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Summary. A graph is simple when
e itis non-directed,
o there is at most one edge between two vertices,
e there is no loop of length one.

A formalization of simple graphs is given from scratch. There is already an aiticle [10],
dealing with the similar subject. It is not used as a starting-point, because [10] formalizes
directed non-empty graphs. Given a set of vertices, edge is defined as an (unordered) pair of
different two vertices and graph as a pair of a set of vertices and a set of edges.

The following concepts are introduced:
simple graph structure,
the set of all simple graphs,
equality relation on graphs.
the notion of degrees of vertices; the number of edges connected to, or the number of
adjacent vertices,
the notion of subgraphs,
path, cycle,
e complete and bipartite complete graphs,

Theorems proved in this articles include:

¢ the set of simple graphs satisfies a certain minimality condition,
e equivalence between two notions of degrees.

MML Identifier: SGRAPH1.

WWW: http://mizar.org/JFM/Vol6/sgraphl.html

The articles[[1R2],[[7],[[156],[183],12],[L],[4],15],16],3],19], [8], [14], and [11] provide the notation
and terminology for this paper.

1. PRELIMINARIES

Let m, n be natural numbers. The functon, n]y yields a subset d¥ and is defined by:
(Def. 1) [m,n]y = {i;i ranges over natural numbera:<i A i <n}.

Let m, n be natural numbers. Observe tfatn|y is finite.
Next we state several propositions:

(ZH Let m, n be natural numbers arebe a set. Thee € [m,n|y if and only if there exists a
natural number such thae=iandm<iandi <n.

(3) For all natural numbens, n, k holdsk € [m,n|y iff m< kandk <n.

1 The proposition (1) has been removed.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol6/sgraph1.html

THE FORMALIZATION OF SIMPLE GRAPHS 2

(4) For every natural numberholds[1, ny = Seq.

(5) For all natural numbens, n such that I< mholds[m,ny C Segn.

(6) For all natural numberls m, n such thak < mholds Se¢ missegm, n)y.

(7) For all natural numbens, n such thah < mholds[m,njy = 0.

Let Abe a set. The functor TwoElementSe@{syields a set and is defined as follows:
(Def. 4E] TwoElementSe{(®\) = {z zranges over finite elements ot:2cardz = 2}.

One can prove the following propositions:

(9E] For every sefA and for every seé holdse € TwoElementSet®\) iff there exists a finite
subsetz of A such thae=zand card = 2.

(10) LetAbe a set an@ be a set. Thee € TwoElementSetd\) if and only if the following
conditions are satisfied:

(i) eis afinite subset of\, and
(i) there exist setg, y such thak € Aandy € Aandx #y ande= {x,y}.

(11) For every sef holds TwoElementSets) C 2-.

(12) For every sef and for all set®;, e such that{e;,e;} € TwoElementSe(®\) holdse; € A
ande; € Aande; # ;.

(13) TwoElementSet®) = 0.

(14) For all set$, u such that C u holds TwoElementSefy C TwoElementSets).
(15) For every finite seA holds TwoElementSefa) is finite.

(16) For every non trivial seA holds TwoElementSet8) is non empty.

(17) For every seh holds TwoElementSet$a}) = 0.

Let X be an empty set. Observe that every subset isfempty.
In the sequeK denotes a set.

2. SMPLE GRAPHS

We consider simple graph structures as extensions of 1-sorted structure as systems
( a carrier, SEdges

where the carrier is a set and the SEdges constitute a subset of TwoElem@mSstsier).
Let X be a set. The functor SimpleGrapKs yields a set and is defined as follows:

(Def. GE] SimpleGraph&X) = {{v,€) : v ranges over finite subsets Xf e ranges over finite subsets
of TwoElementSetw)}.

We now state the proposition

(19ﬂ <07 mTonIementSe(ﬂ))> € SimpleGraph@().

Let X be a set. Observe that SimpleGrapfisis non empty.
Let X be a set. A strict simple graph structure is said to be a simple graylifof

(Def. 7) Itis an element of SimpleGrapbs).
The following proposition is true

(Zlﬁ Letgbe a set. Theg € SimpleGraph§X) if and only if there exists a finite subsebf X
and there exists a finite subgedf TwoElementSety) such thag = (v, €).

