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Summary. This article introduces the monotone increasing and the monotone de-
creasing okinusandcosing and definitions of hyperbolisinus hyperboliccosineand hyper-
bolic tangent and some related formulas about them.
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The articles|[[9],[[12],[[1],110],[[2],123],l6],0¥],[11],[15],08],[4],[14], and 3] provide the notation
and terminology for this paper.

1. MONOTONEINCREASING AND MONOTONEDECREASING OFSINUS AND COSINE

We adopt the following conventiom, g, r, t; denote real numbers amdienotes a natural number.
The following propositions are true:

(1) Ifp>0andr>0,thenp+r>2-,/p-T.
(2) sinisincreasing of0, 5|.
(3) sinis decreasing o, 1.
(4) cosis decreasing 40, J|.
(5) cosis decreasing 4§, 1.
(6) sinis decreasing gjm, % -1
(7) sinis increasing ofg - 11,2 1.
(8) cos isincreasing ofm, % -T1.
(9) cosisincreasing o}g -T2 10
(10) sint;) =sin(2-1-n+ty).
(11) cost;) =cog2-T-n+ty).
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2. HyPERBOLIC SINUS, HYPERBOLIC COSINE AND HYPERBOLIC TANGENT
The partial function sinh fronR to R is defined by:
(Def. 1) domsinh=TR and for every real numbet holds sintid) = w.
Letd be a number. The functor sidhs defined as follows:
(Def. 2) sinkd = sinh(d).

Letd be a number. One can check that gk real.
Letd be a number. Then simhis a real number.
The partial function cosh froR to R is defined as follows:

(Def. 3) domcosh= R and for every real numbetholds coskd) = w.
Letd be a number. The functor codlis defined by:
(Def. 4) coshd = cosh(d).

Letd be a number. Note that codlis real.
Letd be a number. Then codhis a real number.
The partial function tanh fror® to R is defined by:

(Def. 5) domtanh=R and for every real numbetrholds taniid) = %m.
Letd be a number. The functor tadhs defined as follows:
(Def. 6) tanhd = tanh(d).

Letd be a number. One can check that tdnfreal.
Letd be a number. Then taghs a real number.
We now state a number of propositions:

(12) exgp+a) = exp(p) -exp(q).
(13) exg0)=1.

(14) coslip)? —sinh(p)? = 1 and coshp) - cosk{p) — sinh(p) - sinh(p) = 1.
(15) coslip) # 0 and coslip) > 0 and cost0) = 1.

(16) sin0) =0.

(17) tantp) = B

(18) sini{(p)?= 1 (cosi2: p) — 1) and coskp)? = 5 - (cosh2- p) +1).

(19) coshi—p) = cosH p) and sinti—p) = —sinh(p) and tanki—p) = —tanh(p).

(20) coslip+r) = coshp) - coshr) + sinh(p) - sinh(r) and coslip —r) = coshp) - coshr) —
sinh(p) - sinh(r).

(21) sinp+r) = sinh(p) - cosh(r) + cosH p) - sinh(r) and sinkip —r) = sinh(p) - cosKr) —
coshp) - sinh(r).

(22) tankp+r) = 71??51?2;;?:5(&2) and tanlip—r) = 7&%’&);;?;5{2)

(23) sini(2-p) = 2-sinh(p) - cosk(p) and cosk2- p) = 2-cosi{p)? — 1 and tank2 - p) =
2-tanh(p)
1+tanh(p)2”

(24) sinH(p)? - sinh(g)? = sinh(p+q) - sinh(p — q) and sinfip+ q) - sinh(p — q) = coshp)? —
coshq)? and sinffp)? — sinh(q)? = coshp)? — cosKq)?.
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(25) sini(p)?+coshg)? = coshp+q) - cosh{ p—q) and coskip+q) -cosh p—q) = cosh(p)? +
sinh(q)? and sinkip)? + cosh{q)? = cosh p)? + sinh(q)?.

(26) sink(p) +sinh(r) = 2-sinh(§ + §) - cosi§ — §) and sinlfp) — sinh(r) = 2-sinh(§ — 5)-
cosi{5+5).

(27) coslip) +coshr) =2-coshi(§ + 5)-cosi{5 — §) and coslp) — cosH{r) = 2-sinh(§ — 5) -
sinh(§+5).

(28) tank(p)+ tanh(r) = S0 and tanifp) — tanh(r) = SR

(29) (cosHp) +sinh(p))" = coshn- p) +sinh(n- p).
One can verify the following observations:
*  sinh is total,
x cosh is total, and
* tanh is total.

We now state a number of propositions:

(30) domsinh=R and domcosk= R and domtanhk= R.
(31) sinh is differentiable i and sink(p) = cosHp).
(32) cosh is differentiable ip and cosH p) = sinh(p).
(33) tanh is differentiable ip and tanh(p) = Frl(p)z'
(34) sinh is differentiable of and sinh(p) = coshp).
(35) cosh is differentiable ok and cosH p) = sinh(p).

(36) tanh is differentiable oR and tanh(p) = —=

cosi(p)?”

(37) coship) > 1.

(38) sinhis continuous ip.

(39) cosh is continuous ip.

(40) tanhis continuous ip.

(41) sinhis continuous oR.

(42) cosh is continuous dR.

(43) tanhis continuous dR.

(44) tankp) < 1 and tanhp) > —1.
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