zy — COSh: (24032, =
(240i) - sinhcy, 47, - Sinhez, 5, -
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