2 The definitions (Def. 2) and (Def. 3) have been removed.
3 The proposition (8) has been removed.

4 The definition (Def. 5) has been removed.

5 The proposition (18) has been removed.

6 The proposition (20) has been removed.
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3. EQUALITY RELATION ON SIMPLE GRAPHS
We now state four propositions:

(23 For every simple graply of X holds the carrier ofg C X and the SEdges aof C
TwoElementSefshe carrier ofg).

(25 Letg be a simple graph of ande be a set. Suppos=c the SEdges of. Then there exist
setsvy, Vo such that; € the carrier ofg andv; € the carrier ofg andvy # vz ande = {v1,Vv,}.

(26) Letg be a simple graph of andvs, v, be sets. Suppose, vy} € the SEdges of. Then
v1 € the carrier ofg andv; € the carrier ofg andvy # vo.

(27) Letgbe a simple graph of. Then
(i) the carrier ofg is a finite subset oX, and
(i) the SEdges o are a finite subset of TwoElementSgi® carrier ofg).

Let us consideK and letG, G’ be simple graphs of. We say thaG is isomorphic toG’ if and
only if the condition (Def. 8) is satisfied.

(Def. 8) There exists a functidf, from the carrier ofG into the carrier ofz’ such that
(i) Fyis bijective, and

(i) for all elementsvy, v, of G holds {vi,v2} € the SEdges 06 iff {Fi(v1),Fi(v2)} € the
SEdges ofs.

4. PROPERTIES OFSIMPLE GRAPHS

The scheméndSimpleGraphs@eals with a sefl and a unary predicatg, and states that:
For every se6 such thaG € SimpleGraph&4) holds?[G]
provided the following conditions are met:
o P[0, Q)TonIementSe(:O)Hi
e Letgbe asimple graph ofl andv be a set. Suppogec SimpleGraph§2) and?[g]
angve A andv ¢ the carrier ofy. Then?[((the carrier of)) U{V}, OryoEiementsetsthe carrier ofg)u{v}))]»
an
e Letgbe asimple graph off andebe a set. Suppo%®{g] ande € TwoElementSe{she
carrier ofg) ande ¢ the SEdges af. Then there exists a subsgof TwoElementSe{she
carrier ofg) such thas; = (the SEdges of)) U {e} andP[(the carrier of, s1)].
We now state three propositions:

(28) Letgbe a simple graph of. Theng = (0, Oryoeiementsetw)) OF there exists a setand there
exists a subsetof TwoElementSety) such thaw is non empty and = (v,€).

(30 LetV be a subset o, E be a subset of TwoElementS@ts, n be a set, an#; be a finite
subset of TwoElementSg€isuU {n}). If (V,E) € SimpleGraph§X) andn € X andn ¢ V, then
(VU {n},E1) € SimpleGraph&X).

(31) LetV be a subset aK, E be a subset of TwoElementS@ts, andvi, v» be sets. Suppose
v €V andv, € V andv; # vz and(V, E) € SimpleGraph&X). Then there exists a finite subset
v3 of TwoElementSet¥/) such thatis = EU {{v1,v2}} and(V,v3) € SimpleGraph&X).

Let X be a set and leB; be a set. We say th&; is a set of simple graphs of if and only if
the conditions (Def. 9) are satisfied.

7 The proposition (22) has been removed.
8 The proposition (24) has been removed.
9 The proposition (29) has been removed.
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(Def- 9) (') <07 0TW0EIementSe'(§))> € Gy,

(i) for every subseV of X and for every subsét of TwoElementSet(y/) and for every se
and for every finite subsé; of TwoElementSet% U {n}) such thatV,E) € G; andn € X
andn ¢V holds(V U{n},E;) € Gy, and

(iiiy  for every subseV of X and for every subsét of TwoElementSe(y/) and for all seta/,
vz such that(V,E) € G; andv, € V andv, € V andvy # vp and{vi, v} ¢ E there exists a
finite subset/; of TwoElementSe(y/) such thatis = EU {{v1,v2}} and(V,v3) € Gy.

One can prove the following propositions:
(35@ SimpleGraph&X) is a set of simple graphs of.
(36) For every seD; such thatD; is a set of simple graphs &f holds SimpleGraphX) C O;.
(37) SimpleGraph) is a set of simple graphs of and for every se®; such thatO; is a set
of simple graphs oX holds SimpleGraphX) C O;.

5. SUBGRAPHS

Let X be a set and leB be a simple graph of. A simple graph o is said to be a subgraph &f
if:

(Def. 10) The carrier of itC the carrier ofG and the SEdges of {f the SEdges o6.

6. DEGREE OFVERTICES

Let X be a set, leGG be a simple graph oX, and letv be a set. The functor degigz v) yields a
natural number and is defined by:

(Def. 11) There exists a finite s¥tsuch that for every setholdsz € X iff z < the SEdges of and
v € zand degre@s, v) = cardX.

The following propositions are true:

(BQE Let X be a non empty se6 be a simple graph oX, andv be a set. Then there exists a
finite setw; such thaiv; = {w;w ranges over elements ¥f w € the carrier oflG A {v,w} €
the SEdges o6} and degregs, v) = cardw;.

(40) LetX be a non empty seg,be a simple graph of, andv be a set. Supposec the carrier
of g. Then there exists a finite Sét such tha¥/; = the carrier oy and degre@,v) < caradv;.

(41) Letgbe a simple graph of andv, e be sets. Iiv € the carrier ofg ande € the SEdges of
g and degref,v) =0, thenv ¢ e.

(42) Letgbe a simple graph of, v be a set, angl; be a finite set. Supposg = the carrier of
g andv € v4 and 1+ degreég,v) = cardvs. Let w be an element of. If v# w, then there
exists a see such thae € the SEdges of ande = {v,w}.

7. PaTH AND CYCLE

Let X be a set, leg be a simple graph of, letvs, v» be elements of, and letp be a finite sequence
of elements of the carrier @f. We say thatp is a path ofv; andv, if and only if the conditions
(Def. 12) are satisfied.

10 The propositions (32)—(34) have been removed.
11 The proposition (38) has been removed.
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(Def. 12)() p(L) = v,

(i) p(lenp) = vz,
(iiiy  for every natural numbeirsuch that < i andi < lenp holds{p(i), p(i+ 1)} € the SEdges
of g, and

(iv) for all natural numbers, j such that 1I<i andi < lenp andi < j andj < lenp holds

p(i) # p(j) and{p(i), p(i+ 1)} # {p(i), p(i + 1)}.

Let X be a set, leg be a simple graph oX, and letvy, v> be elements of the carrier gf The
functor Pathévi,Vv,) yields a subset of (the carrier gf* and is defined as follows:

(Def. 13) Pathés,vo) = {s; s ranges over elements of (the carriegdf: s, is a path ofy; andv,}.
The following two propositions are true:

(44 Let g be a simple graph oX, vi, v» be elements of the carrier gf ande be a set. Then
e € Pathgvy,v,) if and only if there exists an elemestof (the carrier ofg)* such thae= s,
ands; is a path ofv; andvs.

(45) Letgbe a simple graph of, v1, v» be elements of the carrier gf ande be an element of
(the carrier ofg)*. If eis a path ofv; andvy, thene € Pathgvy,Vvs).

Let X be a set, leg be a simple graph oX, and letp be a set. We say thatis a cycle ofg if
and only if:

(Def. 14) There exists an elemenof the carrier ofg such thatp € Pathgv,v).

8. SOME FAMoOuUS GRAPHS

Let n, m be natural numbers. The functiimn yielding a simple graph oN is defined by the
condition (Def. 16).

(Def. 1@ There exists a subses of TwoElementSe{Segdm+ n)) such thates = {{i, j};i ranges
over elements oN, j ranges over elements of: i € Segn A j € [m+ 1 m+n|y} and

Kmn = (Sedm+n), e3).

Let n be a natural number. The functg, yielding a simple graph oN is defined by the
condition (Def. 17).

(Def. 17) There exists a finite subset of TwoElementSe{Seq) such thates = {{i, j };i ranges
over elements olN, j ranges over elements &f: i € Segnh A j € Seon A i # j} and

Kn = (Seqn, &3).
The simple graph TriangleGraph Nfis defined by:
(Def. 18) TriangleGrapk- K3.

The following propositions are true:

(46) There exists a subses of TwoElementSe{Seg3 such thates = {{1,2},{2,3},{3,1}}
and TriangleGrapk- (Seg3ez).

(47) The carrier of TriangleGraph Seg 3 and the SEdges of TriangleGraph{1,2},{2,3},{3,1}}.

(48) {1,2} € the SEdges of TriangleGraph af@,3} € the SEdges of TriangleGraph and
{3,1} € the SEdges of TriangleGraph.

(49) (1)~ (2)~(3) " (1) is a cycle of TriangleGraph.

12 The proposition (43) has been removed.
13 The definition (Def. 15) has been removed.
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